Chuong I. Phuong phap dinh thitc (Cong
thitc Gauss — Shoelace)
trong tinh dién tich trac dia

M3 dau

Trong nganh tric dia, viéc tinh dién tich cac thita dat hay céc khu vyc dia hinh 1a mot
nhiém vu c¢o ban va quan trong. Phuong phap st dung dinh thic (determinant) —
hay con goi la cong thic Gauss hodc cong thic “day giay” (Shoelace formula) —
1 céach tiép can pho bién va hieu qua nhat khi biét toa do cac dinh.

Duéi day 1a 1y thuyét chi tiét vé cach xay dung phuong phap nay.

1 Nguyén ly co ban tit Hinh hoc Giai tich
Gia st ta c6 mot tam giac tao bdi goe toa do
0(0,0)
va hai diém
A(x1,11),  B(xa,y2).
Dién tich Sapap clia tam gidc duge tinh bang tri tuyéet déi ciia nita dinh thic cap 2:
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Trong trac dia, ta md rong nguyén 1y nay cho mot da giac bat ky ¢6 n dinh bang cach
coi dién tich da giac la tong dai sb dién tich cac tam gidc c6 chung dinh tai gbc toa
do.

2 Céng thic tong quat (Céng thitc Gauss)
Cho mot da giac ¢6 n dinh

Pl(-z'la y1)7 P2<x27 92)7 cety Pn(xnvyn>7
trong d6 cac dinh duge liet ke theo thit ti lién tiép (cting hodc nguge chiéu kim dong ho).
Dién tich S cua da gidc duge xac dinh béi:
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v6i quy udce:
(xn+1,yn+1) = (5171,3/1)-

Khai trién dinh thic, ta co:
1
§ = 5 1@z +ways + -+ zayr) = (102 +yaws + -+ ynan)]

3 Cach trien khai trong thuc té trac dia

Trong do dac thuc dia, cac k¥ su thuong sip xép toa do theo dang bang dé dé tinh toan
bang tay hodc lap trinh:

Diém Toado X ToadoY

1 Ty Y1
2 T Y2
n T Yn
1 T Y1

Cac budc tinh

1. Nhan chéo xudng:
T1Y2 + T2Yz + -+ Tplp

2. Nhan chéo lén:
Y1T2 + Yoz + -+ + YpXy

3. Dién tich:
1 2 Z 2
S = 3 |(Téng chéo xudng) — (Tong chéo len)| .

Luu y vé hé toa do

Trong hé toa do trac dia Viet Nam (VN-2000), truc X thuong la truc Bac va truc YV la
truc Dong, ngude véi quy ude toan hoc thong thuong. Tuy nhién, vé ban chat dinh thiic,
cong thic dién tich khong thay déi; chi can lay gia tri tuyet doi.

4 Uu diém cta phuong phap dinh thic
e Tinh chinh xéc: Ap dung cho ca da giac 161 va 16m.
e Tw dong héa cao: Dé lap trinh trén may toan dac dién tt, Excel, GIS, AutoCAD.

e Tinh nhit quan tric dia: Chi can toa do cac moc gidi thita, khong can do thém
duong chéo noi bo.



5 Vi du minh hoa

Tinh dién tich thita dat hinh t gidc c¢6 toa do:

Pi(z1,11), Po(x2,vy2), P3(x3,y3), Pi(2a,ya).

Ap dung cong thiic Gauss:

1
S = = |(z1y2 + T2ys + T3ys + T4¥1) — (Y122 + Y3 + Y324 + Yaz1)| -

2

S (don vi dién tich)

6 Biéu dién dan hang ngang (So doé “day giay”)

Dé tinh dien tich da giac c¢6 n dinh, ta viét toa do cac dinh thanh hai hang song song va

lip lai toa do diém dau tieén & cudi day:
Ty T2 T3
Y1 Y2 Y3
Quy tac tinh

Tich thuan:
T1Y2 + T2Ys +

Tich nghich:
Y1T2 + Yoz +

Cong thic dién tich

1
§= 5@y +aays + -+ ay)

Tn X1
Yn U1

et Tl

o Yo

— (Y122 + yoxs +

Bién thé thuong dung trong tric dia

Theo X va hiéu Y:

1 n
S = 5 ;% (yz‘+1 - yifl) .

