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MO DAU

S6 phirc xuat hién tir thé ky XIX do nhu ciu phét trién ciia Toan hoc vé giai
nhiing phuong trinh dai sd. Tir khi ra doi s6 phirc da thiic dy toan hoc tién 1én manh mé
va giai quyét duoc nhiéu van dé cua khoa hoc va k¥ thuat. Ddi véi hoc sinh bac THPT va
sinh vién nim nhat dai hoc thi sb phtrc 1a mot ndi1 dung con madi mé, véi thoi luong khong
nhiéu, hoc sinh méi chi biét duoc nhiing kién thirc rat co ban cua sb phtrc, viéc khai thac
cac ung dung cua ) phtrc con han ché, dic biét 1a viée sir dung ) phtrc nhu mét phuong
tién dé giai cac bai toan Hinh hoc phang 13 mot van dé kho, doi hoi hoc sinh phai c6 ning
luc giai toan nhat dinh, biét van dung kién thtrc da dang cuia toan hoc. Véi nhiing 1i do

trén, t61 chon dé tai bao cao nay.
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1. Ung dung s6 phirc giai toan dung hinh
Vi du 1. Cho dudng tron tim O ban kinh R va hai diy cung AB, CD. Tim diém X trén
duong tron sao cho XA® + XB? = XC? + XD?
Giai
Gia sir mit phing véi hé toa do vudng goc Oxy sao cho gbc toa do triung voi tim
duong tron da cho. Ta xét truong hop hai day cung AB, CD khong cit nhau tai trung
diém cua mdi dudng.
Ta co
)(A=X)=|A] +|X[ =X A-AX =2R* - X A= XA
-X)(B-X)=[B[ +|X[ ~XB-BX =2R* - XB-XB
*=(C-X)(C-X)=[c[ +|X[ -XC-CX =2R*~XC-XC
D*=[D- X[ =(D-X)(D-X)=[D +|X[ ~XD-DX =2R*~ XD~ XD
Goi I, J 1an luot 14 trung diém cua AB, CD thi A+B=21,C+D=2J.
Tu do6 va cac hé thire trén ta duoc
XA? + XB? = XC? + XD?
< XA+ AX + XB+BX + XC+CX + XD+ DX
& X (Z\+§)+Y(A+ B)=X (6+5)+Y(C+ D)
& X1+ X1 =XJ+XJ
e X(1-3)+X(1-3)=0 (1)
bat X =x, +iy,, | =J =X, +1y, thi
(1) = (x +iy,) (%, =iy, )+ (%, —iy, ) (x, +iy,) =0
XX + V1Yo 1Y, =X Y1) + XX, + VoY, +i (XY, = XY ) =
S XX +Y,Y,=0
@&’(a—&’)w
< 0X.1J =0
Do do OX L 1J



Suy ra diém X 14 giao cta dudng tron di cho véi dudng thang d di qua gbc toa d6 O va
vudng goc voi duong thang JI.
Vi du 2. Cho tam gidc ABC vdi trong tim G, M 1a diém bat ki thudc mit phang tam giac.
Chtng minh rang:
1) AB? +BC? + CA? =3GA’ + GB* + GC?
2) MB?+MC? + MA* = GA” + GB* + GC? + 3MG”.
Hay tim trong tam giac ABC diém M sao cho MA? + MB? + MC? 14 nhé nht.
Giai

Khoéng lam mat tinh tong quat ta co thé gia thiét rang trong tim G cua tam giac

ABC trung véi gc toa do O.

Trén mat phéng topa do phuc, gid so toa dO0 cua cac dinh la
A(a),B(b),C(c),G(g), M (m).

Vi G 1a trong tdm tam gidc ABC nén suy ra toa dd cia G la g = %(a+ b+c) ma
G=0O nénsuyra a+b+c=0.
1) Tacod

3GA? +GB* +GC? =3[a" +]b|" +|c|

AB? +BC? +CA’ :|b—a|2 +|c—b|2 +|c—a|2

, \ £ A , 2 o .
Tinh tirng s6 hang theo cong thirc |Z| =2.Z,tacod

|c—b|2 —c-bc-b=cc+bb-bc-bg,
la-c['=a-ca-c=cc+aa-ac-ac.

