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MO DAU

Phuong trinh ham 1a dang toan thuong gip trong cac dé thi chon hoc sinh
gidi va cac ky Olympic Toan sinh vién. Pay la mot dang toan kho, khong co
phuong phép giai chung cho mot nhom cac bai riéng biét. Dé giai cac bai toan vé
phuong trinh ham, doi hoi nguoi 1am phai 6 kién thie sau, rong va can co tu duy
sang tao, linh hoat. Trong bao c4o nady, t6i s& dua ra cac khai niém co ban vé
phuong trinh ham va huéng dan sinh vién giai mot s6 bai tap cu thé. Muc dich cua
béo cdo nay giup sinh vién c6 kién thic dé giai dugc cac bai toan twong d6i phuc
tap dat ra trong mon hoc chuyén nghanh va dic biét né rat hiru ich cho cac ban sinh
vién tham gia ki thi Olympic Toan hoc.



PHUONG TRINH HAM
1. KIEN THUC TRONG TAM
1.1. Anh xa va ham s6

- Mot anh xa f tir tap X dén tap Y 1a mot quy tac dit twong tng mdi phan tir X
ctia X v&i mot va chi mot phan try cua Y. Phan tir y twong Gng cia X goi 1a anh
cua anh xa f, ki hiéuy = f(x), X goi 1a nghich anh cuay:

f:X >ixy="f(x)

- Mot anh xa f tir tap X dén tap Y goi 1a don anh néu hai phan tir khac nhau bat ky
ctia X déu cho hai anh khac nhau ctia Y:Va,be X :azb=> f (a)= f(b)

Hay vabeX:f(a)=f(b)=a=b

- Mot anh xa f tir tap X dén tap Y goi 13 toan anh néu mdi phan tr Y bat ky cua Y
déu co nghich anh x cua X:

vyeY,IxeX:y=f(x)
Hay Y=f(x)={yeY|3eX,y=f(x)}.

- Mot anh xa f tir tap X dén tap Y goi 1a song anh néu f vira don anh va toan anh,
tirc lanéu  mdi phan tir y bat ky ciia Y déu c6 nghich anh duy nhét x cua X.

Hai tap hiru han c6 cung s6 phan tir khi ton tai mot song 4nh gitra chung.
Con 2 tap vo han ma c6 song anh gitra ching thi goi la cung luc lugng hay cung
ban sb.

- Ham s6 y = f(x) véi tap xac dinh D goi 1a ham sé chan néu:
vxeDthi —-xeDva f(-x)=f(x)
- Ham s6 y = f(x) véi tap xac dinh D goi 12 ham s6 1é néu:

vxeDthi —-xeDva f(-x)=-f(x)



Ja =0

- Ham s6 tuan hoan:
f(x+a)=f(x),vxx+aeD

S6 duong bé nhat néu c6 trong cac s a théa man diéu Kién trén goi 1a chu ky
T cua
ham sé f.

Ja#0
f(x+b)=—f(x),Vxx+beD

- Ham phan tuan hoan :{
- Ham cong tinh: f(x+y)=f(x)+f(y)

- Ham nhan tinh: f(xy)="f(x).f(y)

- Diém bat ddng ctia ham f(x) 14 x = a sao cho f(x) = a

- Néu ham sd f(x) ¢o f'(x) =0 trén D thi f(x) 1a ham hang trén D.

1.2. Pic trung ham so cap:

- Ham bac nhat f(x)=ax+b,a¢0:f(xzyj=f(x);f(y)

- Ham tuyén tinh f(x)=ax,a=0:f(x+y)=f(x). f(y)
- Him mil f(x)=a*,a>0,a=1:f(x+y)=f(x)+f(y)
- Ham 16garit f(x)=1log, |x|,a>0,a=1:f(xy)=f(x)+f(y)
- Ham sinf (x)=sin:f(3x)=3f (x)-4f*(x)
- Ham cosinf (x)=cosx:f(2x)=2f*(x)-1
f(x+y)+f(x—y)=2f(x)f(y)
f(

x)+f(y)

- Ham tang f (x) =tanx:f (x+y)=——~———=

1-f(x)f(y)

- Ham cotangf(x):cotx:f(x+y)zw

f(x)+f(y)



X _ A X

- Hamf (x)=shx = €

:f(3x) =3f (x)+4f>(x)

X —X

e +e

- Ham f(x)=chx = f(x+y)+f(x—y)=2f(x)f(y)

1.3. Phuwong trinh ham
- Tinh gia tri dac biét £(0), f(1),...

- Dung phép thé, ddi bién, cac chuyén d6i s6 hoc, dai luong trung binh, bién doi
tinh tién va dong dang, bién doi phan tuyén tinh,...

