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MO PAU

Co sé 1¥ thuyét ham bién phite (LTHBP) dwoc dit nén mdng tir giiva thé
ky XVIII bai cdac cong trinh ena L. Euler. Vi tir cdch mot nhanh doe lap,
LTHBP dwrcce hinh thanh vao giita thé kv XIX nhér cdc cong trinh cia O.
Cauchy, C. Weierstrass va B. Riemann.

Ngay nay LTHBP la mot trong nhirng phan quan trong nhédt cia todn
hoc. 6 1a khoa hoc vira co dién vira hién dai, vira gin bé mat thiét véi
cdc nhanh hién dai nhat ciia todn hoc 1¥ thuyét lai vira gian bd v nhien bai
todn vat 1y va co hoc cu thé. Tir tiedmg va két qua cila nd da tham nhap san
vao nhieu phan khac nhau cia todn hoe. Cac phirong phap cia LTHBP da

trér thanh quen thudc cd trong nhiéu nganh ng dung nhir thiy dong hoc,

Khéi niém ham bién phic 14 mot truong hop riéng cua khai niém vé ham, trong d6

ham Jukovski 1& mot ham dic biét vai nhidu dic diém tha vi.

Vi vay, bao cdo hoc thuat ndy nham gigi thiéu tong quan vé ham Jukovski.



1. PINH NGHIA HAM BIEN PHUC

Trén mit phing phitc mé rong cia bién z va w (dén droe ky hiéu 1a C) ta

xét lan hreot cdc tap hop D va D* (6 thé chira ca diém vo cing).

Dinh nghia 1.3.1. Gia sir D C C la mot tap hop tiy ¥ cho triede. Mot
ham bién phitc

f:D—=C
la mot quy tac cho img moi diém z € D véi mot diem duy nhat w = f(z) € C.
Pé chi mot ham bién plite. ta con diing cdc kv hiéu sau day:

z = f(2),
w= f(z),...

CAC VI DU
Anh xa z + f(z) = az + b xic dinh mot ham nguyén tuyén tinh trong C.

az+b

t.‘zd+d

trén tap hop D = C\ { _ L x.} (giA thiét be — ad # 0).
[

Anh xa z — f(2) =

, ¢ # () xac dinh moét ham phdn tuyén tinh

Anh XAz e l(z + l) xdc dinh mot ham thwomg goi la ham Jukovski
tréntap D = C\ {0}.

Trong trwtmg hep khi w = f(z) € D', ¥z € D thi ta viet f : D — D",
va ndi ring diém w € D* la anh cna diém z € D, cbn z 1a nghich anh cna
diém w. Bé chi nghich anh, ta ding ky hiéu z = £~ (w).

Theo dinh nghia ham da trinh bay & trén, moi ham deu la ham don tri:
nghia & véi moi gid tri ela 2 ta c6 tirong ttng mot gia tri duy nhét eda f(z).
Khai niéem ham da tri sé dweoc trinh bay trong chirong V.

Gia sir tap hop D € Cva f : D — C la ham dwoc cho trén D. Hién
nhién rang phan thire, phin 4o cfia f la nhimg s6 thire phu thude vao z,

z € D. D6 la nhitng ham thire bién phire z:

u(z): D — R, Dec
v(z): D — R,

va do d6 cd the viet f(z) = u(z) + iv(z).



Vi mat phiang C dwree dong nhat véi mat phang B* nén moi z € D dweoc
dong nhat véi (r, y) € R®. Nhw vay:

flr,y) = u(z,y) + iv(r, y).

Newoe lai, néu trén tap I cho hai him nhan gid tri thwee doc lap véd

nhau: u = u(r, y); v = v(r,y) thi ciing c6 nghia la da cho mot ham phire

w=u+iv=ulry)+w(ry) = flr.y) = f(z).

