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MO PAU

Ly thuyét dinh tinh cta hé déng luc roi rac di duoc nghién ctiu tir nhitng
nam dau thé ky XVIII, song ngiy nay né van duoc dong dao cac nha khoa hoc quan tim
va nghién ctru. Nhitng két qua co ban cta né duoc tng dung rong rai trong nhiéu mé hinh
g dung. Dic biét trong thoi gian gan day nhd c6 sy phat trién caa cong nghé tin hoc, 1y
thuyét hé dong luc roi rac néi chung va 1y thuyét dinh tinh cta cac hé phuong trinh sai



phan néi riéng da co su phat trién vuot bac dic biét 1a kha ning ¢ng dung thyc tién cua
no.

Vé tong thé hau hét cac phuong phap théng dung duoc sir dung trong 1y thuyét
phuong trinh vi phan déu c6 thé xay dung lai cho viéc nghién ctru tinh chat nghiém cua
cac hé phuong trinh sai phan. Tuy nhién vé 1y thuyét tinh toan va cac biéu thirc toan hoc
trong mét s6 cong thirc co ban lai kha phirc tap.

Muyc tiéu co ban cua bao cdo nay 12 trinh bay lai mot cach hé thong cac khai niém
co ban vé phép tinh sai phan hitu han, ching t6i ciing trinh bay mét cach van tit 1y thuyét
phuong trinh sai phan cip cao va hé phuong trinh sai phan. Phan tiép theo ciia bao céo 1a
cac dinh 1y co ban cua Lyapunov dé nghién ctru tinh 6n dinh nghiém cua cac hé phuong
trinh sai phan.

1.1 So lwgc vé phép tinh sai phan hiru han

Pinh nghia 1.1. Ta goi sai phdn hitu han cdp mét ciia ham sé6 u(n) = u, Véi ne ¢ la hiéu
Aun =Upa — Uy

Pinh nghia 1.2. Ta goi sai phdn hitu han cap 2 cia ham u(n) = U, la sai phdn cua sai

phdn cap 1 cua Uy, va ndi chung sai phan cdp K Ciia ham uy, la sai phdn cia sai phdn cdp

k-1 ciia ham s6 do.

Sai phan cap 2 ctia ham u, 1a

+U.,

n?

2
A u, = A(Aun) = Aun+l - Aun =Up, Uy — (un+l - un) =Uno— 2u

n+1
Sai phan cap 3 ctia ham u, 1a

3 2 2 2
Au, =A(Au,) =AU, —Au,=u,,-3U,,+3U,,, —U, ...

Sai phan cap k ctia ham u, 1a

k . .
Au, =AAU,) =AM, - A, =D (=D
i=0



. k!
trong do Ck :m

Cic tinh chit ciia sai phén:

Tinh chét 1: Sai phan cac cip déu duoc biéu dién qua cac gia tri ciia ham sb

k

Akun = Z(_l)iclium—k—i !

i=0

. A k!
trong do C, :m :

Tinh chdt 2: Sai phan moi cap déu 1a toan tir tuyén tinh
A(au, + Bv.) = aA U, + A%V, ,
véi a, Bla cac sd thuc tuy ¥.
Tinh chdt 3: Sai phan cap k cua da thirc bac m bang:
* Hang s6, néu k =m,
*0, néuk>m,
* Pa thic bac (m —k), néu k < m.
Tinh chat 4
AUV =U AV, +V AU,
N
D Ay, =A%, A,
ha

dac bigt khik=1, ta co

N
ZAun =Uy,, —U, .
n=a



1.2 .Phwong trinh sai phin cip cao
Pinh nghia 1.3. Phuong trinh sai phdn cdp k la mét hé thir giita sai phdn cdc cdp
F(u,,Au,..,A*u ) =0,

trong dé u, coi ld sai phdn cap 0 ciia ham u,, Cap cua phwong trinh sai phdn chinh la cap
lon nhdt cuia cde sai phan (¢ day la bang K).

Pinh nghia 1.4. Phuwong trinh sai phdn tuyén tinh cap K cia ham u, la mét biéu thic
tuyén tinh gitta cdc gia tri Cua ham uy tai cac diém khdac nhau
au,, +au,.  +..+au, =f

n?’

trong do a,,a,,...,a, Vol a,#0,a, #0 la cac hcing sé hodc cac ham sé cua n, dioc goi
la cdc hé sé cua phuong trinh sai phan; f la mét ham sé ciia n, dwoc goi la vé phdi; u, la
gia tri can tim duwoc goi la an.

