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PHAN MO PAU

Pai s6 tuyén tinh 1a mén hoc quan trong dbi véi sinh vién nganh Toan ciing nhu
sinh vién nganh K¥ thuat khac, 1a hoc phén tao cho em nhiéu hing thu khi hoc. Pai
s6 tuyén tinh gdm nhiéu van dé nhung trong bao cdo niy tdi dit van dé lién quan
dén ma tran, va dic biét quan tam dén ma tran luy linh hay dugc dua vao trong cac

bai thi Olympic.

Noi dung chinh ciia bao cdo gom 2 phan:

Phén 1: Trinh bay 6 phuong phap tao ra ma tranh luy linh: tinh truc tiép,
st dung cong thirc Newton, quy nap, chéo hda ma tran, dua vé dang chuén tac
Jordan, str dung dinh ly Cayley — Hamilton.

Phan 2: Bai tap va 1oi giai
MOT SO PHUONG PHAP TiNH LUY THUA CUA
MA TRAN VUONG

1.1 Tim ma trén luy linh bang phwong phap tinh tryec tiép
1.1.1 Phwong phap
Phan tich ma tran vé cac ma tran dic biét nhu ma tran don vi, ma tran khong.
1.1.2 Cacvidu
Vidul
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Giai
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Vidu3
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Tim tat ca cdc ma tran thyc cap 2 4 :( dj sao cho 4" =(
c
Giai
X A A 0 0) .. A A s
Dé thdy matran A= 0 0 la ma tran can tim.

b , L
j ding v6i Vne N*= 4" =[an
C

n n

Khi d6 ta co: 4 = a’+bc b(a+d) 3 a b
' ca+d) be+d?) | & d?

Vi A”:[a "J ding véin=2 .

a*+bc=a’
. [be=0 ()
_|ba+rd)=b
Suy ra h¢ , = ba+d-b)=0 (2)
catd)=c | ardoc)=0 (3)
be+d* = d?



Truong hop 1: vé1 c#0

b=0
a+d—-c=0 (4)

, 3013 2 0 3
Tuding thie 4 =9 U o gz @ O O a 0
c d’ cla+d) d*)lc d ac(a+d)+d’c d’

Suyra ¢ =ac(a+d)+d’*c ding véin=2 .
Tur (4) ta c6 c=a+d thay vao phuong trinh trén ta dugc
(a+d)’ =a(a+d)’ +d*(a+d)=ad =0

Twr hé phuong trinh ta co {

. b=0 0 0
+ Néu a=0 tr (4) ta cod = A=
d=c#0 c c

, d=b=0 0
+ Néu d=0 tir (4) ta c6 — =€
a=c#0 c 0

Truong hop 2: vé1 b#0

. 0 b
+ Tuong tu nhu truong hop 1 ta coé: Néu a=0tr (4)tacd 4= (0 bj hoac

b b
A= .
\ ,. a 0
Truong hop 3: vé1 b=c=0 :A:(O dj

Thtr 1ai ca 5 truong hop déu théa man. Vay cac ma tran can tim 1a:

e[ asle s Lo Shaefi )

1.2 Tim ma tran luy linh bang phwong phap quy nap toan hoc
1.2.1 Phwong phap

Bwdce 1: Tinh cac liy thira 4%, 43, 4% ...

Buwée 2: Du doan cong thic tong quat A”

Bwée 3: Sir dung phuong phap quy nap toan hoc dé chirme minh cong thirc

da du doan o budc 2.

1.2.2 Cac vi du
Vidu 1

Cho A:(1 IJ, tinh A"
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Giai



] 1 n
Du doan A" =
o)
+ Ta chimg minh dy doan trén bang phuong phap quy nap toan hoc
e Voin=1 cong thuc trén dung

A o . 1k
e Gia str cong thirc dung véi n=k, taco 4* :[0 J

e Chung minh cong thic dling voi n=k+1
That vay:
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A . I n
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0 1

Vidu 2
111
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Cho A[ j tinh A"
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Giai
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Chting minh cong thire (5) bang phuong phap quy nap:
e V4in=I1 cong thic (5) ding;

k k-1
e Gia st cong thie (5) ding vain=k, taco 4" = (201 22k1;BJ;
e Ta can chiing minh (5) ding v6i n=k+1
That vay
e g2 27RB (21 B (241 2+ 1B
o 21 lo 2 0 2 )
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Vay tadugc A" = "
(0] 2"

2" 0 3m2"" 72"
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0 2" 0

0 O 0 2"

Hay 4" =

1.3 Tim ma tran luy linh bingphwong phap sit dung nhj thirc Newton
1.3.1 Phuong phap

Gia sir 4 12 ma tran vudng cap k, tinh liiy thira bic n clia ma trdn 4 v&i n nguyén
duong.