Do dd, viec cho ham f tren D tireng dirong vad viée cho hai ham thiee

hai bién thire:

u=u(z)=ulz,y): D — R,
v=uv(z)=v(z,y): D =R

Tir nhéan xét trén day, toan bé I¥ thuyét ham bién plike 6 thé giai thich

nhir 14 1y thuyvet cdc cip ham cia hai bién thiee x va y.
Dinh nghia 1.3.2. Mot ham
f:D— D"

theoe goi la don tri mot-mot hay den diép néu cic anh ciia nhimg diem khdac
nhau cfia D 1a khéc nhau. Cu thé hon: f(z) la don diép néu hai diém bat
kir 21,22 € D, 21 # zo, thi &nh f(21) # f(22). Dieu @ twong drong véi dien

kién nghich anh ciia moi diém thude D* chi gom ding mot diém.

Tir dinh nghia 1.3.2 ta thay ring 4nh xa w = f(z) 1A 4nh xa dom diép
nén khéng nhirng diém z; c6 mét anh duy nhat wy; ma diém w, € D* bit kv
ciing chi 14 anh cfa mot diem z;, € D.

Trong anh xa don diép w = f(z), nghich &nh z = f~'(w) cé thé xem nhir
14 mat ham don tri bién w. Ham nay dwoce goi 1a ham ngreec 461 véi ham
w = f(z). Hién nhién ddi v&i ham don tri (nhieng khong don diép) ta ciing
c6 thé néi vé haim ngiree z = f~!(w), nhueng khi 45 ham ngiege nay khong
don tri. Ro rang la dnh xa w = f(z) 14 dnh xa don diép khi va chi khi ca hai
ham f va f~! déen dom tri.



Dinh nghia 1.3.3. Gia si¥ cdc ham
f:D—=D g:D" — D"
dircre cho theo so do
p L. p* %, D™ (f(D)C D).
Khi dd ta cd thé xdc dinh dwoc mot ham
h:D— D™
bing cich cho ving moi diém z € D véi diém

h(z) = g[f(2)] € D™.

Ham h nay dircc gol la ham hep cia cac ham f va g da cho va dwoce ky
hieu la
h=gof .:D— D"

Chang han, néu dnh xa w = f(z) don diép va f~'(w) = p(w) la ham
ngiroce cia nd thi

plf(z)] = 2.

2. CAC Vi DU VE ANH XA PON DIEP

» B ol b -’ ¥ s ra B oA ¥ - B - A *
Bay gitr ta sé lam sang to nhirng khai niém dwa ra ¢ tren bang mot so vi du.

a. Anh xa phdan tuyén tinh. Anh xa

az+ b
)= . 1.20)
v cz+d’ ( )
ad — be #£ 0, (1.21)

trong d6 a, b, e, d 1a nhitng s6 phite xdc dinh théa man dieu kién ad — be # 0,
dwoe goi 1a anh xa phéan tuyén tinh.

Anh xa (1.20) don diép khi va chi khi edc hé s6 a, b, ¢, d thoa man he
thire (1.21). That vay, gia sir 2y, 2, € C, z; # z,. Khi dé

nz1 + b aze+ b
un = 5 e =

ez +d cze +d




va do do
(be — ad)(z1 — 22)
(cz1 + d)(cz2 + d)

Wwe — Uy =

Tir dé suy ra dieu can khang dinh.
Vi vay, hé thite (1.21) la diéu kién can va di @ ton tai dnh xa ngirge cla
(1.20), trong do:
dw — b

I = —
— W 4+ a

Diic biét, khi c =0, d = 1, tir (1.21) ta cé
a # 0. (1.22)

Dieu kién (1.22) ddm bao tinh don diép clia dnh xa tuyén tinh w = az +b

viri anh xa ngwroe la

Khi xét dnh xa (1.20), ta loai trir trwimg hop d = ¢ = 0. Trong cdce
trieémg hop con lai, dieu kién ad — be = 0 tireng dweong v dieu kien

w = const

va do dd nd khong cé mien don diép.

i 2w 2 = ; - * # -
b. Anh ra w = z", n € M. Pe tim mien don diép cua anh xa nay, ta xét cac
gia tri:
21 = |z1|e™ va oz = |z|e"R
Khi do

Uy — W = Izll“"(e‘iﬂm _ efﬂ:ﬁz)‘

Ro rang la dnh xa w = 2" don diép trong moi goc véi 36 mé =~ véi dinh
n
tal goc toa do.



