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1. M& dau.

Pa thic Taylor cho ta x4p xi chinh x4c trong lan can ciia mot diém nao d6 noi
chung 1a n6 chi ¢ tinh nhét dia phuwong. Pé ting cao d chinh xé4c ta cho bac cua da thirc
tién dan ra vo cung nhung thay thé trén van chi c¢6 tinh chat dia phuong.

Ngay nay, chudi Taylor dugc sir dung rat nhiéu trong cac linh vuc st 1y tin hiéu sé,
dién dién tir. Nhitng chuyén gia vé sir 1y tin hiéu s6 13 nhitng nguoi hon ai hét biét vé vai
trd quan trong ctia chudi Taylor. Do tim quan trong cua khai triénTalor véi mong muén
tim hiéu sau hon vé chudi Taylor nay va nhitng tmg dung ctia nd nén toi chon dé tai nay
dé bao cho.

2. Co s& ly thuyét

Cho ham sé £ kha vi dén cp (» + 1) tai lan can diém X, .
e Goi da thic P(x) véi deg(P(x))<n théa man P (x,) = £ (x,), Vk=0,n 1a
da thirc Taylor ctia /' (x) tai lan can diém X, .

e Néu P(x) 1a da thirc Taylor ctia £(x) tai lan can X, thi n6 1a duy nhét va c6

' (n)
dang P () = £(x,)+2- ifo) (x—x0)+...+f—('x°)(x—x0)".
n
e V&1 moi x thudc 1an can cua X, ,ta co:
(n) (n+1)
£ = 70+ L8 eyt L gy LD e
(n+1)!

trong d6 ¢ nim gitra x va X,
Cong thirc trén dugc goi 1a cong thirc khai trién Taylor cip n cia ham f(x) ¢ lan can X,.

(”) 1 2
Biéu thic R, (x) = {—())'( —x, )" dugc goi la phan du thr n cua khai trién Taylor.
e Khi X,= 0 cong thuc Taylor trd thanh
(m) (n+1)
[, L0 SO

n! (n+1)!

S =f0)+—~=

Cong thirc trén duoc goi 1a cong thire khai trién Mc Laurin cép n ciia ham £ (x) .

2.4. Quy tic L Hospital.



Cho f,g kha vi ¢ 1an can V(xo) nao do cua X, ngoaira g'(x) # 0 , VXGV(XO)\{XO}.

Khi d6, néu ton tai giéi han lim /(%) = L thi cling c6 hmM =
\’—)xo g (x) x—>x0 g(x) g(xo)
Chu y:
1. Cho f,g1a hai ham kha vi & V() \{x}, g'(x) = 0, WXV () \{x,} va
hm f (x)= hm g(x)=0. Khi d6, néu ton tai gidi han lim S Ex; L thi
x—>x0 g x
lim —— /(%) =L
X=X, g(X)

2. Két qua van ding trong truong hop X, =%  va trudng hop
lim f(x) =0, hm g(x) o0

X—>X)

3. UNG DUNG KHAI TRIEN TAYLOR, MACLAURIN
Bai 1. Cho ham f kha vi lién tuc trén [0;2] va théa mén c4c diéu kién f(0)=1,

f(2)=3; f‘(x)‘ <2,Vx €[0;2]. Ching minh:

2

jf(x)dx >2

0

+ f(x):f(O)Jrf'(c]).x, ¢ E(O;X):>f( ) —2x
+ f(x)=f(2)+ () (x-2), ¢, e(x:2)= f(x)23+2(x-2)= f(x)=2x—1

1

+ jf(x)dx=jf(x)dx+jf(x)dx>J(1—2x)dx+j(2x—l)dx:2

1 1

1-2x, xe[0;1]

+ D4u = xay ra @f(x):{zx_l ce[i2] .

2

Diéu nay mau thuin méi gia thiét £ kha vi lién tuc trén [0;2] = J‘ f(x)dx>2.

