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LOI GIOI THIEU
Ma tran va dinh thirc 12 mot phan kién thirc quan trong trong ki thi Olympic
Sinh vién, bdo c4o hoc thuat nay dua ra mot s6 dang toan co ban dé giai cac bai tap
vé Ma tran, dinh thtc. Bao cdo hoc thuét cling 1a mot tai li¢u tham khao cho cac
thﬁy cO va cac em sinh vién trong vi¢c day va hoc Dai s6 dé phuc vu cho ki thi
Olympic Sinh vién hang nam.
Bao cao hoc thuat gé)m mot sd dang toan vé Ma tran, dinh thirc nhu: tinh

chat co ban cia dinh thirc, mot s0 dinh thirc dac biét va mot s6 ma tran dac biét.



CHUONG I: CAC TINH CHAT CO BAN CUA PINH THUC

Dinh thirc cia mot ma tran vuong A = (a;;)! cap n 1a tong luan phién

2(—1)0%0(1)020(2) - Ang(n)
(o2

& do, téng trén dugc 1dy qua tat ca cac phép hoan vi geS,,. Dinh thirc ctia ma trdn A dugc

ki hiéu 1a det A hoic |A|. Néu det(A) # 0 ta noi A 1a ma tran kha nghich (khéng suy

bién). Céc tinh chét sau day thudng duoc sir dung dé tinh dinh thirc ctia mot ma tran.

1) Néu d6i chd hai hang (hodc hai cot) cia ma tran A thi dinh thirc cia né d6i dau.

2)

3)

4)

5)
6)

N6i riéng, néu ma tran A c¢6 hai hang (cot) giong nhau thi det(4) = 0.

Néu 4, B, C 1a cic ma trdn vudng cung cép thi det ('g g) = detA.detB.

detd = Z}lzl(—l)”le-j, ¢ d6 M;; 1a dinh thirc ctia ma tran A thu dugc bang cach

b6 di hang i va cot j ciia nd. Cong thire nay duoc goi 1 cong thirc khai trién dinh

thirc theo hang.
/1611 + ‘U_ﬁl aq, e Aqn aq apr
: S )
Aoy +uBn  Apz o Gpg Xn  An2

det(AB) = detA.detB
det(4T) = det4

A1n

a’TlTl

P1 Az . Qp

ﬂn anZ - ann



CHUONG II: CAC PINH THUC PAC BIET
1. Pinh thirc khoi:

det ('3 g) = det(A4) . det(B) v6i 4, B, C 13 cac ma tran vudng ciing cap.
2. Pinh thirc Vandermonde:
| 1 1 1
a, a; .. Qa,
2 2 2
V.(a,ay,...,a,) = Q1 4Gz & ap | = 1_[ (aj —a;)
ap =~ az an

Hé qua: Hé V,(a;,a,,...,a,).X = 0 chi c6 nghiém tdm thuong khi va chi khi
a,, a,, ..., a, doi mot phan biét.

3. Dinh thirc Cauchy:

1 1 1
x11‘)’1 x1‘|1'3’2 x1‘|1'}’n
1A, = S ——— - ey I Hi>j(xi —x) (Vi — ;)
: LU0, [Tis; G + y7)
1 1 1
XntY1 Xn T Y2 Xpt
Chirg minh: Lay cot 1, cot 2, ..., cdt n — 1 trir di cot cudi cling ta duogc:
1 Yn — Y
XitYi XitYn (gt Vi) (x; + yn)
Yn = Y1 Yn = Y2 1
(g +y1) (g + ) (X +y2) (% + V) X1+ Yn
Yn — V1 Yn— Y2 o1

= Anl =02 +y) 0 +y0) (2 +¥2)00 + ) ™ X, + vy

Yo — Y1 Yo — Y2 1
(xn + Y1)(xn + yn) (xn + yz)(xn + yn) Xn + Vn




|4nl =

[ [ i
T Ly, et Rty
iL,Jj : : 1
1 1
xn+y1 xn+y2
Lay mdi hang tir 1 dén n — 1 trir di hang cudi cung, ta dugc:
Xp — X1 X, — X
(1 +y1)(xn +y1) (X1 +y2)(xn +¥2)
Vo — i Xn — X1 Xn — X2 .O
= - L (2 +y)(xn +y1) (X2 +y2)(x0 +y2) -
Axi+ : : e
L] M : 1
1 1
xn+y1 xn+y2
1 1 1
X1 +tY1 X1t Y2 X1+ Yn
1 1 1
= |A,| = Yn —Yj Hxn_xi
L iy L L ey T ety e o
1 1 1
Xn-1+tY1 Xp1 T Y2 Xn-1+ Yn
|An—-1l