c. Anh Ta Jukovski. Anh xa

1 1

w=gz(+2) (1.23)

dwoe goi 1a dnh xa Jukovski. N6 don diép trong mién D nao @ khi va chi
khi mién D khong chita nhirng cip diém khéc nhau z,, z, lién hé vai nhan

béi hé thite

Z1da = 1. (124}
That vay, gia sir
khi do

Tir do: hoac z; = 2z, hoae 22, = 1.
e 2 1 . ] 1
Ve mat hinh hoc, dang thire (1.24) cluing to rang diem zp = — thu deee
£1

biang phép doi xitng kép qua dwimg tron dom vi va true thiee:
1

w==: w=T.
z

Nhur vay, dnh za (1.23) don diép trong mién D khi va chi khi D khéng
chita nhitng cdp diém khdc nhau ma diém ndy thu deec tiv diém kia nho
phép ddi mtng kép: qua dwedng tron den v va truc thiee.

Anh xa (1.23) don diép trong cdc mien sau day:

{|z] > 1} - phan ngoai hinh tron don vi,

{|z] < 1} - hinh tron den vi.



3. HAM JUKOVSKI
Ham
w =~ ( + l) (2.60)

droe goi 14 ham Julovski. Ham nay chinh hinh tai moi diém = # 0, oc: trong

da

dw 1(1 1 )

dz ~ 2\ 22
va c6 cire diem don tai cdc diém z = 0; 0o, Do d6 him Jukovski don diép
tai moi diém z # +1 vi w(z) # 0 khi 2z # £1 va khong don diép tai diém
z==xl.

Ta lru v rang ham Jukovski don diép trong mien D nao d khi va chi khi
mién D khéng chika nhitng cip diém khdc nhan z;, z; lién hé véi nhau béi
dfing thite zy2: = 1.

Ta nhan xét rang vi w(z) = w(%) nén anh cia mien D va mién D =
{t = l 1z € D} la trimg nhau. Pé khao sit dnh xa (2.60) ta xét cac ho
dmirngzmng la: ho cac duimg tron {|z| = r} va ho cdc tia {arg z = p}.

Pau tién ta tim anh cia ho dirémg tron.

Ta dit z = re, w = u + iv va thu drecc

1 . 1 .
u -+ = = (T’Eiﬂ + T_‘e—lﬁ') .

2
hay la
1 1
u=gz (r’ + —1) cos
; (2.61)
v= —(r - —) sin f.
r
Ta xet dwong tron
¥(p) = {z=pe""",ﬂ£ﬁ'£2ﬁ . (2.62)

(p = 0 la s6 o dinh). Tir (2.61) suy ra rang qua dnh xa Jukovski, anh cnia

dwring tron (2.62) la elip



(2.63)

virl cac ban true la

a(p) = é(fﬁ%)e b(p) =.lp—%

va voi cac tiéu diém 1a w = £1 (vi a*(p) — b*(p) = 1). Bang cich klnr tham
s0 6 tir phwrong trinh (2.63) ta thu diree dang chinh tac cna phirong trinh

elip

—1, p#1 (2.64)

1. Trwéng hop ) < p < 1. Vi khi p < 1 dai lwong r — l < () cho nen tie
(2.63) suy ra ring khi vong quanh dwéng trom ~(p) theo Em:’rng dwrong thi
elip tirong 1#ng trong mat phang w sé chay theo hwémg am. That vay khi
0<f < gta c6 u > () va gidm tir a(p) dén 0, cdn v < 0 va gidm tir 0 dén
~b(p). Khi % < # < m thi u tiép tuc gidm ti¥r 0 dén —a(p) con v ting tir —b
dn 0. Khin <t < ?ﬁ u tiang tir —a dén 0, con v ting tir 0 dén b; cudi
ciung khi —ﬂ < t < 27 ta ¢ u ting tir 0 d&n a, comn v gidm tir b dn 0.

2. Trudéng hop r > 1. Trong treomg hop nay hwéng cna dwomg tron
(2.62) va elip - 4nh clia n6 trong mit phang w la tring nhau va chay theo
hirdmg diromg.

