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KHAI NIEM VE TiCH PHAN SUY RONG

Tich phén suy réng logi mét (tich phan suy réng cdn vé han)
e Chohamsd f kha tich trén doan [a, A] véi V A > a. Khi d6
+00 A
j f (x)dx := lim j f (x)dx
A+
a a
Néu giéi han vé phai ton tai va hitu han thi tich phan suy rong & vé trai duoc
goi la hoi tu. Nguoc lai tich phan suy rong duoc goi la phéan ky.

b
e Dinh nghia tuong tu véi tich phan suy rong dang j f(x)dx .

. j f(x)dx = j f (x)dx + j f (x)dx (a tuyy)
Tich phan suy rong & vé trai hoi tu néu ca hai tich phan ¢ vé phai hoi tu.
Pinh Ii. Cho f 1a ham kha tich trén moi doan [3, A], b>a. Khi do [ f(x)dx

a

va I f (x)dx dong thoi hoi ty hozc phan Ki.

b
Pinh li. (Tiéu chuan so sanh 1)
Cho hai ham sé f va g kha tich trén moi doan [a, A] va 0 < f(X) < g(X), Vx>a.
Khi do

e néu j g(x)dx hoi tu thi j f (x)dx hai tu,

e néu j f (x)dx phan Ki thi j g(x)dx phan Ki.

Pinh Ii. (Tiéu chuan so sanh 2) Cho cac ham sé khdng am f(x), g(x) kha tich
trén moi doan [a, A], A>a. Khi d6
f(x)

e néu lim m =L (L #0,# ), thi cac tich phan suy rong I g(x)dx va
X—>-+00 X

j f (x)dx cung tinh chat hoi tu.

+00

e néu tlim 1 o va j g(x)dx hoi tu thi j f (x)dx hai tu,
X—>+o%0 g(x) "

a



+00

e néulimX o v j g(x)dx phan ki thi j f (x)dx phan Ki.

== g0

a

pinh Ii. Néu j | f(x)| dx hoi tu thi j f (x)dx hai tu.

a

Dinh nghia.
o Néu j | f(x)|dx hoi tu thi j f (x)dx goi 1a hoi tu tuyét ddi

e Néu [|f(x)]dx phankiva [ f(x)dx hoituthi [ f(x)dx goi la ban

hoi tu.
Tich phan suy réng logi hai (tich phan suy rgng cdn hiu han)
e Chohamsd f xac dinh trén [a,b], x; e[a,b] duoc goi Ia cuc diém cua

ham f néu lim f(X)=o0 hoac lim f(x)=c hodc lim f(x)=oo .
X—Xg + .

X=Xy X—>Xg

b
e Tich phén suy rong _[ f(x)dx trong d6 b 1a cuc diém duy nhit cua f

Gia st ham sb f xac dinh trén [a, 0] va véi ve >0 du nho f kha tich trén

b-¢
[a, b—&].Néu 3 Iirgl I f(x)dx=1 hiru han thi ta néi tich phan suy rong

b b b—¢
j f (x)dx hoi tu va cb gia tri bang I, tac 12 j f(x)dx = lim j f (x)dx .Nguoc
lai ta noi tich phan suy rong la phan ky.

b
e Truong hop tich phan suy rong '[ f (x)dx trong d6 a l1a cuc diém duy nhat

cua f dinh nghia tuong tu

jlf(x)dx = Iirgl jl f (x)dx

b
e Truong hop tich phan suy rong j f(x)dx trong do c 1a cuc diém duy nhat
b c b c—¢ b
cia f. [ f(dx=[ fdx+[fEdx=lim [ f)dx+lim [ (x)dx
a a C a0 a e0" C+¢&

e Truong hop tich phan suy rong trén doan [a,b] ma ham f c6 nhiéu cuc
diém trén doan d6 thi ta chia ra thanh cac tich phan suy rong trén tirng
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doan nho sao cho trén timg doan nho 4y ham f chi c6 1 cuc diém duy
nhat.
Cac dinh i xét su hoi tu cua tich tich phan suy rong can vé han dugc phat

biéu twong tu nhu cho tich phan suy réng can hitu han .

I1 - MOT SO BAI TOAN TPSR

Bai 1. Tinh | = [x(x+1) dx.

Gidl. Pat x+1=t=x=t—-1, dx=dt. Tich phén tro thanh

1
J‘(t 1)t100dt _ J‘(tlol _ Lo )dt _ t102 101t101 +C.

1 1
Thay lai bién x ban dau ta dugc | = E( +1)'% —ﬁ-(X+1)101 +C

dx
Bai 2. Tinh |=jex+l.