- Dung tinh chit don 4nh, toan anh, song an, tuan hoan,..

- Panh gia, dy doan ham sd, quy nap,...

Phuong trinh ham Cauchy: Ham f(x) xac dinh va lién tyc trén R théa man:
f(x+y)=f(x)+f(y),vxyeR thi f(x)=axvéiahang sb tuy y.

2. CAC BAI TOAN

Bai toan 16. Ham s6 f xac dinh trén tap cac s6 tu nhién N va co gia tri trén do.
Chung minh rang dang thic f(f(n)) = n+1995khong thé nghiém dang véi moi

neN.
Huéng dan giai
Ta ching minh bang phuong phap phan ching Gia st rang ta c6 dang thic
f(f(n)) =n + 1995 dung VneN. Khi do:

f(n +1995) = f(f(f(n))) =f(n) + 1995
Vasuyra: f(n + 1995k) = f(n) + 1995k (1) dung vn,ke N
Xét 56 nguyén r bat ki: 0<r <1994 va chia f(r) cho 1995 c6 s6 du
f(r) = 1995p + q V&I 0<q<1994
Theo gia thiét: f(f(r)) = r + 1995
T (1): f(f(r)) = f(q + 1995p) = f(q) + 1995p
Vi r<1994 nén chi c¢6 thé c6 hai kha ning
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(i);p=0=f(r) =q va f(q) =r + 1995
(if): p =1= f(r) = q + 1995 va f(r) = f(q) nghiala r=q
Nhu viy cac s6 0,1,2,..,1994 ¢6 thé chia thanh cac cap (a, b) sao cho

trongmdicapf(a) = b va f(b) = a + 1995. D6 1a diéu vo 1i vi tir 0 dén 1994 ¢co
mot s 16 sb.

Bai toan 17. Cho ham sb f(x) xac dinh va lién tuc trén [0, 1] sao cho:
(i)fO) =f@® =0

2X+Yy

(i) 2£(x) + f(y) = 3[ j V6i moi x, y<[0, 1]

Chting minh rang f(x) = 0 véi moi x, y<[0, 1]
Huéng dan giai
Bang quy nap theo n ta s& chiing minh rang f (g)zo Vv6i moi s6 nguyén
n>0

va voi moi m thoa man 0<m<3". Cac diéu kién & dé bai ching té diéu nay
dang véi

n = 0. Gia st diéu nay ding véin= k-1 >0, ta chang minh n6 dung voi
n=Kk.

£ . Y , m m/3
Néu m = 3 (mod 3) thi theo gia thiét quy nap ta co: f(s_"j: f(—j=0

3k—l

Néu m = 1 (mod 3) thi 1sm=3"-2 va
-1 2
3f(mkj:2f[wj+f(w]:0+ozo
3 3 3

Cubi cting, néu m = 2 (mod 3) thi 2<m<3*-1 va

(g



Vay f[Bmkj:O v6i moi s6 nguyén n,m>0va m=3"

Véi moi xe[0,1], ta co thé 1ap nén mot day sb cé dang 3mk c6 gidi han x. Vi

ham f(x)  lién tuc nén suy ra f (x)=0vdi moi x[0,1] ta cod diéu phai chung
minh.

Bai toan 18. Ham s f(x) xac dinh va c6 dao ham trén [0,+0]. Biét rang véi moi

x>0 ludn co:
1) [f(x)]<5
2) f(x).f'(x) > sinx. Ton tai hay khong lim f (x)

Huéng dan giai
biat F(x)=f?(x)+2cosx xac dinh trén [0, +oo]
(1) = |[F(X)|< f%(x) + 2|cosx| < 5% +2

(2) = F'(x)=2f"(x).f (x)-2sinx>0 nén F(x) tang
Xét day sb {x"} = [27, 27 + % 4z, 4 +% 67, 67 +%...]