Buwéc 1 : Phan tich A = B+ D, trong d6 BD = DB, B, D la cdc ma tran tinh liy
thira dé dang.

Buéc2:  A"=(B+D)'=D.CXB" Dk
k=0

1.2.3 Cic vidu

Vidul
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Cho ma tran A:(O 3], tinh A"

Giai
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-1 0 -1
Giai
0 a a
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Khi d6 tadugc 4" =(-I,+B) =C,(-1)"L,+C,(-1)'"'B+C,(-1)"*B* +...+ C/B"
=CY(-1)'"L,+C\(-1)""'B+C}(-1)"*B’

1 —na —na
—1y|-n 14 n(n—1) 4 n(n—1) g
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Vidu3
2006 1 -2006
Chomatrdn A=|2005 1 -2006 |, hay x4c dinh tong cac phan tir trén
2005 1 -2005
duong chéo chinh clamatrdin  S=7/+A4"+ A +A*+..+ 4"
Giai



2005 1 -2006
Dé thdy A=1I,+B;B=|2005 1 —2006
2005 1 -2006
0 0 O
Tatinhduwoc B*={0 0 0|, k=2
0 0 O
A"=(I,+B) =C1,+C,B+C:B* +...+C!B" = I, +nB
Khi @6
S=I+A+A4+4 +..+ 4" =1+1+B)+(1+2B)+...+ (I+nB)

— (4t )42+ 34 +n)B= (n+ ) L+ 20D

B=3(n+1)+0
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1.4 Tim ma tran luy linh bang phwong phap chéo héa ma tran
1.4.1 Thuat toan chéo héa ma tran
Cho ma tran A € M, Bé chéo hda ma tran 4 (néu co thé) ta c6 thuat toan chéo
héa nhu sau:

Lap phuong trinh dic trung det(4 — Al ) = 0 va giai phuong trinh dé tim céac gia tri
riéng.

+ Néu 4 khong c6 gia tri riéng nao thi 4 khong chéo héa duoc.

+ Giai sir 4 ¢6 r gia tri riéng d6i mot phan biét A1, A2, ..., A twong Gmg véi sb
boilany, na ..., ny . Néu tlr cac gia tri riéng ta tim dugc dua n véc to rieng doc lap tuyén
tinh thi ma tran A 1a chéo hoa duogc, (trong truong hop nguogc lai khong du n véc to riéng
doc 1ap tuyén tinh thi ma tran A khong chéo hoa dugc).

1.4.2 Phuong phap
Gid st A € M, va A la ma tran chéo hoa duoc.
Buére 1: chéo hda ma tran A. Khi d6 D=T"AT 1a ma trin chéo ma cac phan tir trén
dudng chéo chinh 1an luot 14 cac gia tri riéng cta A.

Buwéc 2: A" = AA.. A=TAT 'TAT .. TAT ' =TD"T"'

1.4.3 Céc vi du:

Vidul
1 3 0
Chomatran 4={3 -2 -1, tinh A"
0 -1 1
Giai

Dé dang tim dugc A, =1, 4, =3, A, =4
Vi cac véc to riéng tuong ung la

u, =a(1,0,3); u, =b(-3,-2,1); uy; =c(-3,5,1)

1 0 O 1 -3 -3
Khi d@6 ta thu dwoc D=|{0 3 0 |; T'=({0 -2 5
0 0 4 3 1 1
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A"=TD"T"'=|0 -2 5|0 3 0 3 l _—1
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Vidu 2
£+1 __5
Chomatrin 4= 2 2 |, tinh 4
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Giai
Dé dang tim dugc 4, _¥3 1, A, = o1
2 2 2 2

vO1 cac véc to riéng twong Ung 1a: u, =a(2-1,1); u, =b(2+1,1).

Khi d@6 ta thu dwoc D =
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cos(—) +1sin(— 0
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o V.1 0
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1.5 Tim ma trin luy linh bang phwong phap dwa ma tran vé dang

1.5.1

chuan tac Jordan

Khéi Jordan

Ta goi ma tran sau day la mot khdi Jordan

J(A) =

S O
TN
N = o o

0 0

Néu cap cua khoi Jordan bang 1 ta qui wdc: J(A1)=1

Ta goi ma tran sau ddy la ma tran Jordan, trong J(4,)..J(4,) 1a cac khdi Jordan.

