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SU TUONG DUGNG CUA CAC THUGC bO bO CHINH XAC

Duong cong ROC va cac thuéc do do chinh xac cuia cac may
nhi phan

Trong chuong nay, chiing t6i ki higu € 1& mot khong gian dau vao véi mot do do xéc suat Po

trén do, va

Y :Q—{0,1} (0.1)

13 mot bai todn phan 16p nhi phan trén . Vi du nhu Q 1a tap hop dan s6 clia mot dia phuong

nao do, Y 1a mot dnh xa di tit Q vao tap gom hai phan tit {0, 1} ngudi chan doan bi mac COVID

ng v6i gia tri 1, con ngudi chan doan khong bi mac COVID ting véi gia tri 0. Y thuong duge goi
la sy that co ban

Chiing ta mudn xay dung mot mdy nhi phan:

M:Q—[0,1] (0.2)
(1a mot kiém tra, toan bo gia tri thuoe vio doan [0,1]) dé dy doan gia tri ctia Y. Chiing ta dua
ra mot mitc: o € [0, 1], v6i mdi phan tit z € Q, ta dit

Y,(z) =1néu M(z) > ovaY,(z) =0néu M(z) <o (0.3)

Hieu suat (tic 14 do chinh xac) ctia dy doan Y, ddi véi sy that co ban Y c6 thé duge do ludng
bang hai chi sé hiéu suét co ban, dudgc goi 1

sensitivity (= ty lé duong tinh thdt, c6 chd goi 1a do nhay) TP(o) va specificity (= ty 1& am
tinh that, c6 chd goi 1a do dac hieu) TN (o),

ching duge xéc dinh béi cac cong thic sau:

Po(M(z) >0, Y(z)=1)

TP(o)=P(Y, =1y =1) = N T (0.4)
TN(0) = P(Y, = 0]Y = 0) = PQ(ME;;)(;(Z)’ fé:)”) =0) (0.5)

Dudng cong ROC 1a tap hop tat ci cac diém, duge xac dinh nhu sau:

ROC = {ROC(c) =(1—TN(0),TP(0)),trong d6 o € [0, 1]}

con duge goi la dudng cong dic tinh hoat dong ciia méy thu (the receiver operating charac-
teristic), clia may M trong tai ligu va dugc st dung trong nhiéu linh viic khac nhau, xem trong
[7,2,72,2,7, 7.

S6 FP(o) =1—TN(o) duge goi 1a ty lé duong tinh gid tai mic o, c6 chd lai thiy goi 1a “xac
suat mic sai lam loai 2.

Duong cong ROC “di xubng” tit diém ROC(0) = (1,1) dén diém ROC(1) = (0,0) trong mot

hinh vuéng don vi, va dudng cong cang cao thi may cang chinh xéac.



Ta nhic lai ring, AUC la dién tich phan ndm phia duéi ctia dudng cong ROC trong hinh vuédng
don vi, va né ciing 1la mot thude do phd bién cho do chinh xéc ctia may. Xem hinh ?7? .

Mot thude do phd bién khac cho do chinh x4c clia may la: dd chinh xac cé trong tbi da
duge ki higu MW A (xem trong, [?]) : dua ra mot trong w € [0, 1] (duge dinh nghia béng ty 1¢ gitta
gia tri am tinh gid va gia tri duong tinh gid ), ta dat:

MWA(o)=w-TP(o)+ (1 —w)-TN(o) (0.6)
MWA(o)=w-TP(o)— (1 —w) - FP(o) + (1 — w), (0.7)
MWA = rél[%)i] MW A(o). (0.8)

Trong trudng hop rieng, khi w = 0.5, thi MW A tré thanh do chinh xac can bang t6i da M BA
( maximal balanced accuracy):

MBA = max BA(o), trong d6 BA(o) = TPlo) + TN(o)

0.9
0€0,1] 2 (0.9)

Mot céch don gidn, ta thay 0 < AUC < 1 do dién tich ctia hinh luon khong am, va dién tich
ctia phan nim dudi duong cong ROC ludn khong 16n hon dién tich hinh vudng c6 canh bing 1.

Vi moi o € [0,1] thi TP(o) va TN(o) € [0,1] do d6 BA(c) € [0, 1], tit d6 ta c6 0 < MBA < 1.