3. Tréng hep r = 1. Trong tredng hop nay dweomg tron {|z| = 1} cing
bién thanh elip véi cde ban true a(p) = 1, b(p) = 0 nghia la bién thanh nhat
cat [-1,+1] C R.

Bay gi¢r ta xét cac tia

i

z=re", (0<r<oo (2.65)
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(e 1a 56 c6 dinh). Qua 4dnh xa Jukovski anh cna tia (2.65) la dwomg cong

u = l(r+l)mﬁn,

f ! 0<r<+oo (2.66)
v = 5 (r - ?—) sinm .
Bang cach kln¥ tham so r tir (2.66) ta thu dwoc
u? v? kx
- =1, =« —. ke E. 2.67
cos?a  sin® o  a? 2 © ( )

buimg cong (2.67) 1a duwimg hypechon véi tiéu diem tai w = +1. dé dang

” : 1 Py " % - - ” L » -
chitng minh rang cac cap deémg kinh doi xatng viél nhau qua cac true toa do

(lap nén tir cdc ban kinh
z==xr(cosatisina), 0<r<1)

troe Anh xa thanh cdc hypechon khong ké dinh, véi tiéu diém +1 va cac
bén truc |cosal, |sinal.
Khi o = 0 ta co

1 1
I _ - P .
“ Q(T r)?‘ v=10 {ﬂ-,.__]"{ 1)

Do d6 anh cila dwémg kinh nam ngang cia hinh tron don vi 1a khodng vo
han cia truc di tir diém —1 dén diem +1 qua oo.

Khin-=%tacé

=1, *u=—l(l—r)._ 0=<r<]l.
2\r

Tir 45 dé dang suy ra anh cia dwomg kinh thang dieng 14 toan bé truc do
trir gic toa do.

Hién nhién rang qua dnh xa Jukovski hai ho dwémg cong (2.64) va (2.67)
trire giao véi nhau do tinh bao gidc cua anh xa (2.60).

Ta co dinh 1y sau day:
Dinh Iy 2.4.12. Ham Jukovski w — %(H + 1) :

o

1. Anh ra deéng tron {|z| = p} thinh elip (2.64) 0 < p < 1.
2. Anh za bdo gidc hinh tron don vi {|z| < 1} lén toan bé mdt phing
ddng trie nhdt cdt theo doan [-1, +1] C R.
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Pinh 1y 2.4.13. Ham Jukovski (2.60) dnh za bdo gidc phin ngodi cila hinh
tron den vi lén foin bé mdt phang w véi nhdt cit theo doan [—1,+1] cia
truc thiec.

Nhin rét 2.4.6. Tai cdc diém z = £1, 4nh xa Jukovski khong bao gide. That
vay tir (2.60) ta co

1 1
11.?—]_§(z+;)_1_22+1-'2::
- - 2 Ao
w+ 1 l(z+1)+1 22+1+22
2 z
o1y 2.68
_(:+1)‘ (2.68)
Bay giér ta dat
z=1 2 14w
—  w=0r w= : 2.69
¢ z+1 ¢i o l-w (2.69)

Tir &6 ta suy ra rang dnh xa Jukovski 1a hep eia ba dnh xa (2.69). Anh xa
thit nhat va thir ba bao gidc khip noi trén C, dnh xa thnt hai khong bao gide
tai diem { = 0 (twong tng véi diém =z = 1) va tai diém ( = co (twong tng

vl diém z = —1).

Bay gier ta xét Anh xa ngwoe vél dnh xa Jukovski. Gial phwong trinh
(2.60) doi véi z, ta tim dwoe

nhwr vay ham
w=z+yz2-1 (2.70)

14 ham ngroe doi vl ham Jukovski. Ham nay 13 ham da tri: moi diém = sé

tirong ¥ng véi hai gia tri wy va ws lién hé vé1 nhan bdi he thive

wins = 1.

KET LUAN

Béo c4o hoc thuat da gisi thiéu khai quat mot sb van dé co ban nhat vé ham Jukovski.
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