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L& mé dau

Hbi quy |3 mét vin dé co ban trong machine learning, cic vin dé hdi quy
xult hién trong mét loat céc linh vuc nghién ctu va tng dung, bao gdm
phan tich chudi thai gian (vi du: nhan dang hé théng), téi vu héa, va cic
ing dung deeplearning (vi du: tro choi mdy tinh, nhan dang hinh anh, chd
thich video tu dong). Héi quy ciing 13 mét thanh phan then chét cta cac
thuat todn phan loai. Viéc tim mét ham hdi quy doi hdi phai gidi quyét
nhiéu vin dé khac nhau, bao gém:

1. Lua chon loai mé hinh va tham sb ctia ham hdi quy. Khi cho mét
tap dir liéu, thi cac I6p ham nao (vi du: da thic, ...)va cic tham sb ndo (vi
du: bic cla da thic) ta nén chon dé mé hinh héa dit lidu.

2. Tim céac tham s6 tét. Khi d3 chon dudc md hinh clia ham hdi quy, ta
cAn tim céc tham sb t&t cho mé hinh. O day, ta cAn chon tham sb dé cuc
tiéu héa ham loss.

3. Overfitting va lua chon méd hinh. Overfitting |3 vAn d& ma ham hdi
quy pht hgp véi dit liéu huln luyén qua tot nhung lai khéng cé tinh khai
quét dbi véi dir lieu khdng nhin thiy.
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4. M6i quan hé giita ham loss va cac tham sb priors. Ham loss ( muc
tidu tbi uu) thudng dudc tao ra bdi mét md hinh xac suit.

Chiing ta s& xem xét su lién quan giita ham loss va c4c gia thuyét co ban
truéc dé gly ra nhiing mit mat nay.

5. M8 hinh khéng chéc chén. Trong bat ky cai dit thuc t& ndo, ching
ta chi c6 quyén truy cdp vao mét lugng dir ligu (huan luyén) hitu han, c6
kh3d nang 16n dé chon Idp mo hinh va cidc tham so6 tuong ung Diéu nay c6
nghta 13 lugng dit liéu huin luyén hita han thi khéng bao gdm tit ca cac
tinh hubng c6 thé x3y ra, chiing ta c6 thé mubn mb t3 cic tham sb khong
chic chin con lai dé dat dugc mic d6 tin cy cla mé hinh du doan tai
thai diém tha nghiém; tap huin luyén cang nhé thi mé hinh khdng chic
ch3n cang quan trong.
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Bai toan hdi quy tuyén tinh

Ta xét bai todn hdi quy véi ham likelihood nhu sau:

ply |x) = N(y | f(x),0%). (1)

Trong dé x € RP 13 cac bién dau vao va y € R 13 c4c gia tri ham muc tiéu.
Trong cong thitc (1),moi quan hé ham giita x va y dugc cho bdi

y="f(x)+e, (2)

Trong d6 € = N(0,02) 1a phan phbi ctia bién ngiu nhién doc lap, c6 phan
phbi Gausian véi gia tri trung binh b3ng 0 va phuong sai 13 2. Muc tiéu
clia ta la di tim mot ham tuong tu véi ham f chua biét.

Ta chon mét ham dugc tham sb héa va tim cic tham s&  ma né
tot" déi véi mé hinh dit lidu.

Gia sir rang phuong sai (the noise variance) o2 d3 biét va tap trung vao
viéc nghién cttu cic tham s mé hinh 8. Trong hdi quy tuyén tinh, ta xét
trudng hop dic biét [a cac tham sb 6 xuht hién tuyén tinh trong md hinh.

TN

lam
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Bai toan hdi quy tuyén tinh

M6t vi du vé hdi quy tuyén tinh dugc dua cho bdi

p(y | x,0) =N(y | x"0,0°) (3)
= y=x"0+¢ e=N(0,0?%), (4)

Trong dé @ € RP 13 cac tham sb can tim. LSp cic ham dugc mé ta bdi
cong thitc (4) 13 cac dudng thing di qua gbc toa do. Trong (4), ta da
chon tham sb héa f(x) = x'6.

Ham likelihood trong (3) la ham mét do xac sult clia y dugc tinh tai x 6.
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Véi x, # € R, mo hinh hoi quy tuyén tinh trong hinh sau mo ta cac
dudng thang (cac ham tuyén tinh) va tham s6 6 1a hé s6 goc clia dudng
théng.
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(a) Example functions (straight (b) Training set. (¢) Maximum likelihood esti-

lines) that can be described us- mate.

ing the linear model in (9.4).

Hinh: Linear regression example. (a) Example functions that fall into this
category; (b) training set; (c) maximum likelihood estimate
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Uéc luong tham sb

Xét cai dit hdi quy tuyén tinh nhu trong (4) va gid st cho truéc mét tip
hudn luyén (training set) D := {(x1,y1),...,(Xn, yn)} bao gbm N dau
vao x, € RP va cac muc tidu tuong ting y, € R, n=1,..., N. M& hinh
dd hoa tuong tng dudc thé hién trong hinh sau.

