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I- PHEP TINH TiCH PHAN

1. NGUYEN HAM VA TICH PHAN BAT PINH

Pinh nghia 1.1. Xét ham F: D(f) »R. Ham F(x) duoc goi la nguyén ham caa ham f(x)
néu F’(x) = f(x), V x e D(f).

Ménh dé 1.1.

1) F(x) la nguyén ham cta ham f(x), thi F(x) + C cling la nguyén ham ctia ham f(x).

2) Néu F(x) va G(x) 1a hai nguyén ham caa cung ham f(x), thi F(x) — G(x) = k, véi k la
hang sé nao do.

Ménh dé 1.2. Phép tinh nguyén ham c tinh chat tuyén tinh:

f[af(x) + Bg(x)]dx = aff(x)dx + f g(x)dx

Ménh dé 1.3. Phuong phép tich phan ting phan dé tinh nguy@n ham.
Gia str [ f(x)dx 0 thé viét thanh [u(x)v'(x)dx, thi

ff(x)dx =fu(x)v’(x)dx = u(x)v(x) —fu’(x)v(x)dx

Ménh dé 1.4. Phuong phéap doi bién dé tinh nguyén ham.
a) Néu doi bién x = p(t) va c6 ¢’(t) thi [ f(x)dx = [ f(e(t)) ¢ (D)dt,

b) Néu [ £ (x)dx co thé viét thanh [ g(y(x))/ (x)dx, thi d6i bién t = y(x) va ta dugc
J f(x)dx = [ g(t)dt.

Bang Nguyén ham: Tu xem lai.

2. PINH NGHIA VA SU TON TAI CUA TiCH PHAN (RIEMANN - STIELTJES)
Dinh nghia 2.1.
Cho hs y = f(x) xac dinh trén doan [a, b]



B1: Chia doan [a, b] thanh cac doan con [xi, xi+1] béi cac diém chia:
a=Xo<X1<...<xn=h.
Goi d¢ dai cia mdi doan con 1a: Axi = Xi+1 - Xi
B2: Trén mdi doan con lay mot diém tuy V: &i(xi, Vi).
B3: Lap tong tich phan: In = Y™, £ (x;, ;). Ax;
B4: Khi d6 néu ton tai gisi han: | = lim I,, hitu han, khéng phu thudc vao cach chia

n—oo

doan [a, b], cach chon diém e thi gigi han I dgl tich phan xac dinh cua hs y = f(x) trén
doan [a, b] va ky higu 1a: 1 = [ f(x)dx.

Khi d6 ta noi hs y = f(x) kha tich trén [a, b].

Ménh d@é 2.1. Néu f 12 ham lién tuc trén [a, b] va a 1a ham khéng giam trén [a, b] thi f
€ R(a) trén [a, b].

Ménh dé 2.2. Néu f don diéu trén [a, b] con a lién tuc va khong giam trén [a, b] thi f €
R(a).

Ménh dé 2.3. Néu ham f bj chan trén [a, b], f c6 nhiéu nhat mot sé hitu han cac diém
gian doan (lién tyc ting khuc) trén [a, b] va ham o khéng giam, lién tuc tai mdi diém
gian doan cua f thi f € R(a).

Ménh dé 2.4. Gia sir f € R(a) trén [a, b], m < f(X) <M, V x < [a, b] va g 12 ham lién
tuc trén [m, M]. Khi d6, h = gof € R(w) trén [a, b].

3. CAC TINH CHAT CUA TiCH PHAN (old)
4. CAC PHUONG PHAP TiNH TiCH PHAN (old)

5. CAC PINH LY GIA TRI TRUNG BINH

Pinh I 5.1. Gia sir f 12 ham lién tuc va o 14 ham don diéu tang trén [a, b]. Khi do, tn
tai diém ¢ e [a, b] sao cho



b
f fda = f(c)[a(b) — a(a)]

a

binh ly 5.2. Gia sur f 1a ham don diéu va o lién tuc, don diéu tang trén [a, b]. Khi do,
tén tai diém ¢ e [a, b] sao cho

b
f fda = f(@)a(c) — a(a)] + f(b)[a(b) — a(c)]

Pinh 1y 5.3. (Binh Iy thi 1)