Cong cac déng thuc trén, vé véi vé ta dugc

b—a" +|c—b| +|c—a =2|a|2+|b|2+|c|2—[a5+(_: +ba+c+c 5+5}

Do a+b+c=0suyra a+b+c=0.Tidosuyra b+c=-a,a+c=-b,a+b=—c.

Doddtacé ab+c+ba+c+c glth_):—agw—bB—C(_::—|a|2+|b|2+|c|2



Vay taco |b— a|2 +c —b|2 +|c— a|2 = 3|a|2 +|b|2 + |c|2 . O
2) Taco
MA? + MB? + MC2 =[a—m[ +|b-m[ +|c—m[
—a-ma-m+b-mb-m+c-mc-m
= a5+b5+cc_:+3mﬁ—[m a+b+c+m a+b+c]
=[af" +Jo[" +of" +3m|’
=GA’ +GB’ + GC? +3MG* [
Vay MA? + MB? +MC? nho nhét khi va chi khi MG? nhé nhit khi va chi khi M =G,
nghia 1a M 1a trong tam cua tam giac ABC.
Vi du 3. Trong tit ca cac tam giac noi tiép trong cting mot dudng tron cho trudce, hiy tim
tam giac c6 tong binh phuwong cac canh 13 16n nhat.
Giai
Dung hé toa do vudng goc Oxy sao cho gbc toa do O trung véi tim dudng tron.
Goi G 1a trong tam G tam giac ABC, ta co
—2 —2 ——2
AB’ +BC? + AC? =3(GA’ +GB* + GC* ) = 3(GA +GB +GC )
~3|(A-G)(A-G)+(B-G)(B-G)+(C-G)(C-G)]
:3[|A|2 ~AG-GA+|G|’ +|B[ ~BG-GB+|G| +[C[ —CE—GE+|G|1
=3(|A +[B[ +|C[* | +9|C[ ~3G(A+B+C)-3G(A+B+C)
=9R* +9|G[ ~3G(3G)-3G(3G) = 9R* - 9[G
Tir d6 suy ra tong AB? +BC?® + AC? 16n nhat khi va chi khi G=0 hay tam giac
ABC déu va tong 16n nhét d6 bang 9R”.
Vi du 4. Cho tam gidc ABC noi tiép duong tron w. Goi A 14 trung diém canh BC va A,
1a hinh chiéu cia A trén tiép tuyén ciia w tai A. Cac diém B,,B,,C,,C, dugc xac dinh
mdt cach twong tu. Chung minh rang cac duong thang AA,,B,B,,C,C, dong quy. Hay

xéc dinh vi tri hinh hoc ctia diém dong quy.



Giai

Khoéng mét tinh tong quat, coi w 1a duong tron don vi. Goi w 14 toa vi ciia diém W trong

mit phang phtc.

Taco a = b—JZrC va dudng thang A A, 1a duong thang di qua Ai(ai) , song song v&i OA,

do d6 AA, c6 phuong trinh az—az = a.b_;c - a(b%cj

Do aa=1 nén phuong trinh duogc viét lai duéi dang

2 2

hay

a+b+c

Goi N la tdm duong tron Euler cua tam giac, thi n=

Tuong tu cling c6 B;,B,,C,,C, diqua N.

Hinh 15

do do AA, di qua N.



2. Ung dung s6 phirc giai toan quy tich
Vi du 1. Cho tam giac ABC, trong d6 cac dinh B, C ¢6 dinh, dinh A thay d6i. Tim quy
tich cac trung diém M, N cua cac canh twong tng AB, AC va trong tim G cua tam giac
ABC trong céc trudong hop:
a) Do dai duong cao AA' khong doi.
b) Chan A' ciia dudng cao AA' ¢ dinh.
¢) Do dai duong cao AA' khong doi.
Giai

a) Do dai duong cao AA' khong doi.