1.5.2

1.5.3

JA) 0 .. 0
[ A R
0 0 .. 0
0 0 .. JA)

Pinh li

Cho 114 toan tir tuyén tinh tuy y. Gia st da thirc cuc tiéu cua nd cd J(1)=A trong
d6 p1 ..., pr =1 va gi...., g 12 nhitng da thirc bat kha quy khac nhau. Khi @0, f c6 ma
tran biéu dién 1a ma tran Jordan. Hon nita, moi ma tran vuong A déu co dang chuan
tac Jordan va dang chuan tic Jordan xac dinh duy nhat, néu khong ké tha ty céac
khéi Jordan. Cu thé néu ki hiéu S,  1a cic khoi Jordan cta da thirc

g‘(i=1,r,1<k < p,) xuat hién trong dang chuan tac Jordan thi:

S, 1 [rankg (A= 2rankgf (A)+ rankg ™ (A)]
€gg&

1a cac khéi Jordan. tran sau ddy 1a ma tran Jordan, trong J (4)..J(4,) 1a cac khéi

Jordan.

Thuit toan tim dang chuén tic Jordan ciia ma trin vudng 4

Buéc 1: Tinh da thire dic trung va phén tich ra cac nhan tir bat kha qu

13



Giasu: fa(M)=g1" ..g"

Buwéc 2: Tim da thire cyc tiéu dudi dang g 4 (1) = g1”: ...g/".

Trong d6 1 <p1 <mi,...1 <pr <my

Buée 3: Vi mdi nhan tir g; st dung dinh 1i 1.5.2 d¢ tinh s6 cac khéi Jordan
lién két voi gi*

Budée 4: Lap cac khdi Jordan lién két v6i tit ca da thie g co Si > 0, rdi
ghép ching lai véi nhau, mdi khdi xuét hién Sy lan, dé duoc ma tran duong

chéo khéi. P6 chinh 1a dang chuan tic Jordan can tim.

Chii y: Trong mét sé trudng hop, khong can thyuc hién bude 3 ma chi can dua vao hai chi y
sau 14 ta c¢6 thé tim duoc sd cac khdi Jordan.

- Véimdii= 1, 2,3...,r c6 it nhat mot khoi Jordan lién két véi g’

-Véimdii=1,23...,r tong cac cip cta khoi Jordan lién két v6i g dung bang m..
1.5.4 Phuwong phap

V 1a khong gian véc to hitu han chiéu trén truong sd thuc

Giast AeM ,feEnd(V),S' 1aco s chinh tic cua V va [f], =4

Budc 1: Tim ma tran J 1a dang chinh tac Jordan cau ma tran A.

Budge 2: Tim co s¢ S ctia V sao cho [ f] = J.

Budc 3: goi P 1a ma traanh chuyén tir co sé S’ sang S. Suy ra cac cot trong ma tran P 1a
cac veéc to trong co so S.

Khidd, J=P'AP= A=PJP"' = A"=PJ"P"".

1.5.5 Cac vidu

Vidu 1
5 =17 25
Chomatrain 4={2 -9 16|, tinh 4"
1 -5 9
Giai

Gia st S’ 1a co s chinh tic cua R®, f € End(R®) va [f], = 4.
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Pa thic cuatrungclia A: £, (1) =(A-1)(A-2)".

Pa thirc cuc tiéu cta A: g, D)=A-D)A-2) =g,

g =A-1=8, =%[mnk13 —2rank(A-1,) +rank(A-1,)* | =3-22+2=1.

g,=4A-2=S, = %[mnk(A— 21,)—2rank(A-1,)* + rank(A—- 13)2] =1.

Khi d6 dang chuan tac ctia Jordan ciia ma tran A la:

0 0
1

1
J=10
0 2

2
0
f(ul) =u

Goi S ={u,,u,,u,} lacosdcia R saocho:  [f] . =J =1 f(u,)=2u,
f(uy)=u,+2u,
trong d6, u,,u, lan lugt 1a cic vec to riéng ing vai cac gia tri rieng A4, =1,4, =2 . Tinh
toan ta thu duoc u, =(11,7,3); u, =(3,2,1) .
Gid st u, =(a,b,c) vbi a,b,ceR
Taco:[f];=4.(u,), =u,i =1,3 va f(u;)=u,+2u,
Suy ra
Chon ¢=0 suyra u, =(1,0,0)

11 3 1
Goi P 12 ma tran chuyén tir co sd S’ sang SsuyraP=|7 2 0
310
I 0 0
Dod6 J"=|0 2" n2""|.
0o o 2°