0



Bai 2. Cho ham / kha vi hai lan trén R va théa man /(0)= f(1)=251,

n%%rll]f(x) = —%. Chirng minh ring A{gly]cf"(x) >2014.

+ Do min f(x) = —% nén t6n tai ¢ € (0;1) sao cho f(c)= —%. Do ham f kha vi lién

xe[031]

0.

tuc trén [0;1] = f'(c)

0 11005 )
00100100 ) Tt

1007° S 1007

B afe(t-¢)] 4{c+1—c}

2

+/"(6)-1"(¢.)

_=2014°

2

+Do 6 e(0;e) < [0:1]; 6, e(csl) <[0s1] = £7(8). f"(ez)s[%% f(x)]

Bai 3. Cho ham f:[0;1]] >R saocho f"(x)>0 véimei xe[0;1]. Ching minh:

1

a. 2jf(t)dt>3jf(t2)dt—f(0)

+Véite[0;1]=0< <t<1.Do f"(x)>0,Vxe[0;1]= f'(x) dong bién trén [0;1].
+ f()=1(£)+1'(e)(t-), ce(rst)

+Ma f()< ()< f()= (0 =)< ()= £(2) < (o) (e 1)

+ Do do

.f'(tz)(t—tz)dt < J‘f(z)dt—-“f(zz)dz S-“f'(t)(t—tz)dt

£ )=o) = j (=00 (£ ()= 20-0)7 )|+ ;—j =21 ) ;—j 1

:)—J‘(l—2t)f(t)dt=— (1=20)7 (¢




Bai 4. Tim tat cd cdc ham / c6 dao ham dén cép hai lién tuc trén [0;1] théa méan
1

F(0)=7"(0)=1, f"(x)=0,vxe(0;1) va jf(x)dxz

0

3
-
+xe[01]: £(x)=£(0)+£'(0)x+/"(c ) =1+x+/"(c )%Zl+x,vc’rice(0;x)

1 1

+Suyra jf(x)dxzj(1+x)dx=(x+%zJ

+ D4u = xay ra
<:>f"(c):O,‘v’ce(O;I):f"(x):O,Vxe(O;l):f'(x):a:>f(x):ax+b

Do f(O):f‘(0)=1:>f(x)=1+x

Bai 5. Cho ham f lién tyc trén [a;5] va f"(x)>0,Vxe(a;b).

1
0

3
2

b

Chimg minh: jf(x)dxz (b—a){f(c)+(a;b —cjf'(c)},Vce(a;b).

Bai 6. Gia st / kha vilién tyc trén [0;1] va f(0)= /(1) =0. Ching minh ton tai it
nhit mot diém x, €[0;1] sao cho ‘f' (x,) Z 4J“f(x)‘dx

+Do ham f kha vi lién tyc trén [0;1] = ‘ f(x ‘ lién tyc trén [0;1]. Do d6 ton tai
x, €[0;1] sao cho ‘f Max‘f ‘

e[o;1]

+ f(x)zf(0)+f'(cl)x:>f( )= f’(cl)x:>‘f(x)‘=‘f'(cl)‘xé‘f(x0)‘x , ¢, €(0;x)

7



j £ ()l —j\f (x)\dx+j\f (x)\dxﬁjv (xo)\xdﬁj )] (1= Jax

:jf(x)dx<f(xo){jxdx+j(1x)de \f(:o)\

Bai 7. Gié sitham / c6 dao ham dén cép hai trén [0;1] théa man f(1)>0, va véi

moi x €[0;1]: /"(x)<1. Chirng minh f(O)—Zf(%} <L

4
e ool

Bai 8. Cho hamsd g(x) ¢6 g"(x)>0,VxeR. va ham f(x) lién tyc trén R théa
mén f(0)>g(0), jf(x)dx< g(0)7r+#7r2.
0

Chimg minh ton tai ¢ €[0;7] sao cho f(c)=g(c).
+Dat h(x)=f(x)-g(x)= h(x) lién tyc trén [0; 7).
+h(0)=f(0)-g(0)>o0.

o [ h(e)ae= .[f(x)-g(o)-g'(o)x-g"(e).ﬂdx




T T
2

+ Ih(x)dx <.[f(x)dx—g(0).7r—g‘(0).%< 0.
0 0

+ Do d6 ton tai & €[0;77] sao cho h(a)<0. Do ham £ lién tuc trén [0;a] = [0;7] nén

tdn tai ce(O;a) sao cho h(c) =0.