Xét cac ham f, g € R([a,b]) va goi m = inf f(x), M = supf(x), x < [a, b]. Néu g 12 ham
khong &m (hodc khong duong) trén [a, b] thi

[ fe0g()dx = uf) g(x)dx véip e [m, M]
Hon nita, néu f € C[[a, b] thi 3 & < [a, b] sao cho
b b
| regeadx =1 [ guodx

Pinh Iy 5.4. ®inh Iy thi 2)
Xeét cac ham f, g € R([a,b]) va g 1a ham don diéu trén [a, b]. Khi d6 3 € € [a, b] sao cho

b & b

[ reswar=g@ | r@ax+ g [ reod
a a g

binh ly 5.5.

Gia st f(x) 1a ham lién tyc trén doan [a, b], kha vi trong khoang (a, b). Khi d6 ton tai
diém ¢ e (a, b) sao cho thoa man hé thirc

b
(o) j F()dx = FOIFB) - £(@)]

binh ly 5.6.

Gia st f(x) va g(x) l1a ham lién tuc trén doan [a, b], kha vi trong khoang (a, b). Khi do
ton tai diém ¢ e (a, b) sao cho théa man hé thirc

b b
(0 f F(Odt +g'(©) f FOdt = FOIFB) — F@] + gOIFB) — (@]



Pinh ly 5.7.
Gia st f(x) 1a ham lién tuc trén doan [a, b], théa man f(a) = 0 va fff(x)dx = 0. Khi

d6 ton tai diém ¢ € [a, b] sao cho

1 Cc
F© = = | reoax

6. MQT SO BAT PANG THUC
6.1 BDT AM-GM téng quat va BPT Young

Cho céc sé ai, az,....., an > 0 VA CAc trong s6 mi, My, ..., mn (tic 12 mi > 0 va
>"  m; = 1). Khi d6 ta c6 BBT AM-GM tong quat

mias + Mmeaz + .... + mpan > a1™a™. . .... an

Voimi=my=...=mp= %, ta dugc BDT Cauchy

6.2 BDT Holder va BPT Cauchy-Schwartz

a) Cho cé4c s (X1, X2,....., Xn) VA (Y1, Y2,...., yn) ty y. Khi d6, véi p >0, q > 0, % + $ =

1, ta co BDT Holder
n n n
> il < (Z |xi|p> (Z w)
i=1 i=1 i=1

Khi p = q = 2 ta dugc BDPT Cauchy-Schwartz quen thudc (con goi la BDT
Bunyakovsky).

b) Cho cac ham khong am (fi, fo,..., fn) kha tich R-S d6i véi ham khong giam a,(x) trén
doan [a, b] va cac trong s6 (M1, my, ..., my). Khi d6 ta c6 BDT

Lb mieme L fda < (Lbflda>m1 (Lbfzda>m2 <Lbfnda>mn

Voip>0,q>0, % + 5 = 1, ta dugc BDT Holder
1 1
b b > b 7
f |fglda < (f f”da) (f fqda>
a a a
V6ip = q =2 ta dugc BDT Cauchy-Schwartz
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(Lblfglda>2 < Lbfzda. ngzda

6.3 BDT Minskowski
a) BDT Minskowski cho day sb.

Cho cAc $6 (X1, X2,....., Xn) VA (Y1, Y2,...., yn) tOy V. V&i p = 1 ta co
1 1
n 1/p n ? n >
(Z i + yiv’) < (va’) - <Zlyilp>
i=1 i=1 i=1

b) BDT Minskowski cho tich phdn R-M

Gia sir cac ham f va g kha tich R-S d6i voi ham khéng giam o trén [a, b]. Khi d6 véi p

>1taco
b 1/p b % b %
(f If+glpda> s(j Iflpda) +(f |g|pda>
a a a

6.4 BDT Chebyshev
BDT Chebyshev cho tich phdn R-M
a) Gia str cac ham f va g cuing chiéu don diéu (cung ting hoac ciing giam) va kha tich

