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1. Noi suy va xap xi ham

Mot ham £ (x) lién tuc dugc xac dinh trén mién Q. Ching t6i tim cach xap
xi n6 bang mot ham f,(x) véi sb6 luong tham sb c¢d dinh va hiru han 4 =
{a;, &y, .., eyt HAM XAp Xi £, (x) dugc mO ta dudi dang nhu sau :

n

L) =) aP) @

i=1

va6i {P;} la mot tap hop cac da thuec.
C6 mot van dé nay sinh, d6 13 viéc danh gia chat lugng cua phép xap xi. Bé
thuc hién viéc do, trudce tién, ngudi ta xac dinh sai s6 gitra hai ham f(x) va f,, (x).
Vé ham sai s6, chling ti sir dung tiéu chuan L,, sai s6 giita hai ham duoc tinh nhu

Sau .

If () = f Gz = VFG) = £ | FGO) = fu) @
Tir cac ham xap xi va ham sai s, ta c6 thé xac dinh dugc ham xap xi tot
nhét £, (x) cho f(x), ¢ nghia la tap hop cac tham s A = {ay, ay, ..., @y tyen+ daM

bao ||f (x) — £,(x)|l, 1a nho nhat theo chuan L, (sai s6 binh phuong cuc tiéu).

Trong nghién cuu cia ching t6i, tich vo hudng gitra cac véc to luon duoc

tinh véi ham trong sé w(x) :

100 | () = f £ fE0G)dx ®
Q
véi 2 1a mién da duoc dinh nghia.

2. Co s& da thirc
Truéc tién, chdng t6i gigi han nghién ciu véi cac trudng hai chiéu, hai thanh phan
(2D-2C).
Mot truong chuyén dong F duoc dinh nghia nhu sau
F:Qc R > R?

(4)
(x,y) — (Ulx,y),V(xy))



V6iU: Qc R > RvaV: Q c R® - R la hai thanh phan chuyén dong

ngang va doc tai cac diém (x,y) € Q.
Mot ho ham da thic hai bién thuc bac D trong R[x, y] duoc dinh nghia nhu sau :

Pyey) = ) Y ay()i (Y ©)

Trong do

I € N7 1a bac I6n nhit cua da thuc theo x.
J € N* 1abac I6n nhét caa da thuc theo y.
{a;;} 1a cac hé so thuc cua da thic.

Nhu vay, s6 bac tong cua da thicséla: D =1 +J.

Mbt ho cac ham truc giao c6 thé duoc tao ra tir cdng thirc dé quy sau :
Pry1(x) = (apx + bp)By(x) — cpPp1(x) 6
va Py(x,y) = PI(x)P () ©
.y, by, ¢, 12 CAC gid tri twong tng vai cac ho da thic truc giao phd bién dugc gioi
thiéu trong Bang 1.

Quy tic tryc giao :

(Pij | Py} = 5@ 0D (7
Vi § &D-(D 13 ky hiéu Kronecker dugc dinh nghia nhu sau :
1 néu(i,)) = (k1)
(8)

SENGD —
0 néu(i,j) + (k1)



HQ da thuc Q a)(x, y) an bn Cn
2n+1 n
Legendre [—1;1]2 1 n+1 0 n+1
Tchebychev 1
(1% sorte) [-1;1]2 | V(1 —x)2(1 —y)? 2 0 1
Tchebychev 1
(2 sorte) [-1;1]2 | V(A —x)2(1—y)? 2 0 1
-1 2n+1 n
Laguerre [0; c0]? e~ (+y) n+1 n+1 n+1
- _x24y?
Hermite —o0; 00]? e 2 2 0 2n

Bang 1 Mét sé ho da thirc truc giao phé bién.

B = {Pij}ie{o..l},je{o..]} la tap hop céac da thirc truc giao. Goi D 1a sb bac Ién nhat
clia co s da thire, cac da thirc ndy duoc sip xép theo thir tu tang dan theo sb bac cua x
va y. Nhu vay, mdt co sé hai chiéu bac D bao gom tap cac da thirc {P;;} véi i+ j < D:
Bp
©)
= {Poo; Po1; Poz -3 Pop; P10; P11; Piz i Pip—1y; =i Pio—1)0s Pio-1y1; Ppo }

S6 lugng cac da thie dé tao thanh mot co so da thirc dugc xac dinh nhu sau

(D +1)(D +2)
n= 2

Cong viéc nghién cau cua ching toi dua trén mot phan luan &n Tién sy ciia Martin
Druon (Druon, 2009). Trong cdng Vviéc ctia minh, Martin da st dung co s¢ da thuc truc
giao cua Legendre dé md hinh héa sy chuyén dong. Uu diém cua cac da thirc Legendre
1a x4c dinh trén mot mién hinh vuéng trong hé toa d6 Descartes. Hon nita, ham trong s6

{w(x,y) = 1} s& don gian va giam dang ké thoi gian khi tinh toan cac hé sé chiéu.

