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¥ Xap xi ham so0

Vén d& méu chét trong viée giai sd cac phuong trinh vi phan nam & phuong phap xap xi ham sd. Vi
vay trude khi nghién ctru cac phuong phap xép xi dé giai bai toan bién chira phuong trinh vi phén,
chung ta s& tién hanh mé ta cac phuong phap xap xi ham sd.

Vi nhiing bai todan dugc mo hinh bdi phuong trinh vi phén, nghiém thu(‘mg di kem vai doi hoi théa
man diéu kién bién cho trude. Vi thé, dau tién ta xem xét phuong phap xap xi ham trong dé: trén

bién G ciia mién Q nhan nhimg gia tri gidng ham ¢ cho tru’orc
Gia su, ta tim dugc mdt ham y nhan gia tri trén bién G glong ham o: (p‘ =vy| vahé cac ham co s¢

G

G

doc lap tuyén tinh N, m=1, 2, 3.... Cic ham co s¢ nay nhén gid tri 0 trén bién G: N,| =0
G

M
o =vy+ ZlamNm
o

M
RQ:(p _W_ zzlamjvm

W,R,dQ =0
Q

Phuong phéap GalerkinJ N,R,dQ=0
Q

> Bubnov_Galerkin :=proc(M, a)local m, res, R, eq, eqns, var,

a:=array(1.M) :

eqns = { }'var'= {}:

R = 0(x (x, M) :

for m from 1 toMdo
eq[m] == int(R*N(x,m),x=0..1)=0:
eqns = egnsunion {eq[m]} :
var = varunion {a[m]} :

end do:

res = solve(eqns, var); assign(res) :

end proc:

I
\

Bai toan 1. Sir dung hé cac ham co sé thich hop (dang da thire) dé xap xi

ham soO




o=1+ sin( % ) trén doan 0 < x < 1. Ap dung phuong phap

phuong phap Bubnov-Galerkin. Vi két qua xap xi thu dugc, hiy khao
sat sO su hoi tu vé ham da cho.

> ¢0:=x— 1 +sin(n*x/2);
p = plot(6(x),x=0..1, color = black,
legend = "given function") :

0:=x—1+ sin(% nx) (1.1.1)

(> yi=x o x+ Ly(0)y(l);

y=x—1+x
1
2 (1.1.2)

> N:= (x,m) = x""m* (1-x);
@ :=proc(x, M)option operator, arrow;local m;
Y(x) +sum(a[m]*N(x,m),m=1.M);end proc;
DO, M), d(1,M);

N:=(x,m)—x" (1 —x)

M
® = (x, M) >y(x) + > a,N(x,m)
m=1

1
2 (1.1.3)

VY Xap xi mét thanh phan

M = 1; with(plots) :
Bubnov_Galerkin(M, a) :
D(x, M),
Gl = plot( O(x, M), x=0..1, color = black, style = point,
legend= "1 elementary approximation") :
plots[display]({Gl,p});

1

5 (-192+7 +4871) x (1 —x)
1 +x——
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V Xap xi hai thanh phan

M = 2;
Bubnov_Galerkin(M, a) :
O(x, M);
G2 := plot(®(x, M), x=0 ..1, color=black, style= point,
symbol = cross, legend = "2 elementary approximation”) :
plots|display|({G1, G2,p});

2

(10560 1 + 7 +720 & —40320) x (1 —x)

4
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A 2 o« A > A . a
¥ Xap x1 nghiem cua phwong trinh vi phan
Xét trong mién Q phwong trinh vi phan viét duéi dang sau

A(9) =Lg+p=0 (29)
Trong d6 L 13 toan tr vi phan tuyén tinh, p khong phu thudc ham ¢
Nghiém ctia phuong trinh (3.9) phai thoa man cac diéu kién bién trén bién I' ciia mién Q. Tt 1a

B(0) =M¢p+r=0 (2.10)
Trong d6 M 1a toan tir vi phan tuyen tinh, r khong phu thudc vao ham ¢.
Theo phuorng phap duoc trinh bay & trén, ta s& tién hanh x4p xi nghiém ¢ va st dung khai trién (3.1)

o=y+ ZlamNm

M
v+ Doa, NmJ @)
m=1




¥ Cach 1: cic ham N trén bién bang khong, con ham y thoa man diéu
m
kién bién.
Bai to4n 2. Trong 1y thuyét lyc xoin dan hdi ciia thanh don hinh ling tru, xuét hién phwong trinh
sau
‘ ¢ _+ ?,=" 2.
Ham ¢ bang khong trén bién -3<x<3,-2<y<2. i
Loi giai. Vi nghiém c6 tinh chét d6i xing qua cac duong thang x=0,y=0 vi vy ta chon cac ham
chan c6 cac tinh chat nay