R-S d6i v6i ham don diéu ting o trén [a, b]. Khi do,

la(b) — a(a)| fabfgda > Lbfda. jabgda

b) Gia sir cac ham f va g nguoc chiéu don diéu (Mot ham ting, mot ham giam) va kha
tich R-S ddi véi ham don diéu ting a trén [a, b]. Khi do,

la(b) — a(a)] Lbfgda SLbfda. ngda

6.5 BDT Jensen
PN Ham 16i: Xét khoang | = R. Ham ¢: | — R goi 12 16i, néu V a, b € | (a < b) thi
o(AX + (1 -1)y) <Ap(X) + (1-A)o(y), VX, ¥ € [a, b], VA € [0, 1]



a) BDT Jensen thuong

Gia str ¢: [a, b] —R 12 ham 16i. Vi bat ky X1, Xa,....., xn € [a, b] Va céc trong sb A,
A2,y Mn>0, 27, A =1,tac6 BDT

F(AaX1 + AaXa +....F AnXn) < A f(X1) + A2 F(X2) +....4+ An T(Xn)

b) BDT Jensen d6i voi tich phan
Gia sir ham f: [o, B] — [a, b] kha tich va ¢: [a, b] » R 12 ham 16i. Khi d6 ta c6 BT

1 (F 1 (F
o(5mz | rwar) < 72 [ g

6.6. BDT Hermite-Hadamard

Cho f(x) 1a ham 16i va kha tich Riemann trong khoang | — R. Khid6é véia,b e I,a<b
ta co

b
(b—a)f<a;b)_<] f)dx < (b‘“)w

7. TICH PHAN SUY RONG TREN KHOANG VO HAN

Pinh nghia 7.1. Cho ham s6 f: [a, +x0) — R kha tich trén moi doan con hitu han [a, B]
cua khoang [a, +=), (a < B). Ta ky hiéu,

Jim [ feodr= [ feax @

va goi d6 la tich phan suy rong loai 1 caa ham f trén khoang vé han [a, +o0).

Gidi han (1) néu ton tai hitu han thi ta néi tich phan fa+°°f(x)dx hoi tu.

Néu giéi han (1) khong ton tai hoic bang co thi ta ndi tich phan fa+°°f(x)dx phan ky.
Pinh nghia 7.2. Cho ham sé f: (-c0, 8] — R kha tich trén moi doan con hitu han [A, a]
cua khoang (-, a], (A < a). Ta ky hiéu,
a a
Alim f(x)dx =f f(x)dx (2)
7T®Ja —o0
va goi do la tich phan suy rong loai 1 cia ham f trén khoang v6 han (-, a].
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Gidi han (2) néu tdn tai hitu han thi ta néi tich phan ffwf(x)dx hoi tu.

Néu gigi han (2) khong ton tai hoic bang oo thi ta ndi tich phan f_Aw f(x)dx phan ky.

Pinh nghia 7.3. Cho ham sé f: (-0, +00) — R kha tich trén moi doan con hitu han [A,
B] cua khoang (-co, +0), (A < B). Ta ky hiéu,

B +o0
Jim, [ reoax= | reoar @

B—>»+o0

va goi do6 la tich phan suy rong loai 1 cia ham f trén khoang vo han (-co, +o).
Gidi han (3) néu ton tai hitu han thi ta néi tich phan f_t:o f(x)dx hoi tu.
Néu giéi han (3) khong ton tai hoic bang oo thi ta ndi tich phan fj;o f(x)dx phan ky.

Nhanxét: [ fC)dx = [° f)dx + [ f(x)dx

Pinh ly 7.4. (Tiéu chuan Cauchy vé sw hdi tu)

Gia st ham s f(x) xac dinh trén khoang [a, +), kha tich trén moi doan hitu han [a, B],
(a < B). Khi dé tich phan [ f(x)dx hoi tu khi va chi khi véi moi & > 0, ton tai Ao =

A(g) sao cho vGi moi A< A<Btacé |fff(x)dx| < e.

Ménh d@é 7.5. Gia sir ham s f(x) xac dinh trén khoang [a, +0), kha tich trén moi doan
hiru han [a, B], (a < B). Khi d6 tich phan [ £ (x)dx héi tu khi va chikhi [, £ (x)dx
(a < b) hoi tu.