—4+432"+3n2"" 19-152"—6n2"" —26+24.2" +3n2""!
Vay 4" =| -4+2.2" +2n2"" 15-10.2" —4n2"" -18+16.2" +2n2"" |.
242" +n2""! 7-52"+2n2"" —8+8.2" +n2"!
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1.6 Tim ma trin luy linh bing phwong phap sir dung dinh li
Cayley - Hamilton
1.6.1 Dinh li
Cho A4 1a ma tran vudng cép n. Pa thirc déac trung cia 4 bac # 1a dinh thic
P,(A)=|4-41,|. Khido P,(A)=0.
1.6.2 Phwong phap
Chof(A)=an A"+ an-1A" '+ ...+ a1+ ao , tinh f(A4) v6i 4 1a ma trdn vudng cap k.
Budc 1: Lap da thirc dac trung ctia 4 va tim cac gié tri riéng ciia 4. Gid sir 4 ¢6 A; gia tri
riéng tuong g voi boi o , i =1, r
Khi d6: P,(1)=(=1)"(A=A)" (A= A)..(A=A)".
Buée 2: Lay f(2) chia cho P4 (1) gia st dugce thuong O(4) du R(A)
Khidé: A2)=Ps(2)0(1)+R (1)
= [(4)=Pa(4)0(4)+R(4)=R(4)
Vi theo dinh li Cayley-Hamilton P4 (4) = 0
Cich tim da thire dw R (1)
Tacé: 0<deg R (1) <n-1

Giast: R(A)=by—1A" 14+ by 2 A" 2 .+ b1d+bo
Céac hé s6 b,,b,,b,,...,b, ; 1a nghiém cia hé phuong trinh sau:

J(A)=R(A).i=Lr
fY(A)=RY(A), j, = La, —1

fY27(A)=RY(A), j. =la, -1

Chu y Cach tinh f (x) =0 Ia truong hop dac biét ciia tinh  f(A)
Vo f(A)=A" = 4" = F(A).

1.6.3 Cac vi du:

Vidu 1
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4 -5
Chomatrin A=|5 -7 3|, tinh f(A) biét
6 -9
£(x)=2009x" —2008x*"" +...+ x
Giai
Pa thirc dac trung ciia A: P,(x) =—x"(x—1)
Léy f(x) chia cho P,(x) gid su dugc thuong QO(x) du R(x):

Khi do: f(x)=P,(x)Q(x) + R(x).

Gia sit R(x)=ax’+bx+c

f(0)=R(0) c=0 c=0
Tacd < f(H)=R() <<a+b+c=1005<a=1004
f'(O)=R0) [b=1 h=1

Suyra R(x)=1004x"+x
Theo dinh 1y Caylet- Hamilton thi P,(A)=0

3016 -3017 1006
Do dd f(A)=R(A)=10044"+A4=|3017 -3019 1007 |,
3018 -3021 1008

Phin 2: Cac wng dung

Bail.1
Tinh A" bibt
] 2 -1 b
a) A= mj b) Az( j o) Az(“ J
0 1 3 2 0 a
a 0
d) A= 0 a
0 0 a
Bai 1.2
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\ J4 A _b ! 3 _l
Tim cac so thuc sao cho (a j = 3
b a 1 V3

Bai 1.3 Cho A la gia tri riéng cia Ae M (K), @ € K va k e N. Chimg minh rang
a) aAd la gia tri riéng clla ma tran 4.
b) A* 1a gid tri riéng ctia ma tran A4* .
¢) A+« lagiatri riéng cua ma tran A+ al .

d) f(4) la gia tri riéng cia ma tran da thic f(A).

Bai 1.4 Cho A 1a gia trj riéng ciia 4 e M (K). Ching minh rang
a) Néu A4 kha nghich thi 2™ 13 gia tri riéng ctia ma tran A",
b) Néu A kha nghich thi A+A7" 13 gia tri riéng clama trdn 4+ 4.

Bai 1.5 Cho 4 1a ma trdn vuodng cip n trén K va Ais2ys..n A, 1a cac gid tri riéng cla no.
Chting minh rang

a) det(ad)=a"AA,---A,.

b) det 4" = A4S --- 28,
c)det(Ad+al)=(A4+a) A +a)--(4,+a).
d) det f(A4) = f(A4)f(A)-f(4,) .

Bai 1.6 Cho ma trdn A trén trudng s6 thuc R nhu sau

a) Tinh det 4
b) Tinh det(4—al,) véi aeR.

¢) Tinh det f(A) biétrang f(x)=x"+x*—1.
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PHAN KET LUAN

Bé4o cao da néu dugc Cac phuong phép tim ma tran luy linh va bai tép lién quan
dén ma tran vuong. Céch tinh lly thtra ma tran, chéo hdéa ma tran, tim dang chuan
tic Jordan ctia ma tran bang phan mén Maple. Ngoai ra, mot s6 bai toan trong dai s6
tuyén tinh c6 thé quy vé giai trong s6 phirc va nguoc lai.

Qua bao cdo nay toi hoc hoi, tich lily thém dugc nhiéu kién thuc vé Dai sb tuyén
tinh. Néu diéu kién cho phép t6i s& nghién ciru su vé ma trin vudng nham cung cip
thém tai liéu tham khdo cho sinh vién dac biét 1a nhitng ban thi Olympic Toan hoc

sinh vién.
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