Thém vao d6, v6i moi o € [0,1] thi 0 < w-TP(o) + (1 —w) - TN(o) < 1. That vay ta c6, vé
trude clia bat dang thiic 1a dé thay vi w, TP(0), TN (o) € [0,1], con vé sau thi:

Néu TP(c) > TN(o) thi w-TP(o)+ (1 —w)-TN(oc) =w-TP(oc)+TN(oc) —w-TN(c) =
w-(TP(c) —TN(0))+TN(oc) <TP(oc)—TN(c)+TN(c)=TP(0) <1

Néu TP(c) < TN(o) thi w-TP(s)+ (1 —w)-TN(c) =w-TP(c) + TN(c) —w-TN(c) =
w-(TP(c) —TN(o))+TN(o) <TN(o) <1

Néu TP(o) =TN(o) thi w-TP(0) + (1 —w) - TN(s) =TN(c) <1

Nhu vay, ta c6 0 < AUC, MW A, MBA < 1 déi v6i may bat ky. Hon thé nita, néu mot trong
cac dai luong d6 bang 1 thi ¢6 nghia la may hoan hio, 100% chinh xéac.

Xét vé mit To-po va giai tich ham, thi ching ta c6 thé néi rang AUC, MW A, MBA la ba
thude do do chinh xac khac nhau, nhung ching tuong duong t6-pd (topologically equivalent), theo
nghia 13 néu mot trong cic thuée do nay dan dén 1, thi hai thuée do con lai ciing dan dén 1, ciing
c6 nghia 14 néu may c6 do chinh xac cao véi mot trong cac thude do nay, thi cling c6 do chinh xac
cao déi véi hai thuée do con lai. Cu thé hon, ching ta c6 bat dang thiic giita cic thude do nhu sau:

Ménh dé 0.1. Vdi cic ki hiéu nhu trén:

(1) Déi véi mot mdy nhi phan M bat ky, ta cé:
1-2(1—-MBA)*>> AUC > 2MBA — 1. (0.10)
Hon nita, néu dudng cong ROC ciia mdy M la 16i, thi ching ta cé:
AUC > MBA. (0.11)

(11) Véi maoi trong w €]0, 1] bat ky, va vdi méi may M tay 4, ta cé

(1 - MW A)?

_ 2w(177w) > AUC. (0.12)



Hon nita, néu duong cong ROC ctia mdy M la 167 th ta cé

(1— MW A)

2min(w,1 —w)’

AUC > 1 — (0.13)

Chiing minh. (Xem hinh ?7?). Chtng ta nhd lai ring, s6 o € [0, 1] 1A mot mitc ma may M dat duge
do chinh x4c c6 trong s6 cao nhat néu va chi néu dusng thang di qua diém ROC(o) v bao gom
cac diém (FP(o)+wt, TP(c)+(1—w)t), t € R 13 mot dusng ndm phia trén ciia dudng cong ROC.
That vay, cac dudng {(FP(o)+wt, TP(0c)+(1—w)t), t € R} v6i véc-ta chi phuong 1a (w, 1 —w)
chi 1& cac dudng ctia do chinh xac c6 trong hing sb.
Néu tai diém B = (FP(c),TP(0)) ctia dusng cong ROC dat duge do chinh xac ¢6 trong lon
nhét, thi khong cé diém nao thudc dudng cong ROC dé c6 thé ndm phia trén duong déc tuong

ting (w, 1 — w), vi néu nam phia trén thi c6 nghia la c6 do chinh xac ¢6 trong cao hon.

TP 4

7

T-MWA
C=(—]—F1) _
F=(0,1) 1-w D=(1,1)

A\ 4

0=(0,0) E=(1,00 FP

Hinh 1: Duong cong ROC va dudng tiép tuyén tai diém ma trung binh c6 trong 16n nhat.

Dudng ¢ = {(FP(0) + wt,TP(0) + (1 — w)t), t € R}, § d6 o dua ra do chinh xac c6 trong

. . . 1-MWA
16n nhat cia may M, cat bién cta hinh vuong don vi tai hai diem A = (0,1 — ——)
1— MWA v
va C = (———,1). Tam giac AACF, trong d6 toa do cia F' = (0,1), 1a tach biet voi

1—
phan ndm phia dudi ciia dudng cong ROC, didu nay nghia 1a AUC + dién tich(AACF) < 1. Ti



FA-FC (1-MWA)?
2 2uw(l-w)

dién tich (AACF) = , ta thu dugc bat dang thitc
(1 - MW A)?