—cos| P eos| 2 N =cos| 27 leos| 2| M. = cos| & 3_7Wj
N, cos( 6 )cos( 4 j,Nz cos( 6 jcos( 4 ),N3 cos( 6 jcos( 4

> Bas_func :=proc(M, N )local m;
for m from 1 to M do

N[2*m-1]:=cos(n*x/6) *cos( (2*m-1)*n*y/4);
N[2*m]:=cos((2*m+1)*n*x/6) *cos(m*y/4);
end do;
end proc:

Xéc dinh ham xap xi bang chuong trinh con
>y :=proc(M)option operator, arrow; local m;
sum(a[m]* N[m],'m'=1..M); end proc:

_chu:ong trinh con 1ap cac phuong trinh ctia phuong phap sai 1éch ddi trong dudi dang phuong
phap Bubnov-Galerkin

> Bubnov_Galerkin :=proc(M)local eq, m, R, eqns, var, res,
R = diﬁ’(\u(M),x$2) +diﬁ”(\|f(M),y$2) +2:
eqns = { }:var:= { }:
for m from 1 to M do
eq[m] = int(int(R*N[m],x=-3.3),y=-2.2)=0:
eqns ‘= egnsunion {eq[m]} :
var == varunion {a[m]} :
end do:
res = solve(eqns, var) : assign(res) :
print(res);
end proc:

_Béy gid ta chuyén qua 14p nghiép xap xi ctia bai toan. Pau tién 1a tinh mot vai ham co s&
B Bas func(3,N) :eval(N);

—eos[ L 1 —eos[ L i
table([l—cos( 5 Tcx) cos( 4 Tcy),2 cos( ) Tcx) cos( 4 Tcy),3 (2.1.1)




=cos(i Tcx) cos(i Tcy) 5 =cos(i Tcx) cos(i Tcy)
6 4 ’ 6 4 ’
1 1
4

=cos(inx) cos( T ) 6=cos(lnx) cos(
6 4 M) 6

[ Ta thu duoc nghiém voi ba thanh phan xap xi

(> M= 3;a = array(l.M);
Y (M); Bubnov_Galerkin(M);

M'=3
a:=array(l..

1)
a cos(L Tcx) cos(L T ) +a cos( ) cos(i )
1% 6 4 ) TR 4

+a C()S(_1 75)6) C()S(_?, T )
3 6 A y
{ 4608 ~ 512 _ 1536 }

(2.1.2)

’azz —ja:

13 157 85 1T

>
¥ Cich 2: X4p xi nghiém ciia phwong trinh vi phan va diéu Kkién bién

O phan trudc, chung ta da trinh bay cach g1a1 xap xi phu’(mg trinh vi phan bang cach khai trién
theo cac ham co s¢ va xay dung ham xap xi thoa mén moi diéu kién bién cua bai toan. O muc
nay, ta s& ha thip yéu cau dbi voi ham xap xi; dong thoi voi né 1a mé rong cach chon dang cua
cac ham co's6. )
Chung ta s€ coi rang khai trién

M

0= 2a,N,
M
¢ = [Z a, Nm] (2.2.1)

m=1
Khong thoa man diéu kién bién nao do hodc khong thoa mén tat ca cac didu kién bién cua bai toan
ngay tir dau. Khi d6, cing véi sai s6 theo mién
Ry=A(e) =Ly +p
xuét hién thém sai s6 & cac diéu kién bién
R.=B(¢)=Mp +r
Bay gio ta c6 thé 1am giam tong s cac sai sb trén bién va trén mién bang cach ép

| wiRya@+ | w2R.ar=o

Q r
Trong do, mot cach tong quat, cac ham ddi trong W1 va W2 co thé chon doc 1ap 13n nhau
De minh hoa, ta lai xem xét bai toan 2 nhung s€ khai trién theo cac ham co s& khong thoa man cac
didu kién bién ngay tir dau. Ciing gidng nhu trude, cac ham co s& duoc chon 14 cac ham chin. Va
ta c6 thé chon chung 1a cac ham sau




Ny=(4—37),N,= (4 —)")x%, Ny= (4 = *))5 Ny = (4 —)7)% N = (4 — 7).