1
Bai 9. Cho ham / kha vi lién tyc hai lan trén R théa man f(1)=0, j f(x)dx=0.

0

a

j S (x)dx

0

<—Max‘f" ‘

Ching minh véi mei o (0;1) ta déu c6: ax

1 1
(a —1)2 x°

+ 'f(x)dx_aj‘f(ax)dx_ajl:f(x)+(a—l)xf'(x)-%Tf"(@):ldx

Bai 10. Cho ham / kha vi trén [0;1] va f(0)=/(1)=0, |/'(x)|<1vxe[0;1].
1

j S (x)dx

0

+f(x):f( )+f'(cl)x:>f( ) f(cl).x:‘f(x)‘ﬁx, cle(O;x)
+ f(x)=7(1)+f"(c,)(x ‘f ‘z‘f’(cz)‘(l—x)gl—x, voi ¢, €(x;1)

Ching minh: < %




+

j 7(x)dx

0

< ‘f(x)‘dx:-“‘f(x)‘dx+“"f(x)‘dxSJ‘xdx+JA(l—x)dx:%

Bai 11. Cho ham f kha vi lién tyc dén cap hai trén [a;5] théa man f(a)+ f(b)=0.
b
m(a —b)3

Dit m = H%i};)l]f"(x). Chirng minh: jf(x)dx < =

- (@)= 1) ) a0+ () YT i 6 < ()

+ f(b):f(x)+f'(x).(b—x)+f"(@z).(b 5

+ :>2f(x)+f'(x).(a+b—2x)+f"((9l).(

+ :>2f(x)+f'(x).(a+b—2x)=—f“(91).(a_x) —"(6,).

+ :>2f(x)+f‘(x).(a+b—2x)S—%(a—x) ~Z(b-x)

+ :zjf(x)dx+jfv(x).(a+b_zx)dxs-%!(a-x)z dx—%-!‘(b—x)z dx

+ jf'(x).(a+b—2x)dx:(a+b—2x)f(x)z+2jf(X)dx
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4. Két luan

Bat dang thire tich phan rat hay xuét hién trong cac dé thi olympic toan sinh vién toan

qudc. Dé gitip cac em sinh vién c6 thé 1am tot cau bat dang thirc tich phan toi dd hoan
thanh bao cao nay.

Bio cdo gdom mot hé thong bai tap c6 10 giai chi tiét cing véi phan mo dau, két luan,
danh muc tai liéu tham khao.

Noi dung dugc trinh bay trong bao cao la nhimng kién thirc b6 ich Vé bat ding thuc
tich phan. Bao cao nay la tai liéu tham khao t6t cho cac em trong doi tuyen olympic. Mt
khac no ciing 1a tai liéu tham khao t6t cho cac em sinh vién nam th nhat cac truong Dai
hoc. Do thot gian ¢6 han nén nhiing ni dung dugc trinh bay trong bao cao van con mang
tinh chat khai quat. Vi vy néu ban doc muodn tim hiéu sau hon vé béo cdo c6 thé tham
khéo thém cac tai liéu duoc trich ¢ cudi bao cao nay.

Hy vong noi dung ciia bao cdo s& giup cac thdy, co gido cing vdi cac ban sinh
vién dang giang day va hoc tap c6 thém ngudn tai liéu hiru ich, bd sung thém phuong
phap dé tiép can vin dé, nhim nang cao chét luong bai giang, gitip cac em sinh vién hiéu
sdu sac duoc van dé hudng toi dat thanh tich cao trong cac ki thi ./.
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