<1 A
AVC =1 2w(l —w)

Mit khac, phan nim dudi dusng cong ROC chita toan b6 mot hinh chit nhat c6 cac dinh 1
(FP(0),0),(FP(c), TP(o),(1,TP(0)),(1,0).

Dién tich ctia hinh chit nhat d6 1a TP(o)- (1 — FP(0)) =TP(c)-TN(c) =TP(c) +TN(o) —
1+ (1 —-TP(0))(1 —=TP(c)) > TP(c) + TN(c) — 1 = 2BA(c) — 1 (v6i moi o). Do d6, ta c6 bat
déng thic sau

AUC >2MBA — 1.

Néu dudng cong ROC la 16i, thi phan phia duéi ctia dudng cong chita ti gisc OBDE, & dé6
0 =(0,0), B= (FP(0),TP(0)),D =(1,1), E = (1,0) (v6i moi o).
Dién tich ciia t gidc nay ding bing BA(c), nghia la bing M BA; do d6, ta thu duge bat ding
thitc AUC > BA(o) v6i moi o, nghia la ta c6 AUC > M BA.
(1— MWA)
2min(w, 1 — w)
ROC 12 16i va trong w bat k¥, 1a hé qua truc tiép tit day cac bat ding thic sau

Cubi cling, bat ding thic AUC > 1 — dat dugc trong trudng hop duong cong

AUC > dt(OBDE) > min(dt(OADE), dt(OCDE))

(1— MWA) . (1-MwA)
o dt(OADE) =1 — . O

va cac dang thitc dt(OCDE) =1 — o™

Ghi chi. Déi véi mot s6 bat déng thiic trong Ménh dé 0.1, ta gia sit dudng cong ROC 1a 16i. Do
gan 16i ctia duong cong ROC da ting duge quan sat thie nghiém trong nhiéu chuyén khao va bai
béo trong thoi gian dai; (Dinh 1y 3) né6i vé do 16i ctia duong cong ROC tuong duong véi cac dicu

S ¢

kién hgp 1y tut nhién (rationality) khac trén may (cu thé Ia, “gia tri sigmoid” cang cao thi kha nang
sy kién ding cang cao). Diéu nay da ting dugc chi ra trong [?]

Trong phan ?7, ching t6i chi ra ring may x4c suat thyc (theo nghia 14 may ty nhién nhat),
cling 14 may chinh xac nhéat va duong cong ROC clia né ty dong 1oi.

Két qua ciia chiing toi gitip giai thich tai sao hau hét cac dudsng cong ROC gip trong thuc té
gan nhu 16i (bdi vi may méc phai gan nhu t6i wu theo nghia nao dé néu quy trinh hoc may tao ra

ching hiéu qua).

Ghi chu. Néu chiing ta tham s6 h6a mot ham sigmoid ¥ bing mot 4nh xa tang tuy § f : [0,1] —
[0,1], thi ching ta thu dugc mot ham sigmoid méi X' = f o ¥ ma c6 dudng cong ROC gidng véi
duong cong ROC clia ¥, qua mot phép tham s6 héa bdi f. Nghia 14, ROCs(0) = ROCs:(f(0))
v6i moi o € [0, 1].

Dic biet, phép tham s6 héa lam thay d6i céc gia tri sigmoid nhung khong lam thay déi céc gid
tri ctia do do hiéu sudt AUC, MBA,va MW A clia hé théng. a

Ghi chu. Mot s6 tac gia cing st dung trung binh hinh hoc, (xem trong [?]) (the geometric
mean) GM = vTP.TN cta “do nhay”(sensitivity) (T'P) va “do dac hieu’(specificity) (T'N) nhu
mot thude do do chinh xéc cho bai toan du bao nhi phan. Céac bat ding thic sé hoc tu nhién



