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Xap xi mot s6 phan phoi xac suit bang phan phdi chuin:
Ung dung va han ché
1. Pit van dé

Trong linh vuc xac suat va thong ké, viéc hiéu rd va mé ta chinh xac cac phan
phéi xac suat dong vai tro quan trong trong phan tich dir lidu, ra quyét dinh
va phat trién cac mé hinh du doan. Tuy nhién, khi d6i mit véi cac phan phoi
phtic tap nhu phan phéi nhi thirc, phan phdi Poisson hay phan phéi Chi-binh
phuong, viée tinh toan céc xac suat cu thé hodc udc luong cac tham sb phan
phéi c6 thé tré nén rat phirc tap.

Phan phéi chuén, véi tinh chat don gian va céc tinh chat toan hoc dé ap dung,
da tro thanh mot cong cu manh mé dé xap xi cac phan phdi khac. Piéu nay
khong chi gitip don gian hoa céc tinh toan ma con ma ra nhiéu tmg dung thuc
tién trong cac linh vuc nhu hoc may, kinh té luong va phan tich rai ro.

Mic du cac dinh Iy kinh dién nhu Dinh Iy De Moivre-Laplace di chimg minh
su hiéu qué cta xap xi phan phdi chudn trong nhiéu trudng hop [1], cau hoi
dit ra 1a khi ndo va voi diéu kién nao thi xap xi nay 1 hop 1y? Hon nita, viéc
hiéu rd hon vé nhirng han ché va tiém ning cai tién ctia phuong phap nay cé
thé dan dén nhitng budc tién mai trong nghién ctru va tmg dung.

Trong bdi canh d6, bai bao nay sé& trinh bay cac co so 1y thuyét cta viéc xap
xi cac phan phdi nhj thie, Poisson va Chi-binh phuong bang phan phdi chuan.
Déng thoi, bai viét s& dua ra cac sb liéu minh hoa va dé xuét hudng nghién
ctru tiép theo dé mo rong va nang cao tinh tng dung ctia xap xi ndy trong thyuc
tién.

2. Co s6' Iy thuyét va phwong phap nghién ciru

2.1. Co sé li thuyét

Phan phbi chuan (Normal Distribution), thuong dugc ky hiéu 12 N@.,o*) dong
vai trd trung tAm trong 1y thuyét xac suat va thong ké. Phan phdi nay mo ta
mot tap hop dir liéu voi hinh chudng dic trung, c6 ki vong bang p va phuong
sai bang o> . Mot trong nhiing tinh chat quan trong nhat ctia phan phdi chuan
l1a Pinh 1y Gidi han trung tam (Central Limit Theorem ), dinh 1y nay chi ra
rang tong cua mot s6 luong 16n cac bién ngiu nhién doc 1ap, véi phan phdi
gidng nhau va c6 phuong sai hitu han, s& tiém can phan phéi chuan khi kich
thudc mau ting.

Pinh Iy De Moivre-Laplace 1a mot truong hop dac biét cia Pinh li gidi han



trung tdm, cho phép x4p xi phan phdi nhi thirc bang phan phdi chuan khi s6
lan thir n du 16n. Cu thé, néu x - Bm,p) (tte 1a X tun theo quy luat phan phdi
nhi thtc, v6i n 1a s6 1an tha va p la xac sudt xdy ra A trong mot lan thtr), véi
ki vong 1a npva phuong sai 1a np(1-p), thi khin da 16m, phan phéi ctia X co thé
duoc xép xi bdi phan phéi chuén: X ~N(np; Jop(1-p)).

Tuong ty, cac phan phdi Poisson va Chi-Binh phuong ciing c6 thé duge xap
xi bang phan phdi chuan khi cac tham sb cua ching dat dén cac gia tri 1on.
Véi phan phéi Poisson x ~p@)thi khi » 1én, X co thé duoc xép xi bot phan
phdi chuan X ~N(uv&). Phan phdi Chi-Binh phuong véi k bac tu do X ~ k)
6 thé dugc xap xi bang X ~ Nk, v2k) khi k 16n.