N, =4 _y2’ N, = (4 _yz) xza Ny= (4 _y2) yza N, = (4 _yz) x2y2= Ns= (4 _yz) x4, () 222)
()

Ham xap xi dugc xac dinh bing chuong trinh con
> vy :=proc(x, y, M, N)option operator, arrow;local m, n;
(4-y"2) *sum(sum(C[m, n]*x(2*m) *y*(2*n),m=0..M),n=0..N)
end proc;

N
yi= (6, M,N) > (4 —)7) [Z[Z " 2}} 2.2.3)

Ro rang, ham nay thoa mén dleu kién bién taiy =+ 2 va khong thoa man diéu kién bién tai

x == 3. Cac diéu kién bién cudi s€ duoc diéu chinh bang cach nhép chiing vao cac phuong trinh
ctia phuong phap sai 1éch trong sd, glong nhu da 1am v6i phuong trinh (3.14). Ta s€ soan thao
chuong trinh con cho phuong phap sai 1éch trong s6 duéi dang phuong phap Bubnov-Galerkin.

> WDM :=proc(M, N)local eq, m, n, R, egns, var, res;

R = diff (W(x, y, M, N), x$2) +diff (y(x,y, M,N),$2) +2

eqns == { } :var:= { }:

for m from O to M do
for n from O to N do
eq(m,n] == int(int(R*x"(2*m) *y*(2*n),x=-3.3),y=-2.2) +
int(y(3,y, M,N)* (3)N(2%*m) *y"(2*n),y=-2.2) +
int(W(-3,y, M, N) * (-3)"(2%*m) *y"(2*n),y=-2.2) =0:
eqns = egnsunion {eq[m,n]}:
var == varunion {C[m, n]} :
end do:

end do:

res := solve(egns, var) : assign(res) :

print(res);

end proc:

_Bﬁy gio ta s& 1ap nghiém xAp xi ctia bai toan. Xap xi hai thanh phan cho két qua
> M:=1,N:=0;C:=array(0.M,0.N);y(x,y, M, N);
WDM (M, N);

1
0
1,0.0, 1)

2
CootCox )

M=
N:=
C = array(

rm A AN



189 6
=— =-— 2.2.4
i {(%%0 2157 €107 T 43 } 224
6 thanh phan x4p xi cho két qua
> M:=2;N:=1;C:=array(0.M,0 .N);y(x,y, M\, N);
WDM (M, N);
M:=2
N:=1
C:=array(0.2,0..1,[ ])
2 2 4 2 2.2 4 2
{ _ 85732515 _ 7238385 _ 2719325 _ 1598135 2.2.5)
0.0 107495464 > %1 429981856 > 1.0 53747732 L1 214990928 ° -
Co=- 579145 C. = 1015525 }
2,0 107495464 > ~>1 429981856

[ 12 thanh phan xép xi cho két qua

> M:=3;N:=2;C:=array(0..M,0..N);
WDM (M, N);p||M||N = plot(y(3,y, M, N),y=-2..2, color = black) :
plots[display]({p21, p32});

M:=3
N:=2
C=array(0.3,0.2,[])
{67 _ 1310885803627868450997 ., _ _81342291070232685675 . _
0.0 1627129643161177272464 > "% 1 6508518572644709089856 ° 0.2

3574030090516075575 94837923801747660723

© 6508518572644709089856 2 Cro= 1627129643161177272464 G
___7471680183639285033 . _ _ 108711336196051512 . _
6508518572644709089856 > L2 101695602697573579529 > 20
___5871619372802719305 . _ _12341772576974973825 . _
1627129643161177272464 > 21 6508518572644709089856 ° 22
__2924995669160090295 ., _ _ 53423133364431831 c -
6508518572644709089856 > 30 1627129643161177272464 > 31
___1809096284963338371 ., _ _ 199933594045968783 }
6508518572644709089856 > 32 3254259286322354544928

Error, (in plots:-display) expecting plot structures but

| received: {p21}

[>

Cich 3: Piéu kién bién ty nhién
(Xucft hién dao ham trong diéu kién bién)



Ta c6 thé chon cac ham co s& sao cho n6 khong théa man cac diéu kién bién ngay tir dau

V Bai todn 3.3.
Giai bai toan truyen nhi¢t dung trong vat liéu voi hé so truyén nhi¢t c6 dang hinh vudng
-1 <x<1,-1<y<1, .Tréncacbiény=+1 duoc gilt nhiét d¢ khong. Trong khi d6 qua

cac canh x =% 1 c6 dong nhiét vdi van toc cos( — ) trén mot don vi chiéu dai.