< . dt  dt _ .
Giai. Pbate' =t=dt=e dx:>dx:e—X:T.T|ch phan tré thanh

J-t(t+1) j(___)dt—ln|t|—ln|t+l|+c

Doi tré vé bién x ban dau ta dugc
I :In(ex)—ln(ex+1)+C:x—ln(ex+1)+C.

Bai 3. Tinh I xarctan xdx.

Giai. Ixarctan xdx = 1jarctan xd (xz) = %xz arctan x — EJ' x“d (arctan x)

:lxzarctanx—— —dx_—x arctanx——'f 1- 1 X
2 29 %% +1 2 x? +1

=1x2 arctanx—lx+1arctan X+C.
2 2 2

Bai 4. Tinh | :jexsinxdx.
Giai. | :Jexsin xdx:.[sin xd (ex):exsinx—jexd (sinx)

= e* sinx—jex.cosxdx:exsinx—jcosxd (ex)



:exsinx—excosx+jexd (cosx)
=exsinx—excosx—jex.sinxdx
Suyra 21 =e*sinx—e*cosx+C .

1 .
Vvay | ==(e*sinx—e*cosx+C).
ay 1 =2 )

2
Bai 5. Tinh j XL gx
2_3x+2
X+2 X+2 A B
Giai. 5 = = +
X“=3x+2 (x-)(x-2) x-1 x-2
Suyra x+2=A(x—2)+B(x—1) =(A+B)x—2A—-B
5 hit ha sé 2 vé ta d A+B=1 A=-3
0 at hé so 2 vé &
ong nhat hé so 2 vé ta dugc 9A+B =2 B4
X+2
Vay | ——dx = —dx+ —dx_—3lnx +4In|x-2|+C
[~ 3 =|— [x=1+4In|x-2]
Bai 6. Tinh | ox
(x=D(x=2)(x-13)
Giai. Taco 1 - A B ¢

(x=D(x-2)(x=3) X—1 x-2 x_3
Suyral=A(Xx—2)(x—3)+B(X—1)(x—-3)+C(x—-1(x—2)

1
Chox=1suyra A= > ; Chox=2suyra B=-1; Chox=3suyra

c-1.
2

- dx _lpedx podx 1 odx
Vay: I(x—l)(x—Z)(x—B)_ZIx—l J’x—2+2 X—3
:lln\x—l\—In\x—2\+lln\x—3\+c.
2 2

X+3
Bai 7. Tinh J‘WJFXJrSdX'



Gial.

J‘ X+3 _ J-2X+4+2 __J- X+4X+5)+1J~ 2
x2+4x+5 2% 44x45 X2 +4x+5 29 x*+4x+5
_—In‘x +4x+5‘+j— ——In‘xz+4x+5‘+arctan(x+2)+C.
(x+2)*+1 2
dx

Bai 8. Tinh | = -
-[4smx+3cosx+5

. X .
Giai. bat tanE:t . Khi do

2

: 2t
sinX=——, COSX=———, X=2arctant, dx=—
t°+1 t°+1

thanh
1 2dt 2dt dt 1
! :I4 2 gt +5't2+1212t2+8t+8:J.(t+2)2 :_t+2JrC
2 t2a
A= 5 H =K 1
Doi tré lai bién x ta dugc | =— ” +C.
tan—+2
2
Bai 9. Tinh '[COS
sin” x

Giai. Dit t =sinx, dt =cos xdx. Ta co

3 =2
COS” X 1-sin“x ) 1 -1
dx = d(sinx)= =|=dt—|dt=—-t+C
Isinzx J. sin® x ( ) J‘tz I t
Thay t =sin X ta dugc I cos” X dx = __1 —sinx+C.
sin® x sin x

i 3 n n

Bai 10. Tinh de
C0S2X

Giai. Dat t =cosx,dt =—sin xdx. Ta co

jsmx sm X .[1 sin’ X d(cosx) J-cos 2 xd (cos x)

COS2X 2cos® X —1 2c0s? X -1
_I tdt _ 1, t__I dt _1 J_ [t2- 1|

2t2 -1 2 t\/§+l‘

Thay t = cos x ta dugc de =—COSX—£| COSX\/— 1
COS2X 2 8 COS X 2+1




dx
Sin® X —sin 2x + cos? x

Bai 11. Tinh j

Giai. bat t=tanx,dt = dx. Tacé

cos” X

j dx _J~ dx _J~ dt
sin® x —sin 2x + 2cos® x , (sin®x  2sinx t? —2t+2
COs” X o~ +2
Cos®X  COSX

- J-(tf—)tzl =arctan(t-1)+C
-+

dx
sin? x —sin 2X + cos® X

Thay t - tan x taduge [— —arctan(tanx—1)+C

Bai 12. Tinh I:jsinzx.cos XaX .