2.2. Phuong phap nghién ctru
a. Chirng minh toan hoc

Bai bao s& xay dung cac chirng minh toan hoc chi tiét cho viéc xap xi phan
phéi nhj thirc, Poisson va Chi-Binh phuong bang phan phéi chuan [1]. Cu thé
la:

- Chutng minh dinh 1y De Moivre-Laplace: Sir dung xap xi Stirling va ly
thuyét gii han dé ching minh phan phdi nhi thirc ¢6 thé duoc xap xi
bang phan phdi chuan khi s6 1an thir 16n.

- St dung Dinh 1y Gidi han trung tdm dé chi ra rang cic phan phdi
Poisson va Chi-Binh phuong ciing c6 thé dugc xap xi bai phan phdi
chuén trong nhitng diéu kién nhét dinh.

b. M6 phong va phan tich dir li¢u

Str dung céc cong cu phan mém nhu Python, tién hanh mé phong cac phan
phéi nhi thirc, Poisson, va Chi-Binh phuong véi cac gid tri tham s6 khac nhau.
Céc budc thyc hién bao gom:

- Tao mau tir cac phan phéi nhi thirc, Poisson, va Chi-binh phuong: Chon
cac tham sd cu thé va tao mau ngau nhién tir cac phan phdi nay.

- Xap xi bang phan phdi chuan: Chuyén doi cac miu ndy thanh cac bién
ngau nhién chuan hoa, sau d6 so sanh phan phéi thuc té ctia mau voi
phén phdi chuan twong tng.

- Phan tich sy khéc biét: Str dung cac chi s6 nhu khoang tin cay va kiém
dinh Kolmogorov-Smirnov dé danh gia mac d6 trong dong giira phan
phéi thuc té va phan phdi chuan xap xi.



- Biéu thi két qua: Két qua ctia cac phan tich trén s& dugc trinh bay dudi
dang bang sd liéu va dd thi minh hoa. Céc bang s liéu sé& thé hién cac
tham sb phan phdi, gia tri ki vong va phuong sai, cung v4i do 1éch
chuin cta céc phan phéi Xép xi. D6 thi minh hoa s& truc quan hoéa su
so sanh giira phan phdi thuc té va phan phdi chuan, giup lam rd mirc
d6 chinh x4c ctia cac xap xi trong ting trudong hop cu thé.

3. Két qua va thao luin

Pinh Iy 1. Cho mot bién ngiu nhién X c6 phan phdi nhi thirc véi tham sd n
va p, tic 1a X ~B(m,p). Khi n 16n, phan phdi nhi thic ¢6 thé duoc xap xi boi
phan phdi chuan véi ki vong np va phuong sai np(1—p). Cu thé: véiavab l1a

hai sb thuc xac dinh thi timp <g§bJ:b®( ydx , trong d6 @(x) 1a ham
n1_r)1010 (a m :‘[ x)dx g X

phan phdi tich liiy ctia ham phéan phéi chuan tic, tirc 13 o) = %e_g .
T
Dinh 1y nay dugc chig minh bang cach sir dung xap xi Stirling [1], [2].

Thao luan
1. Phén phdi nhij thic:

- Xép xi phan phéi nhj thirc bang phan phdi chuan cho két qua kha chinh
xéc. Biéu dd ctia phan phdi nhi thirc va duong cong phan phdi chuan
trung khép kha tét.

- Gia tri kiém dinh KS cho thay sy khac biét khong dang ké giira phan
phdi nhi thirc va phan phéi chuan xap xi.

2. Phén phdi Poisson:

- Xapxi phan phéi Poisson bang phan phdi chuan cho thdy mét sb khac
biét. Biéu d6 ctia phan phdi Poisson va duong cong phan phdi chuin
khong trung khép hoan toan.