Gia st mat phang v6i hé toa do vudng goc Descartes Oxy sao cho goc toa do tring
v6i trung diém canh BC, truc hoanh di qua hai dinh B, C.
+ Quy tich cac trung diém M, N twong tng cta cac canh AB, AC.

Taco:B=-C,AA'=h=const=>A=Xx+1h (- o< X <+w)
, 1 . 1 i 1 .
Do doM = E(B+X+Ih): E(-C+X+Ih)’ N = E(C+X+Ih)'
Suy ra cac diém M, N chuyén dong trén duong thiang d, song song véi truc hoanh co

phuong trinh z Z%(X' + ih), o< X' < +o0, va cach truc hoanh mét khoang bang %h,

khoang cach gitra M va N luén bang |M - N| = %(-C + X +ih) -%(C +x +ih)| =|C|.

+ Quy tich trong tdm G cua tam giac ABC.

Vi G la trong tdm cua tam gidc ABC nén

G= 1(A+B+C): 1A: l(x+ih),-oo<x<+oo
3 3 3
Suy ra, G chuyén dong trén duong thing d, co phuong trinh z = %(X +ih),

. \ < \ . , v 1
-0 < X <+, song song voi truc hoanh va cach truc hoanh mét khoang bang 3 h.

b) Chan A' ciia dudng cao AA' ¢ dinh.



Taco A=A"+1y, -0 <y<+,dodo

M:%w+&:%@+N+M

= L(A+0)= Z(CHA+iY)

G=1(a+B+C)= 1A +iy)
3 3
T d6 suy ra

Piém M chuyén dong trén dudng thing k, vudng goc voi truc Ox, di qua diém %(A + B)
A \ 4 \ 1 1 1 -

thudc truc Ox va cé phuong trinh  z = 5 (A'+B) + > ly.

Piém N chuyén dong trén dudng thang k, vuong goc véi truc Ox, di qua diém %(A' +C)
A < . 1, .. 1.

thudc truc Ox va c6 phuong trinh  z= > (A'+C) + > ly.

Piém G chuyén dong trén duong thang k, vudng goc voi truc Ox, di qua diém %A’ thudc

truc Ox va c6 phuong trinh z = %A' + %iy.

Vi du 2: Cho hinh binh hanh ABCD.
3) Ching minh riang: (MA? + MC?)—(MB? + MD?) 13 hing sd, khong bi phu thudc vi tri
diem M.
4) Tim tap hop diém M sao cho MA? + MB? + MC? + MD? =k (k 14 s6 thuc).
Giai
Pit giao diém hai dudng chéo ctia hinh binh hanh tring véi goc toa do O.
2. Chirmg minh (MA? + MC?)—(MB? + MD?) khéng phu thudc vao vi tri diém M.
Ta tinh MA?,MB?,MC?,MD? 14 binh phuong ctia modun céc sd phirc
M-AM-BM-C,M-D.



eMAZ M —AP=(M -A)(M -A)=MM + AA—-MA-MA

M P +|Af ~-MA-MA

e Tuong tu

MB2 M —BP{M [ +|Bf-MB-MB

MC2 M -CPdMF +|C-MC-MC

MD? M -DPM | +|D-MD-MD

o Tur do

(MA? + MC?)—(MB? + MD?)

=(|Al +|CP)-(B}F +|DF)-M(A+C)-M(A+C)+M(B+D)+M(B+D)

AP +|CF -|BJ —|DJ’=0A? +0C?-0B? -0OD?

= 20A? — 20B? khong doi.

b) Tim tap hop diém M sao cho: MA® + MB® + MC? + MD? =k?

e St dung cac két qua tinh dugc ¢ phan trén ta co

MA? + MB? + MC? + MD?

—4|MP+|AP +|BP+|CP+|DPf -M(A+B+C+D)-M(A+B+C+D)

=4|M | +|AF +|BJ +|C[ +|DJ?=40M? = OA* + OB* +OC? + OD?

= 40M? + 20A? + 20B?

Tir 6 MA? + MB? + MC? + MD? = k*<=>40M? + 20A? + 20B* = k°.