Giai. Dung c6ng thirc ha bac

2
sin®x.cos* x = Gsin 2xj .% = %sin2 2x+%sin2 2X.C0S 2X

= i(1—cos4x) +Esin2 2X.COS 2X.
6 8
Vay:

| = J'i(l—cos.4x)dx+J'13in2 2X.C0S 2XdX = lx—isin x+isin3 X+C
16 8 16 64 48

Bai 13. Tinh _[

\/§+\/_

Giai. Dat x=t°* = dx=6t>dt. Tacd

6todt 1
jt I Il+tdt=6f(t2—t+1—mjdt

= 6(1? Ly +1—In|t+1|j+C
3 2

Thay tré lai bién x ta duoc | :2\/?—3W+6—|n\ﬂ§+q+c
Jiey
Bai 14. Tinh | = [ -———dx
X

Giai. Dat x=sint, te[f E} dx = costdt, v/1—x? =cost. Tacod



cos® t J.(l sin t
sin t sin’t

sin’t

= cott — 2t +J%(1—c032t)dt = cott — 2t + %t —%sin 2t+C

Thay tro lai bién x ta duoc | =-— /iz—l—garcsin x—%xxll— x> +C
X

.. . 2dx
Bai 15. Tinh __Xox
Ix/x2+2x+
x2dx
Gial.
J\/x +2X+2 I\/ x+1
T 1 2 1
bit x+1=tant, te{— —} dx=———dt, \/(x+1) +1=—:.
2 2 cos‘t cost

Tich phén trg thanh
I(tant-—l)2 1 dt::J(sint——cost)zdt::Jsinzt—-ZSintcost4—coszt

) dt
1 cos’t cos’t cos?t
cost
sint
—dt 2 —dt_tant+2ln(cost) +C.
cos’t cost

Thay tro lai bién x ta duoc

=X+1+2In _ +C.

x2dx
I\/x2+2x+2 (x+1)2+1
.. . dx
Bai 16. Tinh | :j—.
Xy X2 —4

Giai. Datt = Vx2 — 4 duoc t? = x? — 4, tdt = xdx. Vay

+C

1 VX =4
2

= 1arctn 1 +C = =arctn
2 2 2

et o i e

Bai 17. Tinh dién tich hinh phang gisi han boi cac duong
2 2 X= 2t—t2
a) X=Yy,y=X b
) x=Y.y ){y:th—te’
C) r(p) =3+2cosg
Gial.



;!m

a)

szi(&_xz)dxz(gxi_%xsj _

0

3

(don vi dién tich).

b)

s o reres

DPuong cong tu cat tai cac diém
ung voi

x=0 (t=0 va t=2), y=0 (t=0 va
t=2)

Mién phang giéi han boi duong
cong cho dudi dang tham sé voi
0<t<2

Dién tich la

2

5= %i(xy‘— yx')dt = %j[(Zt ~t7)(4t-3t°) - (28 - °)(2-21) ot

0 0
—12t4 48 + 487 )t =2 (dom vi dien tich
_5!( —4t° + )d —B(O’nVl ién tich).

c) Taco r(p) tuan hoan chu ky 27 va r(p) = r(—¢p) nén mién phang dbi xang
nhau qua truc cuc

S = 2%jr2((p)d¢:j(3+ 2008 0)°d oo
0 0

= I(9 +12c0s @ + 4cos’ gp)dgo = 9(0|;r +12sin ¢)|g + 2_[(1+ COSZgz))d(p
0 0
=97+ 27 =11r (don vi dién tich).
Bai 18. Tinh d6 dai cung cho béi phuong trinh sau

2
a) y=aln—>— (0<x<b<a).
a —X
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X =cost +tsint
. ,0<t<2r.
y =sint-tcost
Giai.
a2 a’-x* a’ 2ax
a aln——, y'(x)=a. : —2X) =
)y a 2 y() a2 (az_x )2( ) X _aZ

, 4a*x? x2+a? )
1+y?(x) =1+ . 2:( 2 .2
(x*-a%) (x -2

b b 2
Dods 1=[L+y?(xax=]> ta’

S dX =
0 OX2
=—b+aln|—- a+xf =aln a—+b—b (don vi do dai).
a—X|, a-b

b) x'(t) =tcost, y'(t) =tsint, X (t)+y*(t) =t>

27 27 at? 2
Dodd 1= [x?*(t)+y*(t)dt=atdt="-
0 0 2 0

Bai 19. Tinh tich phan suy rong sau

= 27%a (don vi do dai).