* Nghiém ciia phwong trinh sai phén tuyén tinh:
Xét phuong trinh sai phan tuyén tinh cap k
AU,y +aU,, . +au, =1 . (1.1)
Phuong trinh sai phan thuan nhat twong g
au.,., +au. ., +..+au =0. (1.2)
Phuong trinh dac trung

A +a At +...+a =0. (1.3)

Nghiém téng quat u, ciia phwong trinh sai phan tuyén tinh (1.1)1a u_=u"+u , véi u”

la mot nghiém riéng cua phuong trinh (1.1) va ula nghiém tong quat cua phuong trinh
thuan nhat twong tng (1.2).

Nghiém tong quat cta (1.2) c6 dang



Uu=cu, +CU, +..+Cu, ,

trong d6 u,,u, ,...,u, 1a k nghiém doc lap tuyén tinh cua (1.2) va C;,C,,...,C, la cac hang

sb tuy y.

Néu (1.3) c6 k nghiém phan biét A, 4,,..., 4 thi h¢ {1, A),..., A"} 1a hé k nghiém doc lap
tuyén tinh cta (1.2) va nghiém tong quat cia (1.2) 1a

U=CA"+C,A0 +..+C A" .

Néu (1.3) c6 nghiém thyc A; boi s thi ngoai nghiém A ta b6 xung thém cac vecto

n ~219n s-19n _ ~ N N A A A r 5 ‘ ‘A A I
nA;,n“4/,..,n""A; cling la cac nghiém doc 1ap tuyen tinh cta (1.2) va nghiém tong quat
cua (1.2) la

i=0
Néu (1.3) c6 nghiém phic A;=r(cosp+ising) boi s thi ta lay thém cac nghiém
r"n'cosne , r'n'sinng , i =0,...,s—1 va nghiém tong quat cta (1.2) 1a

_ k
u= > cA"+> r"(an'cosnp+hn'sinng),

trong d6 a,, b, 1a cac hang s tuy y.

1.3. Cong thirc nghiém cia hé phwong trinh sai phin tuyén tinh
1.3.1. Hé phuwong trinh sai phin tuyén tinh thuan nhat

Xét hé phuong trinh sai phan (xem [11])

U, (n+1) = a, (N)u, (n) + &, (Mu,(n) +...+a,, (nNu, (n),
u,(n+1) = a, (Nu,(n) + a,,(n)u,(n) +...+a,, (Nu, (n),

Un (I’] +1) = aml(n)ul(n) + 8y, (n)uz(n) tota, (n)um (n)




b, () a,(n) a,(n) K a,(n)
N N I O R

U, (n) a,(n) a,(M K a,(n)
Khi d6 hé trén co thé viét dudi dang:
u(n+1) = A(n).u(n) ,n=n,, (1.4)
& day u(n) = (u,(n),u,(n),..,u (N e; ", A(n) = (8;(N)) e 18 ma tran khong suy bién.

Bai toan Cauchy:

u(n+1) = A(n).u(n) , n=n,,
{u(no) =U,.

Bang phuong phap truy hoi ta thiy bai toan Cauchy ludn c6 nghiém va nghiém
cua bai toan Cauchy duoc cho boi

u(n) = A(n-1).A(n-2)...A(n, +1).A(n,).u, véi moi n>n,.
* Ho todn tir tién hod sinh béi ma trdgn khéng suy bién
Pinh nghia 1.5. Véi méi s >n, ky hiéu
U(n,s)=ANn-1).A(n-2)..A(s+1).A(s), n=s=>n,.

Khi d6 {U(N,9)},sen, duoC Qoi la ho cdc ma trdn tién hod sinh boi ma trgn ham khong
suy bién A(n), U (n,n, )dwoc goi la ma trdgn nghiém co ban chuan tac ( ma trgn Cauchy
) hodc con dwoc goi la ham Green.

Nhégn xét: Tir dinh nghia ctia ma trin Cauchy va ho toan tir tién hoa ta thiy véi mdi
s>n, thi:

*U(ny,ny)=1.



*U(n,s)=U(n,k)U(k,s) voimoi n>k>s.
*U(n,s)=U(n,n,)U*(s,n,) véi moi n>s.
Nghiém u(n) :=u(n,n,,u,) cta bai toan Cauchy co thé viét dudi dang:

u(n)=U(n,n,).u, ,n=n,,
L(n) =U(n,s).u(s), n=s=n,.