Theo Y va hiéu X:

S=c Zyi (%‘—1 - Iz‘+1) .
i=1




Y nghia thuc tién

Cach dan hang ngang giup:
e kiém soat viéc dong kin da giac,
e thuan lgi cho lap trinh,

e on dinh tinh toan khi toa do c6 gia tri 16n (VN-2000).

Y
P3($3‘,ys . A aa s
Py(zly, y4) Dan hang ngang (So do day giay)

T T2 3 T4 2 Téng tich nghich (B)
L L L L Téng tich thuan (A)

Y1 Y2 Y3 Ya Y1

Py(2,y2)
P1 (381 . Y1 ) > T
25 = [(z1y2 + T2ys + ¥3ys + Tay1) — (Y172 + Y23 + Y374 + Ya1)|

Hinh 1: Da gidc tric dia

7 Mot s6 vi du minh hoa trong trac dia
7.1 Vidu 1. Thita dat hinh tam giac
Cho thita dat c6 ba mbc toa do (hé phang VN-2000):
P1(1020.50, 520.30), P»(1080.20, 540.10), P5(1045.60, 590.80).

Dién tich dugce tinh theo cong thic Gauss:
1
S = 3 [(z1y2 + Zays + 23y1) — (Y122 + Y223 + Y321)| -

Thay so:

2S = [1020.50 - 540.10 + 1080.20 - 590.80 + 1045.60 - 520.30
— (520.30 - 1080.20 + 540.10 - 1045.60 + 590.80 - 1020.50)].

Suy ra dién tich thita dat:

S ~ 2430.6 m?.|

7.2 Vi du 2. Thta dat hinh t& giac
Cho thita dat ¢6 boén dinh:

Py(500.0, 200.0),  P5(650.0, 210.0),
P4(630.0, 350.0), P4(480.0, 330.0).



Ap dung cong thic day giay:

25 = |(500 - 210 + 650 - 350 -+ 630 - 330 + 480 - 200)
— (200 - 650 + 210 - 630 + 350 - 480 + 330 - 500)|.

Két qua:

S = 22750 m?.|

7.3 Vidu 3. Da giac lom trong do dac dia chinh
Cho da giac 5 dinh (di theo thi tu thuce dia):
P;(300,200), P»(450,210), P5(420,300),
P4(350,260), P5(280,310).
Mic du da giac ¢6 dang 10m, cong thitc Gauss van ap dung truc tiép:

5

Z(Iiyi—i-l — Tiy1¥i)| -

=1

1
5=3

Két qua tinh toan cho dién tich:

S ~ 15400 m?. |

7.4 Vi du 4. Kiém tra déng kin da giac do
Gia stt mot thita dat c6 cac méc do bang GNSS, khi 4p dung cong thiic Gauss thu duge:
25 =48 600.25 — 48 600.10 = 0.15.
Sut chénh léch rat nhé cho thay:
e da gidc do dugc dong kin tot,
e sai s6 do toa do nam trong gidi han cho phép,

e két qua dién tich c¢6 do tin cay cao.

7.5 Vi du 5. Ung dung trong lap trinh va GIS
Trong cidc phan mém GIS, toa do cac dinh thuong dude luu dudi dang mang:
(X, Y) =A{(z1, 1), (22, 92), - -, (0, yn) }-
Viéc ap dung cong thicc Gauss cho phép:
e tinh dién tich tu dong cho hang nghin thita dat,
e dam bdo thong nhat giita ban do sd va ho so dia chinh,

e giam sai s6t so v6i phuong phéap chia tam giac thi cong.



Chuong II. Vai tro cua dinh thic trong bai
toan dao dong riéng
Ij’ng dung trong co hoc két cau

M3 dau

Trong co hoc két cau, viec tim dao dong riéng thuyc chat 1a giadi bai toan tri riéng
(Eigenvalue problem) thong qua dinh thic.

1 Phuong trinh vi phan dao dong

Mot he két cau c6 nhiéu bac ty do (vi du: toa nha nhiéu tang) duge mo ta bdi phuong
trinh vi phan ma tran:
Mu(t) + Ku(t) =0,

trong do:
e M la ma tran khdi lugng (Mass matrix),

e K la ma tran do cing (Stiffness matrix),

e u(t) la vecto chuyén vi.