6

Hinh: Probabilistic graphical model for linear regression. Observed random
variables are shaded, deterministic/ known values are without circles
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Uéc luong tham sb

Luu y ring y; va y; doc lap cé diéu kién véi cac dau vao tuong tng X;, X
cho nén

p(V | X,0)=p(ys,-...yn | X1, xn,0) (5a)

N N
= H p()/n |Xn70) = HN()/n ’X;|1—0>U2)7 (5b)
n=1 n=1

trong dé ta dinh nghia X := {x1,...,xy} va Y :={y1,...,yn} la cic tip
huan luyén dau vao va cic muc tiéu tuong tng. The likelihood va cic
thanh phan p(y, | x,,8) theo phan phi Gausian.; see (3).
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Sau day, ta sé thdo luan vé cich tim ra cac tham sb tbi uu 6* € RP cho
md hinh hdi quy tuyén tinh (4). Khi cac tham s6 8* dugc tim ra, ta c6 thé
du doén céc gi tri ham theo nhu cbng thic (4), tai mét gia tri x, tuy v,
phan phdi ca muc tiéu y, tuong tng I3

p(ye | X4,07) = N (v [ X0, 57). (6)

Tiép theo, ta s& xem xét viéc dénh gis tham sb bing cach cuc dai héa
ham likelihood.
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Uéc lugng hop ly cuc dai

DE tim ra cac tham sb ti vu @y, cha bdi todn hdi quy tuyén tinh, ching
ta cuc tiéu ham doi cta log ham hgp ly

N N
—log p(¥ | X,0) = —log [ p(yn | xn,0) = = log p(yn | xn,6), (7)
n=1

n=1
Trong md hinh hdi quy tuyén tinh (4), ham hop ly, the likelihood, 13

Gaussian, do dé ta cé

1
_ﬁ(yn — x,0)% 4 const, (8)

trong d6 hing sb bao gdbm tit ca c4c thanh phan déc lap véi 6.

log p()’n | Xnae) =
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TR
L£(8) : = 202 Z(Yn *X;,ra)z (9a)
n=1

1 1
= @(y —XG)T(,V - X0) = FHY —X9H27 (9b)

o X :=[x1,...,xn]" € RV*D nhu bd cic dau vao huln luyén;
oy :=[y1,...,yn]" € RN I3 vector tit cic cidc muc tiéu huin luyén

Chd y rang hang thit n trong ma tran thiét k&, the design matrix, tuong
ng véi x,, chia dau vao huln luyén . Trong (9b), ta dA sk dung téng binh
phuong céc 16i giita quan st y, va gia tri ma md hinh du doan tuong ting
x @ bang binh phuong khoang cach giita y va X#.
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Ta tinh gradient cta £ theo tham sb 0

ac  d /1 -
= [ (y = — 1
B — 16 (2~ X0)" 1y - x0)) (102)
_ ii T, _ T Ty T
= <y y—2yTX0+07X xa) (10b)
1
= ?(—yTX +0'X"X) e RD, (10c)
Oz, 13 nghiém cla phuong trinh % =0"
jﬁ —0" LT XxTX =yTX (11a)
=0 =y X(XTX)! (11b)
— O = (XTX)_IXTy. (11¢c)
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Vin dé qué mdc trong hdi quy tuyén
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Hinh: Maximum likelihood fits for different polynomial degrees M.
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V4n dé qui mdc trong hdi quy tuyén tinh

Hinh trén minh hoa mét sb da thdc tng véi N = 10 quan sat.
o Da thic bac thip (hodc hing sb khi (M = 0) hodc tuyén tinh khi
(M = 1) biéu dién kém,
o VGi bac M =3,...,5 biéu di&n dit liéu tron chu hon,
e M=N—-1=09, ham sé di qua moi diém cha di liéu. Tuy nhién céac
da thiic bac cao nay Eiao déng manh va I3 sy dai dién kém cho ham
khdi tao, do vdy ta doi mat vdéi hién tugng overfitting.
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V4n dé qui mdc trong hdi quy tuyén tinh

—— Training error

84 —— Test error

RMSE

0 2 4 6 8 10
Degree of polynomial

Hinh: Training and test error

B4y gid nhin vao the test error, ta thiy ring ban dau I8i gidm sau dé ting
vot 1&n, va bac cla da thifc bang 4 13 tdt nhit theo nghia 15i cta ca
Training va Test déu thap.
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Uéc lugng hiu nghiém cuc dai

Uéc lugng hop Iy cuc dai c6 hién tuong overfitting. D& gidm thiéu anh
hudng cla cic gi4 tri tham s& qua 16n, ching ta c6 thé thay thé tham sb 6
bdi prior distribution p(@) trén cac tham sb.

Trén mot tap dif lieu X', Y cé san, thay vi cuc dai héa ham likelihood ta
tim cac tham s& ma cuc dai héa the posterior distribution p(8 | X,)).
Viéc nay dugc goi la udc lugng maximum a posteriori (MAP).

Ta b4t dau vé6i dang log va tinh the log-posterior nhu sau

logp(6 | X,Y) =logp(Y | X,0) + log p(@) + const, (12)

& dé const 13 sb hang doc 1ap véi 0.
Dé tim ud6c lugng MPA Oyiap, ta di cuc ti€u héa ham doi cha log cla
posterior distribution véi bién s6 @, nghia la ta gidi

Oriap € argmin{—log p(Y | X',8) —log p(6)}. (13)
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Uéc lugng hiu nghiém cuc dai

The gradient cta ham dbi cla log posterior véi bién 6 13

_dlogp(@ | X,Y)  dlogp(Y,X,0) dlogp(8)
de N de de

(14)

p(8) = N(0, b21)

1 1
—logp(0 | X,Y) = 5 5(y - )" (y — d0) + @Na + const.  (15)

_dlogp(@ | X, Y) 1 raTe T L7
= = S0T0To -y o)+ 0T (16)
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Uéc lugng hiu nghiém cuc dai

1 1
ﬁ(a%% —yTo)+ ﬁoT =0’ (17a)
1 1 1
2
0" <¢T¢ + 22/) —yTo (17¢)
-1

' =y'o(o'0 "—2/ 17d
—0 =y + (17d)

vi vay udng lugng MAP |3

T o\ T

Oviap = (PP + ?I P'y. (18)
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Trong bai ny, t6i trinh bay vé vin dé hdi quy tuyén tinh, mét trong bdn
tru cbt cta hoc méy.
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