Vi du 3. Cho dudng tron (C) dudng kinh AB = 2R, diém M chuyén dong trén (C), A' 1a

diém ddi xtng ciia A qua M. Tim tap hop diém A' va trong tdm G ciia tam giac A'AB.
Giai

Chon hé toa d§ Oxy sao cho géc toa do O trung vai tdm duong tron (C) da cho, truc

hoanh di qua cac diém A, B.

* Tap hop cac diém A'

Tacé B=-A, A+ A=2M = A'-B =2M =|A'-B|=2|M|=2R . Suy ra, diém A’

chuyén dong trén duong tron (C,) tim B, ban kinh 2R.

* Téap hop trong tdm G cua tam giac A'AB.



Goi G la trong tAm cua tam gidc A'AB. Ta c6 G=%(A‘+ A+ B):%A' :%(B+2M)
Suyra G—EB:EI\/I =>G-J :EI\/I , trong do J =£B.
3 3 3 3

Do d6|G - J|= §|M |= % R. Vay diém G chuyén dong trén dudng tron (C,) tm tai

3=1B bankinh 2R.
3 3

Hinh 16

Vi du 4. Cho nira dudng tron c6 dudng kinh AB = 2R c¢b dinh. Piém C chuyén dong trén
nira dudng tron. V& phia ngoai tam giac ABC dung tam giac ACD vudng can ¢ A. Tim
tap hop diém D.

Giai
Dit doan AB = 2R trén tryc thuc, diém A tring véi goc toa do O. Tam giac ACD vudng
& A va nam ¢ phia ngoai tam giac ABC nén D =C (COS9O0 +1isin 900) =iC.

Piém C chuyén dong trén nira duong tron dudong kinh AB nén
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C =R+R(cost+isint),0<t<180°
Do d6 D=iC =iR+R(cost+isint)i. Vi 1 =cos90° +isin90° va theo cong thirc nhan
hai s6 phirc dudi dang luong giac ta c6

D=iR+R[cos(t+9o°)+isin(t+9o°)],ost31800

Vay tap hop diém D 13 nira duong tron bén trai ctia dudng tron tim D, =iR, ban kinh R.

C

Hinh 17

Vi du 5. Cho dudng tron (C) tAm O, ban kinh R, BC 1a day cung c6 dinh khong phai 1a
duong kinh cua duong tron (C), diém A chuyén dong trén cung 16n BC. Tim tap hop
trong tdim G cua tam giac ABC.
Giai
Gia str mit phang voi hé toa dd vudng goc Oxy sao cho goc toa d6 O tring voi
tam duong tron (C), truc hoanh song song vo1 day cung BC. Do d6 truc tung vudng goc
v6i BC va di qua trung diém I ciia BC.

Tacd

11



B+C=2I
1 1
G:§(A+B+C):§(A+2I)

:G—EI ZEA:G—J :EA
3 3 3

Trong d6 J = % | . Vay G chuyén dong trén dudng tron tim J ban kinh % R. Vi A chuyén

dong trén cung 16n BC nén G chuyén dong trén mot cung tron cia dudng tron tim J ban

kinh 1R.
3

KET LUAN

C6 thé noi rang, sb6 phuc tuy khong phai 14 ndi dung méi ctia Toan hoc song né 1a
mot van dé rat moi mé va tuong ddi phirc tap voi cac em HS bac Trung hocva SV nim
nhat, dic biét 1 ung dung s phitc vao giai toan hinh hoc phang, hon nita day lai 1a mot
van dé ma trong thuc té giang day hién nay chua dugc quan tdm, chua duoc chu trong boi
dudng cho cac em khé gioi.. Tuy nhién, viéc sir dung s6 phirc nhu mot cong cu giai toan
khong nhitng mang lai cho hoc sinh, SV mot phuong phép giai toan mdi ma gop phan
dang ké vao viéc rén luyén ki ning bodi dudng ning luc giai toan ciia HS, SV, dic biét 1a

giai toan hinh hoc phang.
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