2 Su xuAt hién ctia dinh thitc (Phuong trinh dic
trung)

Dé tim dao dong rieéng, ta gid thiét nghiem c6 dang diéu hoa:

u(t) = ¢sin(wt),
trong d6 w 1a tan s6 goc rieng va ¢ 1a dang dao dong riéng.
Thay vao phuong trinh dao dong, ta thu duge hé dai sb:
(K —w*M)¢ = 0.
Dé hé c6 nghiém khac khong (tic 1a cong trinh thic sy dao dong), diéu kién can va
du la:
det(K — w?*M) = 0.
Day dugc goi la phuong trinh dac trung. Nghiém ciia phuong trinh nay cho ta:

s 2 2
e Cac tan s6 goc riéng w; va chu ky dao dong riéng T; = 17

e Cac dang dao dong riéng (modes of vibration) ¢;.
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3 Y nghia thuc tién trong xay dung

a. Tranh hién tugng cong hudéng

Néu tan s6 dao dong riéng clia cong trinh tring véi tan so kich thich bén ngoai, dinh thiic
tién vé 0 lam bien do dao dong tang manh, c6 thé gay sup do cong trinh (hién tugng cong
hudng).

b. Thiét ké khang chan (dong dﬁt)

Quy chuan xay dyng yéu cau tinh toan tit 3 dén 10 dang dao dong dau tien. Viéc gidi
phuong trinh dinh thtc gitp xéc dinh tang c6 bien do dao dong lén nhat dé gia c6 két
cau.

c. Kiém tra 6n dinh cta cau treo

Dinh thtic cho phép xac dinh van toc gi6 t6i han gay dao dong xoan (flutter), tuong ti
hién tuong dan dén sy sap cau Tacoma Narrows.

4 Vi du minh hoa: hé hai bac tu do (nha 2 tang)
Gia st hé c6 ma tran khoi luong va do ciing:
(T 0 . kl +I€2 —kz
() k()
Phuong trinh dac trung:

kl + kg - w2m1 —/{2 .
det ( "k A 0.

Khai trién dinh thtc, ta thu duge phuong trinh bac hai theo w?:
(K + kg — w?my) (ko — w®my) — k3 = 0.
Giai phuong trinh nay cho ta hai gia tri wq, we, tuong tng véi hai dang dao dong riéng
cua ngoi nha.
Két luan
Néu khong c6 dinh thtc, ching ta khong thé biét mot cong trinh sé “dao dong” nhu thé
nao duéi tac dong ctia gié hodc dong dat. Dinh thic bién mot hé phuong trinh vi phan

phtic tap thanh mot bai toan dai sé ¢6 thé giai hieu qua bang may tinh, déng vai tro then
chét trong thiét ké két cau hien dai.



ka
L m1 ]
ka1
So d6 két chu Dang 1 (1) Dang 2 («»)
Tan so thap Tan s6 cao
k?l + k?g — w2m1 —k‘g

det([K] — w?[M]) =0 = =0

—k’g k’g — w2m2
5 Vi du sé minh hoa

5.1 Vi du 1. Hé hai bac tu do véi tham sé dbi xing
Xét he hai tang v6i cac tham so:

my = me = 1000 kg, ky = ky =2 x 10° N/m.

B 10 e 4 2
M_looo(o 1), K =10 (_2 2).

Phuong trinh dac trung:

Khi doé:

det(K — w*M) =0 <—

'4 x 106 — 1000w? —2 x 108 0

—2 x 108 2 x 10% — 1000w?

Khai trién dinh thic:
(4 x 10° — 1000w?)(2 x 10° — 1000w?) — (2 x 10°)* = 0,

hay tuong duong:
w? — 6000w? + 4 x 10° = 0.

Giai phuong trinh cho ta:
wy ~ 28.7 rad/s, wy ~ 69.8 rad/s.