2 dX j. X2
a) I = [ b) 1, = [——dx
)l !x.lnx ©oI-x

2

dx .

Giai. a)l :Im 14 tich phén suy réng véi cuc diem x=1.
L X,

¢ dx d(Inx) .
I, =1im XInX_LOiW:m In(In2)—In(In(l—¢)) ] =+

l+e
Vay |, la tich phan phan Ki.

b) |, 1a tich phan suy rong vai cuc diém x=1

Tinh j dx. Pat V1-x =t = x =1—t?,dx = —2tdt

\/1_x

Khi x=0thi t=1 Khi x=1—¢ thi t=+/¢
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[P f-r)
Suy ra dx t=2|(1-t°) dt
o V1-x? 1 Jz
1 1
2 (1+t 2ﬁﬁt:2( 1t—§¢j
Ve Ve
2 2
=2[1- g+——— & —=+=
O
11 2 2 1 2) 16
Vay 1, =lim2| 1~ S e =242 |=2) 1+ = -2 | ===,
Y ( e+ g—gVe —53+3 gj ( 5 3} 15
Bai 20. Xét su hoi tu cua tich phan suy rong
1
X sm2x
a) dx b)
1% [
eX
Giai. a) Taco 0< Vvx €[0,1]. Ma tich phan —dx hoi tu do
) N & [0.1]. p j

1 . . )
o= > <1. Nén theo tiéu chuan so sanh thi tich phan di cho hoi tu.

sin 2x 1 1 .
b) Tacod 0< < , Vx €[0,1]. Ma tich phan dx hoi tu do
) S el p j —
1 sin 2x
o == <1, Nén theo tiéu chuan so sanh thi tich phan dx hoi tu. Suy
2 J. 2| V1-x2
1 .
ra tich phan J' sin 2x dx hoi tu (tiéu chuan 3).
o V1—X°
Bai 21. Xét sy hdi tu cua tich phéan suy rong
1
) [ >J
O
2 H_x2 il
J' 2
In X
' ! X COS X

Gial. a) ~[\/_dx la tich phan suy rong véi cuc diém x=1.

bat f(x)=

.Taco f(x),g(x) lién tuc trén [0,1).

’ X) =
o g(x) —
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2 2
I im X ATx = lim X :%

li
xlal g(x) X—1 [1_X4 x—1 (1+ XZ)(1+ X)

dx vaj

1
Suy ra I dx cung hdi tu hoac cung phan ky. Ma
0

[

1
1 . 1 .

I - dx hoitudo a = > <1 nén tich phan da cho hoi ty.
—X

0

b) jl—dx 1 tich phan suy rong véi cuc diém x=1.
" Inx

>
N

T‘

(BN

Pat f(x)=

1 . A A
nx ,g(x)_m.Ta co f(x),g(x) lién tuc trén [1,2).
lim (X)_I _ \/ (X Dx+1 =2 Suyraj‘

dx va
x-1 g(X) h Inx =l In(x 1+1)

2
1
dX cling hoi tu hodc cling phan ky. Ma dx hoi tu do
J‘\/m g nol tu hoa gp y '1[\/]: ol tu

1

1
o =— <1 nén tp da cho hdi tu.

N

c) I S dx |l tich phan suy rong véi cuc diém x=0.

bat f(x)_—“,g(x)_L Taco f(x),g(x) liéntuc trén (0,1].
sm X_ X X
VX
f (X) sin’ x 2 sin®x  x°
im0 jim &1 i X jim QAN
x—0 g(x) x—0 1 x=>0 @Sin“x _q xao eS'” X_1 SII"IZ X

x+/x

1 1
Suy ra j#xldx va _"i dx cung hoi tu hoac cung phan ky.
eSlr'l X _ 5 X X

1
3
Ma J.de phan ky do o = > >1 nén tich phin da cho phan ky.
5 XA/ X

T
2

p A n - .2 5 T
j la tich phan suy rong vai hai cyc diem x=0va X=—.
+ /sin x cos” x 2
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z z z
dx ¢ dx ‘ dx
Tacoj =J > +j . =L+,
SiNXCos*X 5 +/SiNXcos®X 3 +/sinxcos’ X
A
71'
dx
. Xétl, - j—z.
Sin X €Os” X
1 z
. Afsinxcos® X _ An 11 an | vA ti L pdx
Do limX=>"2=2=2 2 = |im =1 nén tich phan I, vatich phan j— cung
x—0 1 X—>OC052X \/;
N °
X

1
hoi tu hozc cung phan ky. M hoi tudo a = > <1 vay |, hoi tu.