Hinh 1 dudi ddy mé ta mot co sé da thuc hai chiéu :



y1 v |y | yp

.0
X Po,o P(),l PO,D—l PO,D

BD =

xP-1) Pp_10 | Pp-1,1

Hinh 1. Co s& da thikc hai chiéu bdc D.

3. Cac da thirc Legendre 1D va 2D
3.1 Cac da thirc Legendre 1D

Cac da thtrc Legendre (1752-1833) la cac da thuc tryc giao trong khoang

[—1, +1]. Néu P, 1a da thirc Legendre bac n va P, 1a da thirc Legendre bac m, ta

co:
+1
J P,(x)B,(x)dx =0 néu n#m (10)
-1
) = — 2 11

DéE dang nhan thay rang, néu Q, 1a mot da thirc bac p < n thi:

f Fu(x)Qp(x)dx = 0

Va hai da thie dau tién Py(x) va P, (x).
Py(x) =1 (12)

Pi(x) =x (13)



Céc da thire Legendre ciing c6 thé thu duoc nho cdng thuc cua Rodrigués
(1794-1851).

RPN (14)

bu(x) = 2nn! dxn

Mo6i quan hé dwéi dang dé quy voi 3 da thire lién tiép

Tur c6ng thirc cua Bonnet, ta ¢ :
(n+ 1P, x) — (2n+ 1)xP,(x) + nP,_,;(x) =0 (15)
Tur biéu thuc (11), cung véi hai da thie dau tién (12) va (13) cho phép ta cé

duogc ho da thirc day du

P, () =2 (3¢ -
P, () = (55 ~3%)

P,(x) = % (35x" —30x° +3)

Méi quan hé dwéi dang dé quy va da thirc ddn xudt
Mot s6 phép dé quy lién quan dén cac din xuat dugc md ta dudi dang cac
biéu thic sau
Pa(x) = xPp_4 (x) + nPpy_1(x) (16)
nP,(x) =xP;(x) —P,_;(x) n=#0 (17)
Hozc dudi dang két hop :
(2n + 1P, (x) = Pyyq(x) — Pp_1(x) n+0 (18)

Tir d6, cac biéu thirc cua cac da thic dan xuat dugc md ta dudi dang nhu

sau .



Pin(0) = ) (k= DPyy(x)  n21 (19)
k=1

n

Pinia () = ) (4 + DP () 20)

k=0

3.2 Cac da thirc Legendre 2D
Céc da thirc Legendre 2D bac n 1a cac da thirc tryc giao trong mién [—1, +1] x

[—1, +1], duoc xac dinh boi :
Pij(x,y) = PP () ; I+j=n
Trong do P;(x) va P;(y) la cic da thirc Legendre 1D.

Mot ham w(x, y) lién tuc trén mién [—1, +1] x [—1, +1], dugc chiéu 1én co so da
thire ¢6 bac < n. Hay noi cach khac, chiing ta tim cach mé hinh héa u(x, y) bang mot da
thuc c6 bac < n, ky hiéu u, (x,y).

n-—i

un(x,y) = zuijpij(x' y) (21)

n
=0 j=0

Trong d6 cac hé s6 chiéu duoc dua ra boi cong thic sau

I u(x, y)Py (x, y)dxdy
Uij = +1 5 (22)
ff_l PL] (x, y)dXdy

4. Xap xi trwworng van téc cua dong chay

Chung toi ¢6 gia tri van toc do duoc tai diém m bt ky, trong hé toa do (x, y) thuoc mién
phang Q = [0,1] x [0, L]. Bang mot phép bién d6i ty 18, chung t6i chuyén mién phang
Q = [0,1] x [0,L] sang mién da thuc S = [-1,+1] x [-1,+1] v6i mdi diém M c6 toa do
(X,Y) dugc tinh nhu sau :

2 2
X=>x—1; v=Cy-1

l (23)
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Hinh 2: Mién thyc va mién da thirc.

Ldc nay, trudng van tée (u(x, y), v(x,y)) trong mién Q s& dugc chuyén sang
mién da thuc S dudi dang (U(X,Y),V(X,Y)) , noi ma mdi diém M(X,Y) la mot anh xa
cua diém m(x, y) voi UX,Y) = u(x,y) vav(X,Y) = v(x, y).

Mot trong nhitng loi thé cua viéc sir dung co s da thirc trong phép chiéu (truc

giao) la két qua thu dwoc hoan toan doc 1ap voi diac tinh vat ly cia dong chay.

Triréng véc-to goc ban dau = )
Co so da thirc

Hinh 3 : Md hinh gidi thudr dwroc sir dung dé mé hinh héa cdc trieong véc-to.