Chu ky dao dong riéng:

2 P
=" x~022s, Th=2"~009s
W1 )

Nhan xét. Dang dao dong thit nhat c¢6 tan s6 thap, chi phdi dap ting clia cong trinh
dudi tac dong dong dat; dang thit hai c6 anh hudng cuc bo & cac tang trén.
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5.2 Vidu 2. Anh huéng ctia khéi lugng ting trén
Gitt nguyén do cting nhu Vi du 1, nhung xét:
my = 1000 kg, mo = 2000 kg.
Phuong trinh dac trung:

e (4 10° = 1000w —92 % 10° 0
© —9 % 106 2 % 108 — 2000w? ) —

Sau khi khai trién va rat gon, ta dugc:

w! — 5000w + 2 x 10° = 0.

Nghiém ctua phuong trinh:

wy & 22.1 rad/s, wy & 64.0 rad/s.

Nhan xét. Viéc tang khéi lugng tang trén lam gidm dang ké tan s6 rieng thap nhat,
khién cong trinh dé& tring véi pho kich thich dong dat, tit d6 lam ting nguy co cong
hudng.

5.3 Vi du 3. Kiém tra nguy co cong hudng véi tai gié
Gia stt tan s6 chi phdi clia tai gi6 tac dong lén cong trinh la:
fe=07Hz = w,=2nf,~44rad/s.
So sanh v6i tan so6 rieng nho nhat clia cong trinh:
Wy K W1.

Két luan. Trong truong hop nay, cong trinh khong roi vao hién tuong cong hudng do
gi6. Tuy nhién, khi chiéu cao cong trinh tang (lam gidm do cting tuong duong), nghiem
cua phuong trinh

det(K — w*M) = 0

cho thay tan sb riéng thap nhat gidm nhanh, lam xuat hién nguy co cong hudng can duge
kiém soat trong thiét ké.



5.4 Vidu 4. Hé ba bac tu do (nha 3 tang)
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M6 hinh nha 3 tang
Hé 3 bac tu do
Xét mo hinh nha ba tang véi gia thiét:
e Modi tang c¢6 mot bac tir do theo phuong ngang,
e Khoi lugng céc tang bang nhau,
e D0 ciing cac cot gitta cac tang 1a nhu nhau.

Cu thé:

m1:m2:m3:1000kg, k1:k2:k3:2x106N/m.

Khi d6, ma tran khéi lugng va do cing c6 dang:

1 00
M=1000{0 1 0],
00 1
4 -2 0
K=10°]-2 4 -2
0 -2 2

Phuong trinh dac trung
Dao dong riéng duge xac dinh tit phuong trinh:

det(K — w’M) = 0,

hay:
4 x 105 — 1000w? —2x 106 0
—2x 106 4 x 105 — 1000w? —2x 106
0 —2 x 108 2 x 10% — 1000w?

10
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Chia ca dinh thic cho 106 va dat:

ta thu dugc phuong trinh:

Khai trién dinh thtc theo hang dau:
A-=N[E=N2=-X)—4] —42-X) =0,

hay tuong duong:
— A%+ 10A% — 24\ + 8 = 0.

Tan s6 dao dong riéng
Giai phuong trinh dic trung bac ba, ta thu duge ba nghiém duong:
A1 ~ 0.35, Ao & 2.32, A3 ~ 7.33.

Suy ra cac tan s6 goc rieng:

w; = /1000,

wy ~ 18.7rad/s, wy~48.2rad/s, ws= 85.6 rad/s.

cu thé:

Chu ky dao dong riéng tuong ting:

T, =~ 0.34 s, Ty ~ 0.13 s, T3 ~ 0.07 s.

Nhan xét co hoc

e Dang dao dong thit nhat c¢6 tan sd thap nhat, toan bo cong trinh dao dong gan nhu
ciing pha — day la dang nguy hiém nhat dudi tac dong dong dat.

e Dang thit hai xuat hién nit dao dong & tang gitta, gay tap trung noi luc cuc bo.
e Dang thit ba c6 tan s cao, chti yéu anh hudng dén cic cau kién tang trén.
Y nghia thuc tidn. Trong thiét ké khang chin, quy chuin thudng chi yeu cau xét

tit 3 dén 5 dang dao dong dau tién. Viéc gidi phuong trinh dinh thitc bac cao cho phép
k§ su xac dinh chinh x4c cac tang can gia cuong va bo tri thiét bi tiéu tan nang luong.
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