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CHAPTER 1. ABSTRACT 

 
 

We exhibit two applications of Schwarz lemmas in several complex vari- 

ables. The first application extends Fornæss and Stout’s theorem on mono- 

tone unions of balls to monotone unions of ellipsoids. The second applica- 

tion extends Yang’s theorem on bidiscs to the generalized bidisc defined 

by the author in his previous work. These applications reveal a connection 

between the geometry of domains and their curvatures. The proof contains 

a careful study of biholomorphisms, a detailed analysis on convergences, 

and a modified argument of Yang. 

 
  



4 
 

 

CHAPTER 2. INTRODUCTION 
 

The most striking and influential result in complex analysis of one variable is the 
Riemann mapping theorem. It asserts that all proper simply connected open subsets in C 
are biholomorphic onto the unit disc. Thus, it was hoped that a similar theorem could be 

proved in Cn for higher dimensions n > 1. In 1960, Poincaré showed the bidisc D2 = 

{(z, w) : |z| < 1 and |w| < 1} is not biholomorphic to the ball B2  = {(z, w) : |z|2 + |w|2  < 1}. 
This negated the expectation and motivated a new study on biholomorphism in several 
complex variables. 

On the other hand, Fornæss and Stout [1977] showed that a Kobayashi hyperbolic 

manifold M is biholomorphic onto the unit ball Bm, provided that M admits a 

monotone union of Bm. Their theorem gives a version of the Riemann mapping theorem 
in high dimensions under some circumstances. In this paper, we follow this fashion and 
exhibit a theorem about monotone unions of ellipsoids  

En := {(z, w) 2   : |z|2 + | |2n  < 1}. More precisely, we obtain the following theorem. 

Theorem 1. Let M be a two-dimensional Hermitian manifold with a real bisec-  

tional curvature bounded from above by a negative -K, and assume M is a monotone 
union of ellipsoids En for some n  . Then M is either biholomorphic onto En or 

onto the unit ball B2. 

This theorem generalizes Fornæss and Stout’s theorem on monotone unions of balls to 

monotone unions of ellipsoids in dimension 2. We remark that Fornæss 

and Stout’s original proof is hard to be adapted into our theorem. Among other 

difficulties, the situation that biholomorphisms converge to a constant map is hard to be 

excluded. This difficulty is easy to be resolved in Fornæss and Stout’s theorem because of 

symmetries of balls. However, the shape of ellipsoids is more irregular than balls. Hence, 

in order to resolve this difficulty we make local estimates around accumulation points and 

use the estimates to reconstruct biholomorphisms. This new technique is exhibited in 

Section 2. 

The readers are reminded that this theorem does not belong to a classical topic on 

automorphism groups. For the classical topics on automorphism groups, readers are referred 

to [Bedford and Pinchuk 1991; 1998; Greene and Krantz 1991; 1993; 

Wong 1977]. 

The other application of Schwarz lemmas in this article is about curvature bounds. In the 

1970s, Yang [1976] showed that on polydiscs, there do not exist complete Kähler metrics 

with bounded holomorphic bisectional curvatures. Yang’s discovery was recently 

generalized to product manifolds by Seshadri and Zheng [2008] and Seo [2012]. On the 

other hand, the author introduced a new type of domains called the generalized bidiscs in 

[Liu 2017]. It is known that some generalized bidiscs are biholomorphic to bounded 

domains in C2. The generalized bidiscs are defined to be D x H+ := {(z, w) : zD and 
( )i ze H  }.  Here D denotes the unit disc, H+ denotes the upper half plane,   denotes a 
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continuous real function depending on z, and ( )i ze H   denotes the upper half plane rotated by 

the angle   (z). The generalized bidiscs are, in general, not product manifolds. However, 

in this paper, we show they share similar geometric properties with bidiscs. That is, some 

generalized bidiscs do not admit complete Kähler metrics with bounded negative 

holomorphic bisectional curvatures. More precisely, we show: 

Theorem 2. Let k  0,  and    0,z k    for all z  D. Then there do not exist two 

numbers d > c > 0 and a complete Kähler metric on D x H+ such that the 
holomorphic bisectional curvature is between —d and —c. 

These results about curvature bounds are discussed in Section 3. 
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CHAPTER 3. PRELIMINARY AND FUNDAMENTAL FACT 
 

Let n  . It is classical to define ellipsoids En 2   by 

En = {(z, w) : |z|2 + |w|2n  < 1}. 

Let M  be a manifold with dimension m. In this paper, we say M is a monotone union 

of ellipsoids En via f j if 

(1) there exists a sequence of open subsets Mj   M so that Mj   Mj+1, 

(2) each Mj is biholomorphic, by f j, onto the ellipsoids En, and 
(3) M =  j

j

M .  

 

Remark 1.1. We sometimes omit “via f j ” and only say “M is a monotone union of 

ellipsoids En”. 

Remark 1.2. Similarly, one can define a monotone union of �  for an arbitrary domain 

� . 

We also recall some terminologies on Kähler manifolds. Let (M, J, h) be a Kähler 

manifold M of dimension m with a Kähler metric h and a complex structure J. The curvature 

tensor R on (M, J, h) is given by 
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CHAPTER 4. MONOTONE UNIONS OF ELLIPSOIDS 
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CHAPTER 5. AN APPLICATION TO THE GENERALIZED BIDISCS 
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CONCLUSION 
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