Khi A(n) = A 1a ma tran hang ta thay U (n,n,) = A™™ véi moi n>n,.

1.3.2. Hé phwong trinh sai phan tuyén tinh khong thuan nhat

Xét hé phuong trinh sai phan: (xem [11])

0 =, n>n,,b(n)e; ". (1.5)

{u(n +1) = A(n).u(n) +b(n)

Pinh ly 1.1. Nghiém u(n) :=u(n,n,,u,) cua hé (1.5) xdc dinh boi cong thirc

u(n) =U (n,n,).u, + Z U(n,k)b(k-1). (1.6)

kenp
Charng minh. Ta tim nghiém u(n) cua (1.5) dudi dang u(n) =U(n,n,).C(n)  (1.7)
sao cho u(n,) = u, bang phuong phap bién thién hang sé Lagring .
Vi u(n,) =U(n,,n,)C(n,) =C(n,) = C(n,) =u,.
Tu u(n)=U(n,n,)C(n) =u(n+1) =U(n+1,n,)C(n+1) (1.8)
Ma u(n+1) = A(n)u(n)+b(n) = A(n)U (n,n,)C(n) +b(n)

=U(n+1,n,)C(n)+b(n). (1.9)

Két hop (1.8) va (1.9) ta dugc



Un+1n,)C(n+1)=U(n+1n,)C(n)+b(n)

suy ra U(n+1,n,)AC(n) =b(n) hay AC(n)=U*(n+1,n,).b(n).

n-1 n-1
Do d6 : D> AC(K)=> U (k+1n,)b(K) .
k=ng k=ng
Ta tim dugc C(n)—C(n,)= > U™ (k,n,)b(k -1) . (1.10)
k=ny+1

Vi U(n,n,)U*(k,n,) =U (n,k) nén thay (1.10) vao (1.7) ta nhan duoc (1.6).

Hé qua : Néu A(n) = A la ma trdn hang thi

u(n)=A""u,+ > A"b(i-1) véimei n>n,.

i=ny+1

1.4.Cac khai niém vé on dinh cho hé phwong trinh sai phin
autonomous
1.4.1. Cdc khdi niém vé én dinh

Xét hé phuong trinh sai phan phi tuyén (xem [11])

u,(n+1) = f,(n,u,(n),u,(n),...,u(n)),
u,(n+1) = f,(n,u,(n),u,(n),...,u, (n)),

Uy (N+1) = £, (1,0, (1), U () .U, ().




u, (n) f.(n,u (n), U, (n), .., up ()

u(n) | | fo(n,uy(n),u,(n),...,u, (n))
u(n) = M| f(n,u(n)) = M .
u,(n) fo (n,uy(n), u, (), u, (N))
Khi d6 bai toan Cauchy ctia hé duoc viét dudi dang :
u(n+1) = f (n,u(n)), u(n,) =u,, n=n,, (1.12)

trong d6 U va f 1a cac vecto (Lxm) thanh phan u, va f, 1<i<m. Giast f(n,0)=0 V6i
moi Ne¥ dé hé co nghiém tam thuong u(n) = u(n,n,,0) = 0.

Dinh nghia 1.6. Nghiém tam thuwong u(n) =0 cua hé (1.12) dwoc goi la én dinh theo
Lyapunov, néu véi Ve >0,36=5(¢g,n,) sao cho tir bat dang thirc ||u, ||< dsuy ra
|lu(n)|l< & vai moi n>n,.

Dinh nghia 1.7. Nghiém tam thurong u(n) =0 cua hé (1.12) dwoc goi la 6n dinh tiém can
theo Lyapunov, néu né én dinh theo Lyapunov va 3 h > 0sao cho mei nghiém u(n) cia hé
thod man diéu kién ||u, ||<h ki lim||u(n)||= 0.

Dinh nghia 1.8. Nghiém tam thuong u(n) =0 cua hé (1.12) dwoc goi la 6n dinh déu (6n
dinh tiém cdn déu) theo Lyapunov néu trong dinh nghia twong 1ng, sé6 & dwoc chon
khong phu thugc vao a.