O'-—.-h\ﬁ

T

NN

. Xétl, = [
2 J Jsinxcos® x

n
T 2 T
——X 2| ==X
1 1 . 2 ) 2
Do lim ; > =lim ——=lim _
. 7 Jsin x cos? x (7[ it COS X 4% —2C0SX.SiNX
2

_2(7[_ Xj
. 2
=lim———Z=1im

=1 (quy tic
Hg —2C0S X X+25|nx (quy

Lopitan)

Nén tich phan |, va tich phan > dxcung hoi tu hoac ciing phéan ky.

BN |y
/N
|

NN

2
1
Ma [ —=— dx phanky do @=2>1. Vay |, phan ky. Vay tich phan d cho
x| 7
4(2 XJ
phan ky.
Bai 22. Tinh tich phén suy rong
+o0 \/;
a b) | e¥dx
) J x> +1 ;[
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Giai. a) Taco

odx T dx % dx % odx
I —J' J' > = lim —+ Ilmf >
x> +1 x> +1 X“+1 Aomeg X741 Bowew X7 +1

= |im arctan x| + lim arctan x| =—|lim arctan A+ lim arctanB =«

A—>—0 B—+o0 A—>—0 B—+w

b) Taco jeﬁdx: lim jeﬁdx.ﬂnh J'e&dx.Dét\/§=t:>x=t2,dx=2tdt.
0 0

A+

Khi x=0=1t=0.Khi x=A=t=+A.

A g
.[efdx je 2tdt—2.|'td(e) 2te‘ Zjetdtzzx/x.eﬁ—Zeﬁ+2
0

-(pA-2)e"

Suy ra j e¥dx = lim [(Zﬁ - Z)eJK - 2} =+o0. Vay tich phan di cho phan

A+

ky.
Bai 23. Xét sy hoi tu cua tich phan suy rong

2 T:dx [

1 X

. . e* 1 ool .
Giai. a) Taco 0<7<?, VX €[1,+o0), ma tich phan J.?dx hoi tu do
1

a =2 >1 nén theo tiéu chuan so sanh tich phan di cho hdi tu.

1
<L vxe[L+). Tich phan | 50 hitudo =251

1

b) Taco 0< COSX

dx hoi tu. Suy ra tich phan

~+00
. " 2 _ . COS X
nén theo tiéu chuan so sanh tich phan J"—Z
X

COSX

1
Bai 24. Xeét sy hdi tu cua tich phéan suy rong

/ 1 T
a)j XJ):: +2 b)!x.e dx

Giai.
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a) Pt f(x):,/#tlﬂ g(x )—iz, f(x)>0,g(x) >0, Vx &[1,+00) VA

f (x),g(x) lién tuc vx e[1,+x0).

/ / 1)x
Taco I|m = lim X+l X2 = lim X+
X—>+30 g X X—>400 X +X +2 X—>+00 X +X +2
Suy ra tich phén I'/x v +2dx va j—dx cung hoi tu hoac cung phéan ky.

Ma tich phan j X—dX hoi tu do @ =2>1 nén tich phan da cho hoi tu.
1

_X 1 .
b) Pat f(x)=xe ,g(x)=F, f(x) >0,g(x) >0,Vx e[1,+0) Va f(x),g(X)
lién tuc wx e[1,+x).

3 Lopital
Taco lim Fx )_ lim xe™ izz limX = Iim%:O.Honnﬁ:atl’ch phan

x>+ (X) X—>400 X X—>+0 @ X—>+0 @

+00

1
j —0 hoi tudo &=2>1. Theo h¢ qua thi tich phan da cho hoi tu.

1
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KET LUAN

1) Béo cdo hoc thuat di gi6i thiéu khai quat mot s6 khéi niém co ban nhat vé

Tich phén suy rong.

2) Bao c4o hoc thuat ciing di gigi thiéu dugc mot s bai toan dién hinh vé TPSR.

TAI LIEU THAM KHAO
1) Tai liéu 6n tgp Olympic Toan sinh vién, Vii Tién Viét, Nha xuét ban Dai hoc
Quéc gia Ha Noi.
2) M6t s6 chuyén dé 6n tdp thi Olympic toan sinh vién (Phdn 2, Gidi tich), Vi
Tién Viét, Phan Thé Hai, Nha xuat ban Pai hoc Quéc gia Ha Noi.

3) Tai liéu 6n tdp Gidi tich 1, bd mén Toan, DPH Mo - Pia chat.
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