Ménh dé 7.6. Gia st cac tich phan fa+°°f(x)dx va fa+°°g(x)dx hoi tu; o, B 1a cac
hing s6 thuc bét ky. Khi d6 tich phan [ [af (x) + Ag(x)]dx héi tu va ta cd

| toreo+ pgtnax =a | reodx 45 gGods



Ménh dé 7.7. Gia st f(x), g(x) 1a cac ham xéac dinh trén khoang [a, +), kha tich trén
moi doan hiru han [a, B], (a<B) va 0 <f(x) <g(x), V X e [a, +o0). Khi d6
1) Néu [ g(x)dx hoi tuthi [ f(x)dx hoi tu va

[ fdx <[ g(odx,
2) Néu [ fGodx hoituthi [ g(x)dx phan ky.

Ménh dé 7.8. Gia st f(x), g(x) 1a cac ham xac dinh va khong am trén khoang [a, +),
kha tich trén moi doan hiru han [a, B], (a < B) va ton tai giGi han

o f@®
1m

e g (x

=k (0 < k < +00)

Khi d6 fa+°°f(x)dx va fa+°°g(x)dx cting hoi tu hay cting phan ky.
Ménh dé 7.9. (Tiéu chuan Dirichlet) Gia sir f(x), g(x) la cac ham xac dinh va lién tuc
trén khoang [a, +o0). Bong thoi,
1) Ham f(x) c6 nguyén ham bi chan trén khoang [a, +), tirc 12 ton tai s6 K > 0 sao
cho |[F(B)| = |[7 f(x)dx| < K,(a < B < +o0),
2) Ham g(x) don diéu giam téi 0 khi X —>+00 va ¢6 dao ham g’(x) lién tuc trén
khoang [a, +x).
Khido [ f(x)g()dx hoi tu.

Ménh dé 7.10. (Tiéu chuan Abel) Gia sir f(x), g(x) la cac ham lién tuc trén khoang [a,
+o0). Dong thoi,

1) Tichphan [ f(x)dx hi ty,

2) Ham g(x) don diéu bi chan trén khoang [a, +o0) va c6 dao ham g’(x) lién tuc trén
khoang do.
Khi d6 fa+°°f(x)g(x)dx hoi tu.

8. TICH PHAN SUY RONG POI VOI HAM KHONG BI CHAN

DPinh nghia 8.1. Gia st ham f(x) xac dinh trén khoang [a, b), (-0 <a, <b < +w), khong
bi chan trén lan can diém x = b.

Gia thiét rang v6i moi 1 > 0 kha bé sao cho a < b - 1) < b thi ham f(x) kha tich trén doan
[a, b-n]. Ta ky hiéu
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b-n b
lim f(x)dx = j f(x)dx (4)

n—0+ J,

va goi do6 la tich phan suy rong loai 2 caa ham f(x) trén khoang [a, b).

Gidi han (4) néu tdn tai hitu han thi ta néi tich phan f;f(x)dx héi tu.

Néu giéi han (4) khong ton tai hoac bang oo thi ta ndi tich phan fff(x)dx phan ky.

Dinh nghia 8.2. Gid su ham f(x) xac dinh trén khoang (a, b], (o< a, <b < +a), khong
bi chgn trén 1an cdn diém x = a.

Gia thiét rang véi moi n > 0 khé bé sao cho a < a + 7 < b thi ham f(x) kha tich trén
doan [a +n, b]. Ta ky hiéu

b b
limf f(x)dx =f f(x)dx (5)
a+n a

-0+

va goi do la tich phdn suy rong logi 2 cua ham f(x) trén khodng (a, b].

Gidi han (5) néu tn tai hitu han thi ta néi tich phan [’ f(x)dx hoi tu.

Néu giéi han (5) khong ton tai hoic bing oo thi ta ndi tich phan fff(x)dx phan ky.

Pinh nghia 8.3. Néu ham f(x) xac dinh trén khoang (a, b), (-o0 < a < b < +x), khong bi
chan trén 1an can cac diem x = a, x = b.

Gia thiét rang véi moi 1 >0, 1 > 0 kha bé sao choa<a+nl <b-n2 < b thi ham f(x)
kha tich trén doan [a + n1, b - n2]. Ta ky hiéu

b—n2 b
lim flx)dx = f f(x)dx (6)
77772»0+ at+inl a

va goi do6 la tich phan suy rong loai 2 caa ham f trén khoang (a, b).
Gidi han (6) néu tn tai hitu han thi ta néi tich phan [’ f(x)dx hoi tu.