- Gia tri kiém dinh KS cao cho théy su khac biét dang ké gitra phan phoi
Poisson va phén phdi chuan xap xi. Piéu nay c6 thé do A khong du 16n
dé xép xi tot bang phan phdi chuan.

3. Phén phoi Chi-Binh hwong:

- Xap xi phan phéi Chi-Binh phuong bang phén phdi chuan co két qua
t6t hon so véi Poisson nhung van c6 mot s6 khac biét.

- Gia tri kiém dinh KS cho thay sy khac biét gitta phan phéi Chi-Binh
phuong va phan phéi chuan xap xi 1a ¢c6 nhung khong qua 16n.
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Pi¢u kién 4p dung cic xap xi trén:
- Xép xi phan phéi nhi thirc bang phan phdi: thuong ap dung khi
np=5n(l-p)=5 . Dy 1a diéu kién dé dam bao rang phan phdi nhi thirc
du "can dbi" dé co thé xap xi bang phan phdi chuan.

- Xap xi phan phdi Poisson bang phan phdi chuin: thuong 4p dung khi
A>10

- Xap xi phén phdi Chi-binh phuong bang phan phdi chuan: thudng ap
dung khi so bac ty do df > 20.

4. Mot s6 bai toan thue té:
4.1. Linh vwe Mé - Dia chat:

Bai tap 1: Phan tich kich thudc hat
Mot nha dia chét thu thap kich thuée ctia 50 hat da sau khi nd min, cac kich
thudc (mm) dugc ghi lai nhu sau: [10, 12, 11, 15, 14, 13, 10, 12, 11, 14, 13,
15,16, 17, 18, 19, 20, 21, 22, 23, 24, 10, 12, 11, 14, 16, 15, 13, 14, 12, 11,
15,17, 19, 18, 16, 14, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].
1. Tinh gia tri trung binh va do 1éch chuan cua kich thuéc hat.
2. Str dung phan phdi chuan dé xap xi phan phdi kich thudc hat.
3. Tinh x4c suat dé chon ngéu nhién moét hat c¢6 kich thudc 16n hon 20 mm.
Bai tdp 2: Danh gia sai 56 do dac dé siu

Do sau do dac cuia 30 mo khac nhau dugc ghi lai (m): [100, 105, 102, 98,
110, 107, 101, 104, 106, 108, 95, 97, 99, 103, 111, 109, 98, 105, 102, 100,
101, 106, 104, 107, 99, 103, 111, 108, 98, 97].

1. Tinh d¢ 1éch chuan cua dir liéu d6 sau.

2. Gia str dit liéu tudn theo phan phéi chuan, hiy tinh xac suat dé do sau cta
mot mé nam trong khoang tir 100 dén 110 m.

Bai tdp 3: Phan tich dp lyc trong tang chita dau

Ap luc trong tang chtra dau duogc do tai 40 vi tri khac nhau (psi): [2000, 2020,
2010, 1990, 2050, 2030, 2015, 2025, 2022, 1980, 1995, 2005, 2040, 2025,
2015, 1998, 2012, 2019, 2003, 1985, 2021, 2035, 2009, 2016, 2045, 2001,
2018, 1997, 2038, 2028, 2004, 2011, 2013, 2006, 2055, 2042, 1993, 2026,
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2014, 2008, 1994, 2017].
1. Tinh gia tri trung binh va d6 1éch chuan.

2. Gia st 4p luc tudn theo phan phdi chuan, hiy tim xac suat 4p luc 16n hon
2030 psi.

Bai tdp 4: Panh gid d6 bén ciia mau dd

Két qua kiém tra d6 bén ctia 25 mau da (MPa): [50, 55, 52, 54, 51, 53, 56, 57,
58, 55,52, 51, 50, 54, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66].

1. Tinh gia tri trung binh va do 1éch chuan.

_ 2. Str dung phan phéi chuan dé udc luong xac suat dé mot mau da co do
bén 16n hon 60 MPa.