(a+0b)?/4 > ab> (a+b)?/2 —1 (ddi véi moi s6 duong a,b < 1) , lien he gitta do chinh x4c theo
trung binh hinh hoc va do chinh can bing BA = (TP + TN)/2. Dac bigt, n6 nghia 1a do chinh
x4c trung binh hinh hoc (circ dai) cling 13 mot thuée do do chinh xédc t6t nhu M BA vi AUC, tic
13 chiing tuong duong vé mat To-po. a

Ghi chii. Cho mot phan phdi xac suit ban dau P = P, trén khong gian , mi né khong can
béng theo nghia P(Y = 0) # P(Y = 1) (khong can bing gitta cdc truong hgp duong tinh va céc
trudng hgp am tinh), chiing ta c6 thé thay déi n6 thanh mot phan phdi xac suat mdi can bang, P,
duge dinh nghia bdi cong thic sau:
Pa) = 1PAN{Y =0}) PAN{Y=1})
2 P(Y =0) PY=1)

Dé dang ching minh duge ring, dudng cong ROC duge tham s6 héa ( v6i mot may da cho
M =YXo¢:Q — [0,1]) déi véi P trang véi duong cong ROC déi véi P. That vay déi véi
P Y=1 .

E>0Y =1 _opssay=1)-

o € [0,1] bat ky, mic duong ding tai o 1a TP(0) =

Py =1)
PE>o0Y=1) — ) ,
( P?YU’ D ) =TP(0), va tuong tw déi véi TN (o). Vi vay,trong nghién citu vé do chinh xéac,
khong mét tinh téng quét, ngudi ta c6 thé gia st ring phan phdi xéc sudt 1a can bing ddi véi Y
theonghia la P(Y =0) = P(Y =1) =0.5. ad

Phuong phap biéu quyét dé cai thién dé chinh xac

Bay gis chiing ta hay thdo luan vé chti dé thit hai. Luc dau, gid sit ring, ching ta c¢6 mot nhém
n cac chuyén gia doc lap hoan toan, mdi chuyén gia déu c6 mot do chinh xéc (cost-wise) ti 1e
chinh xdc p > 1/2vatile 16ig=1—-p < 1/2.

Phan b vé s6 lugng cac chuyén gia c¢6 du doan ding la phan bd nhi thic P(k) = CFpFgnF
(0 < k < n). Theo dinh 1y gidi han trung tam, khi n da 16n thi phan phdi nhi thitc xap xi bing
phan phdi chuin véi trung binh 1a np v phuong sai 1a npg. Do vay xéac suat S, c6 it nhét n/2

du doan dang (trong s6 n cdc chuyén gia) thi xap xi

VA= 1/2) LT
D) here () m/m a

S, cling 1 diém s6 chinh xac dy kién ctia quyét dinh tap thé bang cach biéu quyét. (1 chuyén

Sn

Il

gia = 1 phiéu bau). Cu thé, lim, o, S, = 1.

Tuy nhién trong thuc té, chiing ta khong thé cé cac chuyén gia thuc su doc lap. Ho
c6 “nhing diém mu phd bién” ( common blind spots). Mot vi du hu cau:mot ngudi sao Héa cdi
trang hoan hdo thanh mot con nguoi trén Trdi dat. Khong ai ¢é thé phdt hién ra anh ta.

Dé don gian, ching t6i xem xét mot mo hinh chi ¢6 hai loai diém mi phd bién, d6 1a ¢ nita
mi” half-blind (cac quyét dinh ngAu nhién), va “mit hoan toan” (completely blind) (moi ngudi

bi tay nao va tin vao nhimg loi déi trd): Tap hop tdng s6 duge chia thanh 3 phan nhu sau:

Q = Qpling U Qnp U



Trén Qpiing Moi ngudi déu sai, trén Qy, cdc quyét dinh kiéu nhu ngdu nhién, va trén € (tap
¢6 thé hoc dugc) cac chuyen gia la doc 1ap va c6 ty 1@ sai s6t ¢ (nhu trén da noi dén). Tiép theo,
chiing t6i c6 cong thiic gan ding cho diém sb (ti s6) chinh xac ctia quyét dinh tap thé bing cach

bidu quyét:

Vn(p —1/2)
VPq

Cu thé, limy, 00 Sp = 1 — Phlina — 2Py

1
Sn = O )(1 — Phiina — Pup) + §Phb