Nhu vay, tai mdi mot thoi diém ta s& thu duoc mot ham xap xi bac n

—i

S

n
i=0 j=0



n-i

V.(X,Y,t) = Zz J(OPX,Y) (25)

i=0 j=0
trong d6, ho cac hé sb chiéu P;;(X,Y) 1 co s¢ da thuc truc giao Legendre bac n, va
Uij(t), Vl](t) la cac hé Sé) Chiéu.
Céc hé sb chiéu thu dugc nhd phép tich phan nhu sau :

[l UK, Y,©)P;;(X,V)dXdY
-US Pij(X, Y)Pij(X, Y)dXdyY

Uij(t) =

_ ffs V(X,Y,t)P;;(X,Y)dXdY
) ﬂ-s Py (X, Y)P;;(X,Y)dXdY

Vi du, v6i mot co s dathircco bacn = 2,tacoh:

2—1
Uij ()P (X,Y)

—0

UZ (X, Y: t)

I
MN

i

1l
o
-

Vij(©P; (X, Y)
0

N

-

1l
o

Vz(X, Yl t) =

i=0j

Luc nay, cac ham mo hinh hoa dugc xéac dinh nhu sau :
U (t) = Ugo(t). Py + Up1 (). Poq + Upz(£). Poz + Uy (). Prg + Upq (). Prg + Upo(2). Pyg
Vo(£) = Voo (t). Poo + Vo1 (t). Por + Vo2 (£). Pop + Vig(£). Pro + Vi1 (t). P1q + Voo (£). Py

Véi céc gid trj cia co s dathitc: Pog =2; Poy =2¥; Py =2 (372 - 1);

V3 3 V5
P10:7X, P11:EXY, PZOZT(BXZ_l)

Pé c6 su danh gia cho cong viéc ma ching tdi thuc hién, mot tap sb liéu thuc
nghiém duoc 14y tir két qua nghién ctu trén mot profil NACA0012 (dit nghiéng c¢b dinh
trong nudc véi goc tin 30°) cua R. Leroux (Leroux, 2012). (Hinh 4)

Véi phuong phap 2D-2C PIV, R. Leroux (Leroux, 2012) da thuc hién voi profil
NACAO0012 c6 chiéu dai day cung 60mm, dit trong mot dng thuy dong co tiét dién vudng

160x160mm. S6 Reynolds Re = 1000.



Nguon Laser sir dung trong phép do 1a Nd-YAG cua hing Quantel voi cong suét
2x120mJ. Khoang thoi gian giita hai 1an chup lién tiép At (At = 78 ms trong trudng hop
Re = 1000). Hai camera tc d6 cao véi d6 phan giai 2048x2048 pixels. Cac hat polyamide

¢6 dudng kinh trung binh 15um va khéi luong riéng p = 1,06g/cm’.

Hinh 5 : Profil NACA0012 ddt trong nwéc Véi goc tan 30°
Dé dat duoc s6 Re = 1000, van téc dong chay can dat :

U.c
Re = — =1000
v

Véi : chiéu dai day cung ¢ = 60mm ; khdi lwong riéng cua hat polyamide p = 10°

Skg/mm?; @6 nhét dong cua nudc v=1mm?/s — U = 16,667mm/s

Mién quan sat :

10
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[ =211,955mm; L = 105,978mm.
Hinh 6 : So do bo tri cac camera trong nghién cizu ciia R. Leroux.

O giai doan nay, trudng véc-to dugc R. Leroux dinh hinh trong mot mién 233 x
117 diém, véi khoang cach mdi diém Ax = Ay = 0,9136mm

S6 anh chup 1a 101 anh, khoang thoi gian gita hai anh lién tiép: At =
0.07813 s.

Két qua ma chung tdi thyc hién mé hinh héa cho file anh 10 dwoc mé ta dudi day
(Hinh 7). Bac da thirc duoc ap dung la 20 va 25.

vl
0.029
0.027
0.025
0.023
0.021
0.019
0.017
0.015
0.013
0.011
0.009
0.007
0.005
0.003
0.001

VIl
0.029
0.027
0.025
0.023
0.021
0.019
0.017
0.015
0.013
0.011
0.009
0.007
0.005
0.003
0.001

Trudng van tdc ti tao véi bac da thirc 20.
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VIl
0.029
0.027
0.025
0.023
0.021
0.019
0.017
0.015
0.013
0.011
0.009
0.007
0.005
0.003
0.001

Trudng van tc tai tao vai bac da thic 25.

Hinh 7 : Trwong van téc dieoc md hinh héa béi ham da thirc.

DZ dang nhan thay, vai bac da thuc 12 25 két qua cua trudng van tée duoc md hinh

hoa khé chi tiét va twong dong véi trudng van tée thuc nghiém goc.

KET LUAN

- Sir dung ham da thirc truc giao trong phép xap xi cac ham van téc 1a mét giai phap
don gian va hiéu qua.

- Két qua phép chiéu hoan toan doc 1ap véi cac dic tinh vat ly caa dong chay.

- Vi cac ham van tdc dugc mo hinh héa, viéc tinh toén tiép theo dé xac dinh cac
truong 4p suét, dwa vao cac phuong trinh co ban (nhu Navier-Stokes) la hét sirc
don gian.

- Phuong phap c6 thé d& dang nang cap dé ap dung cho céc bai toan 3D.
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