Bai tap 5: Xac dinh tuéi ciia cdc [6p dia chat

Tubi ctia cac 16p dia chit dugc do tai 20 diém khac nhau (triéu nam): [200,
210, 205, 215, 220, 210, 200, 230, 240, 245, 250, 215, 220, 225, 230, 200,
210, 205, 210, 200].

1. Tinh gia tri trung binh va d6 1éch chuan.

2. Gia st tudi 16p dia chit tuan theo phan phdi chuan, hdy tinh xac suat dé
tuoi ciia mot 16p 16n hon 225 triéu nam.

4.2. Linh vyec Kinh té:

Bai tap 1: Phan tich muc tiéu thu nang luong

Muc tiéu thu nang luong cua 50 thiét b trong khai thac mo (kWh): [250, 260,
255, 270, 280, 265, 275, 260, 257, 258, 265, 267, 270, 272, 274, 276, 258,
260, 265, 275, 280, 285, 290, 300, 310, 320, 305, 300, 295, 270, 280, 290,

300, 310, 280, 260, 250, 240, 255, 265, 275, 285, 295, 305, 310, 320, 330,
340, 350, 360].

1. Tinh gié tr1 trung binh va do Iéch chuén.
2. Str dung phan phdi chuan dé xap xi phan phdi tiéu thu nang luong.

3. Tinh x4c suat dé mot thiét bi tiéu thy niang luong 16n hon 300 kWh.



Bai tap 2: Xac sudt vé ng

Ty 1€ vo no cua 30 doanh nghiép khai thac mo trong 5 nam qua (%) 1a: [5,
10, 12, 8,6, 7,9, 11, 15, 13, 10, 6, 5, 8,9, 7, 10, 12, 14, 15, 11, 6, 7,9, 12,
13,10, 11, 8, 6].

1. Tinh d6 1éch chuan cta ty 18 v& no.

2. Gia str ty 1& v& ng tuan theo phan phdi chuan, hiy tinh x4c suét ty 1& vo
no 16n hon 12%.

Bai tap 3: Phan tich loi nhuan tir khai thac tai nguyén

Loi nhuan tir 40 dy an khai thac tai nguyén (tri€u d@)ng): [10, 12, 11, 15, 14,
13,10, 12, 11, 14, 13, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 10, 12, 11, 14,
16, 15, 13, 14, 12, 11, 15, 17, 19, 18, 16, 14, 20, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33].

1. Tinh gi4 tri trung binh va d6 1éch chuan cua loi nhuén.

2. Gia sir loi nhuan tuan theo phan phdi chuan, hiy tinh xac suat dé loi
nhuan tr mét du an 16n hon 20 triéu dong.

Bai tdp 4: Phan tich riii ro trong dau tw

Ty suat sinh loi tir 25 khoan dau tu vao mé (%) 1a: [8, 7, 10, 12, 9, 6, 11, 10,
12,8,7,10,9, 11, 12, 10, 13, 14, 15, 16, 17, 15, 12, 11, 10].

1. Tinh gi4 tri trung binh va d¢ léch chuan.

2. Gia str ty suét sinh loi tudn theo phan phdi chuén, hiy tinh x4c suat dé ty
suat sinh lg1 16n hon 12%.

Bai tdp 5: Dy dodn lam phat

Du doan lam phat trong 10 nam toi (%) 1a: [2.1, 2.5, 2.3, 2.4, 2.2, 2.6, 2.8,
2.7,2.9,3.0].

1. Tinh gia tri trung binh va d¢ 1éch chuan cta dy doan lam phat.

2. Gia st lam phét tuan theo phan phdi chuén, hay tinh xac sut lam phat
16n hon 2.8%.



4.3. Linh vuc khoa hgc cong nghé:
Bai tap 1: Panh gia do tin cdy cua thiét bi

Tubi tho ctia 30 thiét bi khai thac mo (nim): [5, 6, 5,7, 8,7, 6,5,5,6,8,7,9,
10,9,8,7,6,5,8,10,11, 12, 11, 10,9, 8, 7, 6, 5].