2
Phuong trinh vi phan truyén nhiét dirng mo ta qua trinh nay la
0x 0y
Diéu ki¢n bién 1a
0
10} =0, a—(p =+ cos( % j .
y=11 T l=+1
Phwong phap giai

Phuong phap Ritz cho bai toan trén dan téi bai toan tim cyc tiéu ctia phién ham

F(u) = (Au, u) —2(f,u) EJ uAudQ—2J uf dQ
Q Q
Lap t6 hop tuyén tinh cia n ham co s& dau tién vai cac hé sé tu do a,
m=1

Thé u,, vao phuong trinh cta F(u), ta dwgec ham s6 méi cua F cuan bién doc lap a,,

M M
F(uy) =j’kz lajakUQNkzél]\f]. dQ | — 2jzlaj[ LNjfdQ

Chon cac gia tri a,, sao cho ham trén dat gia tri nho nhat. Piém cuc tri d6 dat duogc tai nhiing

gia tri cua bién doc lap ma tai do cac dao ham cép mot béng khong:
oF ( u M)
0a,
K&t qua 1ay vi phan cho ta h¢ phuong trinh tuyén tinh cta cac an a,, sau

=0,i=1,2,., M

M

Da, J NAN,dQ | = JNfdQ =L 2 M

k=1 "o ’ Q

Y Chuwong trinh con
> restart, PDE = Diff (u ), x82) + Diff (u(x, y), y$2) =
#Nhdp phuwong trmh vi phan
ha 2
PDE=— u(x,y) + — : 5 u(x,y) =0 (2.3.2.1)

o %

> ¢ :=proc(x, y, M, N)option operator arrow;local i, j;
(L=-y"2) * sum(sum( a[l]]* (2*i)*yN2*j),i=0.M),j=0.N);
end proc; #Ldp ham xdp xi theo cong thurc




0= (0 MN)—(1- LZ[ZaJ 2 21]) 2.3.2.2)

=0\i

> SOL :=proc(M, N)local F, eqns, var, eq, i, j, res,
#Chwong trinh con cho phwong phdp Ritz
F = simplify(
int(int(Dphi_x(x,y, M, N)*2 + Dphi_y(x,y, M, N)"2,
y=-1.1),x=-1..1)
-2%int(0(1,y, M, N) *cos(m*y/2),y=-1..1)
-2%int(0(-1,y, M, N) *cos(m*y/2),y=-1.1));
eqns = { }:var:= { }:
for i from 0 to M do
for j from O to N do
var := varunion {a[i,j]} :
eqli,j] = diff (F, ali,j]) =
eqns := egnsunion {eq|i, ]]} :
od;
od;
res == solve(egns, var);
assign(res);
end proc;
SOL :=proc(M, N) (2.3.2.3)
local F, egns, var, eq, i, j, res;
F:= simplify( int(int(Dphi_x(x,y, M, N)"2 + Dphi y(x,y, M, N)"2,y=

WA)yyx=—1.1) — 2% (int(¢(1,y,MN)*cos(l/Z*Tc*y),y: —1
1)) = 2% (int(d( —1,y, M, N) *cos(1/2*n*y),y= —1.1)));

—1

egns = { };
var:={ };
for i from 0O to M do
for j from 0 to N do
var .= union(var {a[ij]})'
eqli,j1:=diff (F, ali,j]) =
eqns == unzon(eqns, {eq[z,]]}
end do
end do;
res .= solve(egns, var);
assign(res)
| end proc

> dx = simplify(diff (0(x,y, M, N),x) );
#' Cdc dao ham riéng (cdc thanh phan cua gradient)

dy = simplify(diff (¢(x, y, M,N),y) );
Dphi_x := unapply(dx, [x, y, M, N]); Dphi_y := unapply(dy, [x, y, M, N1]);




de=-2(-1+5%) LZyZJ {Z 21_1’“1‘,]‘)]
N M M N
=0 \i=0 j=0 0 '

M
. 27—1 2i 2
Jy? [Z)ai,jx l}]y
=

Dphi x = (x,y, M, N) = -2 (-1 +,7) L

+2

M=
S
Vo

<
[\S)
|
NQ
~
Ne—
N—

X

=0 i=0
N M N M
Dphi_y = (x,y, M,N)— -2y Lzy (Za,]xi +2 ij”_l[z
0 i i=0

- o)

(> M= I;N:=0;a :=array(0..M,0..N);i:=""j:=""
o(x, y, M, N); Dphi_x(x,y, M, N); Dphi_y(x, y, M, N);
SOL(M, N);
py_|IM||N =
plot(Dphi x(1,y, M, N),y=0..1, color = black, linestyle =3,
legend = "2 elements of approximation”) :
O(x, v, M, N);
M=1
N:=0
rray(O 1,0..0, [ )
(ao 0T a0X )
-2 (—1 +y ) xap

-2y (aO ota Oxz)

>

(2.3.2.4)

(2.3.2.5)
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