Dinh nghia 1.9. Nghiém tam thuwong u(n) =0 cua hé (1.12) dwoc goi la 6n dinh mii néu
doi véi moi nghiém u(n) =u(n,ny,u,) cua hé thod man bdt dang thirc:

Tu(M)I<Nlug e, n>a,
trong dé N va a la hai hang sé diwrong.
1.4.2. Phwong phdap ham Lyapunov cho hé sai phdin autonomous
Xét bai toan Cauchy: (xem [11])
u(n+1) = f(u()),u@)=u,,ne¥, (1.13)

10



gia st f(0)=0 va f(u)=0 voi u=0 trong 1an can cua goc sao cho (1.13) ¢ nghiém

tam thuong u(n) =u(n,0,0)=0. Cho Q" 1a mot tap mé trong | ™ va chira goc. Gia st

V(u) 1a mét ham lién tuc vo huéng xac dinh trén Q°, V e C[Q",R] va V (0) =0.

Dinh nghia 1.10. V(u) dwroc Qoi la xdc dinh dwong trén Q" néu va chi néu V (u) >0 véi
uz0,ueQ’.

Dinh nghia 1.11. V(u) dwoc Qoi la nita xdc dinh duwong trén Q" néu V(u)=0, véi moi
ueQ’, (ddu bang chi xay ra tai nhitng diém xdc dinh)

Dinh nghia 1.12. V(u) dwoc goi la xdc dinh am ( nika xdc dinh ém) trén Q" néu va chi
néu -V (u) /a xdc dinh dwong ( nita xdc dinh dwong) trén Q.

Dinh nghia 1.13. Ham ¢(r) duwoc goi la thudc vao 16p K néu ¢ e C[[0, p),R,], #(0) =0
va ¢(r) tang chat theor.

ViV (u) lién tyc, véirdanho, 0<c<r<d tacod

V(u) <maxV(v), V(u)= min V(v), (1.14)

|Ivil<r r<|vii<d

trong d6 ||u]l=r. Trong (1.14) bén phai 1a ham don diéu cua r va ta co thé uéc lwong
ham nay thudc vao 16p K. Do d6 ton tai hai ham ¢,& € K sao cho :

g(llul) <V ) <s(lull). (1.15)
Tir d6 6 thé dinh nghia cho ham xac dinh duong V(u) nhu sau :

DPinh nghia 1.14. V(u) duwoc goi la xdc dinh dwong trén Q" néu va chi néu V (0) =0 va
ton tai mot ham $(r) € Ksaocho 4(r)<V(u),|lul=r,ueQ".

bat S, latap S, ={ueR™:|ull< p} va u(n)=u(n,0,u,) 1a mot nghiém bat ky
cua (1.13) sao cho [[u(n)|l< p, V¥ ne¥ . Doc theo nghiém u(n)= u(n,0,u,) cua (1.13)
xét sai phan cia ham V(u) dugc xac dinh boi AV (u(n)) =V(u(n+1)
-V (u(n)) =V (f(u(n))) -V (u(n)). Ham V(u) dugc goi la ham Lyapunov.
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Dinh Iy 1.2. Gia si ton tai ham vé huéng xdc dinh dwong V (u) e C[S,,R*] sao cho
AV (u(n,0,u,)) <0 véi nghiém bat ky u(n) =u(n,0,u,) cia (1.13) thoa man |ju(n)|i< p.
Khi d6 nghiém tam thwong u(n,0,0) =0 cua (1.13) la on dinh.

Pinh 1y 1.3. Gid si ton tai ham vé hwong Xde dinh dwong V (u) eC[S,,R"] sao cho
AV (u(n,0,u,)) < —a(Ju(n,0,u,)|) trong @6 aeK va nghiégm bdt ky u(n) =u(n,0,u,)
cua (1.13) thod man ||u(n) |l< p. Khi dé nghiém tam thurong u(n,0,0) =0 cua (1.13) la
on dinh tiém can.

Pinh ly 1.4. Gid si ton tai ham vé huéng V(u)eC[S,, R],V(0)=0 sao cho
AV (u(n,0,uy)) = ar(u(n,0,uy)|) véi @ e K va nghiém batky u(n)=u(n,0,u,) cua (1.13)
thod man |lu(n) [l< o va néu trong moi ldn cdn H ciia goc (H =S ,) ton tai mét diém ug
sao cho V (u,) > 0. Khi @6 nghiém tam thuong u(n,0,0) =0 cua (1.13) la khéng 6n dinh.

KET LUAN

Trong bao céo nay chung t6i da trinh bay mot cach hé thong cac khai niém co ban
ctia phuong trinh, hé phuong trinh sai phan, nhitng khai niém nay 14 co s& quan trong dé
nghién ctru sdu hon vé sai phan ciing nhu cac ung dung thuc tién cua né.
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