1. Tinh gié tr1 trung binh va do Iéch chuén cua tudi tho thiét bi.

2. Gia sir tudi tho tuan theo phan phdi chuan, hdy tinh xac suat dé tudi tho
cua mot thiét bi 16n hon 9 nam.

Bai tdp 2: Phén phéi thoi gian héng héc ciia cam bién

Thoi gian hong hoc ciia 25 cam bién dia chat (thang): [12, 14, 11, 10, 13, 12,
15,16, 17, 18, 14, 13, 12, 10, 11, 12, 14, 16, 17, 15, 14, 13, 11, 10, 9].

1. Tinh d6 1éch chuén cua thoi gian hong hoc.

2. Gia str thoi gian hong hoc tudn theo phan phdi chuan, hiy tinh xac suat
thot gian hong hoc 16n hon 15 thang.

Bai tap 3: Dy doadn luu luong xuw Iy

Luu luong xir Iy cia 20 hé thong tw dong hoa trong khai thac (tin/gid): [200,
210, 220, 215, 225, 230, 240, 250, 245, 260, 255, 240, 235, 230, 225, 215,
210, 205, 220, 215].

1. Tinh gia tri trung binh va do 1éch chuan.

2. Gia str luu luong xur ly tuén theo phan phéi chuan, hiy tinh xac suét luu
lugng 16n hon 240 tan/gio.

Bai tdp 4: Thoi gian dép vng ciia hé thong quan 1y dir liéu

Thoi gian dap tng cua 15 hé théng quan 1y dir lidu (gidy): [2.5, 3.0, 2.8, 2.7,
3.2,3.0,2.9,2.6,2.5,2.7,3.0,3.5,3.1,3.2,2.8].

1. Tinh gia tri trung binh va do 1éch chuan.

2. Gia sir thoi gian dap tng tuan theo phan phdi chuan, hiy tinh xac suét
thoi gian dép tng 16n hon 3 gidy.

Bai tdp 5: Hiéu suat cua cac thudt toan toi wu hoa



Thoi gian thuc hién ctia 30 thudt toan toi wu hoa (gidy): [0.5, 0.6, 0.7, 0.6, 0.5,
0.4,0.8,0.7,0.6,0.5,0.9,0.8,0.6,0.7, 0.6, 0.5, 0.4, 0.6, 0.8, 0.9, 1.0, 0.8, 0.6,
0.7,0.5,0.4,0.3,0.2, 0.6, 0.7].

1. Tinh gia tri trung binh va do 1éch chuan.

2. Gia str thoi gian thuc hién tuan theo phan phdi chuan, hiy tinh xac suat
thot gian 16n hon 0.8 gidy.

4.4. Linh vec méi truong:
Bai tap 1: Xac sudt sw co tran dau

Tan sudt su c6 tran dau tai mot mé dau trong 5 nam qua (su cd/mam): [1, 2, 1,
3,2,1,0,2,1,3,2,1, 1,0, 3].

1. Tinh gi4 tri trung binh va d6 1éch chuan.

2. Gia su tan suat tuan theo phan phoi chuan, hay tinh xac suat tan suat 16n
hon 2 su c6/nam.

Bai tdp 2: Mikc dg 6 nhiém khong khi

Muc d6 6 nhiém khong khi (ug/m?) tai 30 diém quan trac 1a: [150, 160, 155,
150, 145, 165, 170, 175, 160, 158, 150, 152, 155, 155, 160, 165, 170, 180,
190, 200, 210, 220, 230, 240, 250, 260, 270, 280, 290, 300].

1. Tinh gia tri trung binh va do léch chuan.

2. Gia str mtrc d6 6 nhiém tuén theo phan phdi chuan, hiy tinh xac suét
murc d¢ 6 nhiém 16n hon 200 pg/m?.

Bai tap 3: Xci'p xi bién dong nhiét do
Bién dong nhiét do trung binh hang nim tai mot khu vuc khai thac dia nhiét
(°C) 1a: [15.0, 15.2, 15.1, 15.3, 15.4, 15.0, 15.2, 15.3, 15.1, 15.4, 15.5, 15.6,
15.3,15.1, 15.2].