1 1

X1ty X1t Y2
1 1

Bang phuong phap quy nap, ta c6 diéu phai chirng minh.
4. Dinh thirc Frobenius:

010 O 0
00170 0
a ldl=|lg 00~ 1 o |=EDa
0 00 ™ 0 1
Qo Ay Az " An_p Ay
-2 1 0 0 0
9 -41-0 0
N I I
0O 0 0" -1 1
Ay Ay Az T Ap_p Apg

Chung minh: Khai trién dinh thirc Frobenius theo hang thtr nhat.

— n n—-1 n—-2
—), _an_l./1 _an_z.ﬂ, —_ e



5. Dinh thirc ma tran ba duwong chéo:

a b, 0... 9 0 0
c1 a, b, ~ 0 0 0
0 c;az - 0 0 0
Ap =%+ ¢ 0 = 5
0 00 . Gnozbyy O

0 0 0 ' Cn—Z an—l bn—l
0 00 0 Ch-1 Qn

Khai trién dinh thirc trén theo hang tht k, ta duoc:
Ay = ay-Dg—1 = Dy Cr- B2

Dic biét: Néu ta ky hi¢u

(aia, ...a,) =

Ta ¢ cong thirc truy hoi thong qua lién phan s nhu sau:

(a,a, ...a,) 1
— 2T M=+ T
(ayas ...a,) a, +

6. Pinh thirc ma tran khoi:

A A . . A n £
A= ( 1 12) v6i A1, Ay, 12 cdc ma tran vudng cap n.

A21 AZZ
Céc tinh chat:
D.A D.A
1 | 11 12 — D A
) A, A, ID[|A|
All A12 _
2) |4, +B.Ay Ay, +B.Ay,| = Al




CHUONG III: CAC MA TRAN PAC BIET
1. Ma tran ddi xing: A d6i ximg < AT = A
2. Ma tran phén déi xirng: A phan dbi ximg & AT = —A.
Céc tinh chat:
1) Ma tran phan dbi xtmg cap n 1é thi ¢ dinh thirc bang 0.
2) Néu A phan db6i xtmg thi A% d6i xtng.
3) Céc gia tri riéng ctia ma tran phan d6i xing 13 thuén ao.
4) A phan ddi xtmg & xTA x = 0, v6i moi x.
5) Hang cia ma tran phan dbi ximg 1a mot s6 chan.
3. Ma tran liiy linh: A4 lily linh & 3k: A* = 0. Néu c6 thém A*~* # 0 thi k duoc goi 1a
bac liiy linh cua A.
Céc tinh chat:
1) Bac lily linh ciia mot ma tran liiy linh bang cap cao nhat cia cac khdi Jordan
cua no.
2) Aliy linh cdpn & A™ = 0.
3) Pa thiic dic trung ciia ma tran vudng cap n liy linh bang A™.

1,n.

4) A la ma tran vudng cap n. A lily linh © tr(4P) = 0,Vp
Chting minh:
(=) Néu A™ = 0 thi A4 chi c¢6 gid trj riéng bang 0. Nén A* ciing chi c6 gi tri riéng bang

0 vi moi k. Do vay, tong céc gia riéng hay tr(4¥) = 0 v6i moi k.

(&) Gia st A c6 cac gia tri riéng 1a 44,15, ...,4,. Vi tr(4%) = 0,vk = 1,n nén
M+A,++21,=0
A+ 2y o T =0 Do g6, Vudy A (oA AT =0 Vo
"+ A," T " =0
V,(A1,25, ..., A,) 1a dinh thirc Vandermond. Ta s& ching minh céc gia tri riéng phai bang
nhau. That vay: Néu A; d6i mdt phan biét thi 1, # 0, suy ra h¢ c6 nghiém duy nhét

Ay = A, = -+ = A, = 0 (mau thuan). Néu A, = A, va khong co gi tri A; con lai ndo bang



nhau. Suy ra V,,_; (15, ..., 4,).. (225, ...,4,)T = 0. Lap luan twong ty c6 A; = A, = --- =
A, = 0. Nén da thirc dac trung ctia A 1a A™ = 0. Do vay, A™ = 0.