Néu giéi han (6) khong tn tai hoic bing oo thi ta ndi tich phan f:f(x)dx phan ky.
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Nhan xét: [” f(x)dx = [{ f(x)dx + [ f(x)dx

Nhén xét: Bang phép d6i bién sé c6 thé dua TPSR loai 2 sang loai 1 nén cac KQ dbi
véi TPRS loai 1 van dung cho TPSR loai 2 mot cach twong tng.

I1- MOT SO BAI TOAN OLYMPIC SINH VIEN VE TiCH PHAN

PHAN 1&2

Bai tap trng dung TP tinh gidi han va nguoc lai.

PHAN 3&4
Bai 1 (160) Gia sir a% + b? # 0. Tinh c4c nguyén ham sau:

[ e%cosbxdx va [ e sinbxdx

Bai 2 (160) Tinh tich phan I = [™/* —%&

0 1+(tanx)V?

Bai 3 (162) Cho ham f(x) lién tuc trén [a, b], kha vi trong (a, b), thoa man f(a) = f(b) =
0va f;(f(x))zdx = 1. Chang minh rang ff xfOOf (x)dx = —=

2"

PHAN 5&6

Bai 4 (162) Cho ham f(x) lién tuc trén [a, b], kha vi trong (a, b), théa méan f(a) = f(b) =
0va f;(f(x))zdx = 1. Chang minh rang f;(f’(x))zdx f;’ X2(f'(x))?dx > i

Bai 5 (176) Cho ham f: [a, b] — R kha vi. Xét X € [a, b], theo dinh ly gi& tri trung binh
tich phan, ton tai cx € [a, X] sao cho f(ff(t)dt = f(c,)(x — a). Gia thiét thém f(a) #

0. Chttng minh réng lim 22 = 2,

x-a X—a 2
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PHAN 7&8

Bai 6 (207) Xét su hoi tu cua cac tich phan sau

+00 sinx . ftoocosx
fa x—adx,fa s dx (a>0,(x>0)

Bai 7 (209) Chung to tich phan sau khdng phu thude a

]+% dx
o (@+x2)(1+x%)
Bai 8 (215) Tinh lim [ e*"dx

n—>0oo

Bai 9 (215) Cho ham f(x) lién tuc trén [0, 1]. Chitng minh rang

tim [ fGemdi = £0

Bai 10 (168) Cho ham f: [0, 1] — R lién tuc thoa mén [ f(x)dx = [ xf (x)dx.

1) Chiing minh rang ton tai diém a < (0, 1) sao cho [ f(x)dx = 0
2) Chang minh rang véi méi o € R, ton tai diém ¢ (0, 1) sao cho

f(c) = af f(x)dx

3) Chirng minh rang ton tai diém o e (0, 1) sao cho foa xf(x)dx =0

4) Chizng minh rang véi mdi a € R, ton tai diém ¢ € (0, 1) sao cho
Cc

cf(c) = afxf(x)dx
0
5) Chirng minh rang véi mdi o € R, ton tai diém ¢ €(0, 1) sao cho

c
cf(c) + af f(x)dx =0
0
6) Chang minh rang véi mdi k > 0 ton tai diém ¢ € (0, 1) sao cho

c**1f(c) = fcxkf(x)dx

0
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KET LUAN

1) B&o céo hoc thuat da gigi thiéu khai quat mot s6 khéi niém co ban nhat vé Tich phan

cta ham sé mot bién sd.

2) B4o céo hoc thuat ciing da gidi thidu dugc mot sé bai toan nang cao vé Tich phan.

TAI LIEU THAM KHAO
1) Tai liéu 6n tdp Olympic Toan sinh vién, Vii Tién Viét, Nha xuat ban Pai hoc Qudc
gia Ha Noi.
2) M6t s6 chuyén d@é on tdp thi Olympic toan sinh vién (Phan 2, Gidi tich), Vii Tién
Viét, Phan Thé Hai, Nha xuat ban Pai hoc Quéc gia Ha Noi.

3) Tai liéu 6n tdp Gidi tich 1, b6 mén Toan, DPH Mo - Pia chat.
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