1. Tinh gia tri trung binh va do 1éch chuan.

2. Gia su nhi¢t do tudn theo phan phéi chuén, hay tinh xac suat nhiét do
16n hon 15.4°C.

Bai tdp 4: Murc do 6 nhiem nudc ngam



Mirc d6 6 nhiém nuée ngdm (mg/L) tai 20 vi tri khac nhau la: [0.1, 0.2, 0.15,
0.3, 0.25, 0.2, 0.15, 0.1, 0.3, 0.35, 0.2, 0.15, 0.25, 0.1, 0.05, 0.2, 0.25, 0.3,
0.15,0.2].

1. Tinh gia tri trung binh va do 1éch chuan.

2. Gia str mtrc d6 6 nhiém tuén theo phan phdi chuan, hiy tinh xac suét
murc d¢ 6 nhiém 16n hon 0.25 mg/L.

Bai tdp 5: Phan tich sy phdn bé chdt thdi

Khbi luong chét thai (kg) tir 25 khu vuc khai thac khoang san 1a: [100, 150,
120, 130, 140, 160, 170, 110, 180, 150, 140, 130, 120, 110, 100, 150, 160,
170, 180, 190, 200, 210, 220, 230, 240].

1. Tinh gié tri trung binh va d6 1éch chuan.

2. Giasur khéi lugng chat thai tuan theo phan phbi chuan, hay tinh xac suat
khoi Iugng 16m hon 200 kg.

Nhung bai tap nay khong chi gitp sinh vién truong Dai hoc Mo - Dia

chat hiéu rd hon vé xap xi phan phdi chuan ma con gitp sinh vién ap dung
kién thirc vao thuc tién trong cac linh vyc lién quan dén mo - dia chét, kinh
té, cong nghé va moi truong.

Huéng nghién ciru tiép theo:

1.

Thir nghiém véi cac tham sé khac nhau: Tién hanh thir nghiém voi
céc gia tri tham sd khac nhau dé xem xét mirc do anh huong ciia chiing
dén sy x4p xi phan phdi chuan.

Swr dung cac phwong phap xap xi khac: Ap dung cac phuong phap
xap xi khac nhu x4p xi Gamma hodc xap xi Poisson bang phan phbi
siéu boi dé so sanh hiéu qua.

. Phén tich s dnh hwéng ciia kich thuwéc mau: Nghién ctru su anh

huong cia kich thude miu dén két qua xap xi va do chinh xéac cua cac
Xap xi nay.

Mo phéng thém cac phan phdi khac: Tién hanh mo phong va xap xi
céc phan phdi khac nhu phan phdi Beta, phan phdi Gama, va phan phéi
Student’s t & m& rong pham vi nghién ctru.
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Két ludn

Bai bao dé cap dén kha ning xap xi phéan phéi chuan d6i voi cac phan
phéi khac nhu phan phéi nhi thire, phan phdi Poisson va phan phéi Chi-binh
phuong, tur nén tang ly thuyet dén Gmg dung thyc tién. Cac két qua phan tich
cho thdy phan phéi chuan, véi nhitng dic tinh toan hoc rd rang va dé ap dung,
dong vai tro quan trong trong viéc don gian hoa cac tinh toan phue tap lién
quan dén cac phan phéi khac. Bai viét cling dd cung cap nhiing vi ‘du minh
hoa va biéu d tryc quan, chimg minh hiéu qua ctia phuwong phap Xap xi nay
trong thuce tién. Tuy nhién, bai bao ciing nhan dién nhimg han che cua phuong
phap xap xi phan ph01 chuan, dac biét la khi cac diéu kién can thiét khong
dugce dam bao. Viéc hiéu & hon vé nhitng han ché nay s& 1a nén tang cho cac
nghién ctru tiép theo nham cai thién d6 chinh xac va mé rong tmg dung hon.
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