CHUONG IV: MOQT SO BAI TAP MINH HOA
Bai 1: Chirng minh:

1 1 1 1
aq a, an-1 a,
4| = : Y : f
a2 ay~? - ah? a2

a,as ..., 103 .0, " Q105 ...Ap_20y A105 ... Qy_q
— -1
= (—1)" ' detV,(ay,a,, ..., a,)
Giai: Néu a4, ay, ..., a, # 0 thi nhan cdt tht nhat véi a;, nhan cft thtr hai vdi a,, ...,

nhan cdt thir n véi a,, r6i chia cho a,a, ... a, ta dugc:

a a; . Qap-1 Qp
2 2 - 2 2
1 a;” az” * Qup-1- Ay .
|A| = m = (_1)71 .detVn(al,az, ...,an).
R . . =
1 1 1 1
1 1 1 11
0 a; an-1 Qan
Néu a, = 0 thi |A] = » -
n-— n— n-2
0 az an—l an
axas ...dn 0 0 0
1 1 1
_ 2 an-1 an
= (=" 'aza; ..a, : :
n-—2 n-2 n-2
a2 an—l an
a, an—l an
2 2 2
a a a
_ n—-1 2 n—1 n — n-—1
=(-1) , : : = (=D . det(V,).
n—-2 n-2 n-2
aZ an—l an

Bai 2: Cho f;(x), f2(x), ..., f(x) 1a cac da thuc c¢6 bac khong qua n — 2. Chirng minh:

Véi moi s6 a4, ay, ..., a, ta co:

filay) fi(ay) filan)
fz(.a1) fz('az) fl(.an) — 0.

fa(a) falaz) fn(ay)
Giai: Gia st f;(x) = byg + byx + -+ by _,x" 2 4+ 0.x™1. Ta co:



fi(ay) fi(ay) fi1(a,)
fz(fh) fz(flz) fl(.an)

fula) fula)  fulan)

b1y by bipp 0 1 1 1
byo bay i ban—z 0 QG o o
bnO bnl bn,n—Z 0 a{l_l ag_l ag_l

Lay dinh thtrc hai vé ta c¢6 diéu phai chimg minh.

=S

Bai3: Cho A = (a;;) va fi(x) = a;y + apx + -+ apx™ i =1,
filx) fi(xz) f1()
fz(?ﬁ) fz(xz) o fl(xn) — detA.

f00) ful) T fuCon)

Giai: Tuong ty bai 2. Ta co:

Chirng minh: V, (%1, %5, o) Xp).

fi(x1) fi(x) f1(x) a;; Aq2 Ain 1 1 1
f2(x1) fo() i i) | [ P21 G2z i @en ) [ X1 Xz X
LG fiG) | fG)) Nm @ T am/ AT A

Lay dinh thtrc hai vé ta c¢6 diéu phai chimg minh.
Bai 4: Ching minh: Néu A liiy linh thi I — A kha nghich.
Giai: Néu A4 lity linh thi ton tai k dé A*¥ = 0. Khi do:
[=1-A=U—-A)U+A+ A%+ -+ A
Nén I — A kha nghich.
Bai 5: Cho A,B 1a cic ma trin vudng cung cap théa man A% = 0,B2°%0 =0 va
AB = BA. Ching minh A + B + I kha nghich.
Giai: Ta co (A + B)3°° = 0 nén A + B liiy linh. Theo bai 4, (A + B + I) kha nghich.
Bai 6: Chung minh:

1 -1 0 0
X h -1 ™0
A,= x? hx h > 0l=(0(+hn"

> -

x™ hx™ 1 pxn2 e
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KET LUAN
Ban bao cdo di dua ra dugc mot sb dinh thire va ma tran dic biét hay Xuat
hién trong cac dé thi Olympic Sinh vién Toan qudc. Ban bao cdo 1a mot tai lidu
hiru ich cho sinh vién thi Olympic Pai s ciing nhu cho cac thiy c¢o tham gia giang
day Olympic Dai sb.
Ban bao cdo c6 thé thém nhiéu vi du va bai tdp minh hoa hon nita, dé sinh

vién van dung thanh thao hon.

TAI LIEU THAM KHAO
1. Tuyén tap cac dé thi Olympic Pai s6 cho Sinh vién Toan quéc.
2. Tuyén tap cac dé thi Olympic Dai s cp truong.

3. Bai giang Pai s6 tuyén tinh, Bui Xuan Diéu.
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