Thi x, >0, x,tang va x, —» +wo khi x, — +o
batu, = f(x,) thi U, laday s6 tdng va bj chan trén, nén tdn tai limU,

Gia st rang ton tai limf(x) khi x, — +oo thi ton tai V,

lim(F (x,)-F?(x,)) = limu, -(1im F(xn))z

Nhu thé ton tai limcosx khi n— +o0, diéu nay khong thé duoc vi:
2c0sx,={2,0,2,0,.} 1a diy s6 khong cé gigi han.
Vay khong ton tai limf(x) khi x, — +o.

Bai toan 19. Tim ham f xac dinh trén tap cac s6 nguyén dwong va ciing nhan gia tri
nguyén duong thoda man: f(n + 1) > f(f(n)), Vvn € N*
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Huoéng dan giai
Trudce tién ta s€ chirng minh qui nap: f (1) < f(2) < f(3)...
Goi S, 1a phat biéu sau: néu r<n va m>rthi f(r) < f(m)

Vikhi m>1thi (m) > f(s), Vi s = f(m - 1), nén f(m) khong thé 13 phan tur
nho nhat cua tap {f @), f(2), f(3),...}

Nhung tap nay bi chan dudi bai 0, nén chac chan né phai cé phan tir bé ,
nhat. Suy ra phan ti nay 1a f(1). Vay S, dung.

Giasua S, dung. LAy m > n + 1, khidé m - 1 > n, do d6 ta co
f(m-1) > f(n)

(vi S, dung). Nhung cling tur S, tacod: f(n) > f(n -1) > ... > f(1), dovay, ta
duoc

f(n) >n-1+f@ >n.Suyra f(m-1) >n+1twrdd f(m) > f(n+1).Tu
day suy rarang S,,, dung.

Vay s, dang voi moi n. Noi cach khac, néu n<mthi f(n) < f(m).

Gia s vGi sd mnao dotaco f(m) > m + 1, thé thi: f(f(m)) > f(m + 1) iéu
nay mau thuan. Suy ra f(m) < m véi moi m. Nhung do taco f(1) > 1va
f(m)>f(m-1) > ..>f@ nén f(m)>m véi moi m. Suy ra f(m) = mvési moi

m.

Bai toan 20. Cho tap hop T gom tat ca cac s tu nhién khong vuot qua 1999. Hay
tim tat ca ham so f xac dinh trén N, lay gia tri trén T va thoa man dong thoi cac
diéu kién sau:

1) f(t) =t voimoi teT

i) f(m +n) =f(f(m) + f(n)) véi moi mneN
Hudong dan giai

Piat £(2000) = a, b = 2000 - a, VSi 1 <b< 2000

Ta nhan xét:
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1) Véi moirma 0<r<b, tacod: f(2000 +r)=a+r
2) V&I moi keN,0<r<b,taco: f(2000+kb+ r) =a+r
Ttr d6 suy ra néu 13 ham sb can tim thi thoa mén:

(t) =t
f(2000) = a véi moi teT (%)
f(2000 + m) = a +r

V&1 r = m (mod (2000 - a)) va 0<r <2000—a

Nguoc lai cho aeT, xét ham s f xac dinh trén N thoa (*) thi dé y:
f(n +b) = f(n)véimoi n > a, b = 2000-a

n = f(n) (mod b) V&i Moi neN

Vay tat ca cac ham so thoa man dé bai dugc xac dinh theo cong thuc (*) voi
mdi aeT cho trudc. Vay co 2000 ham so.

Bai toan 21. Xac dinh tat ca cac ham f: N*— N* hoa méan diéu kién:
f(n) + f(n +1) =f(n + 2)f(n + 3) - 1996 VGi Moi ne N*
Huéng dan giai
Tur gia thiét ta co: (k) + f(k + 1) = f(k + 2) f(k + 3) - 1996
Va f(k +1) +f(k +2) =f(k+3) f(k+4)-199.
Do d6 véi moi keN thi f(k + 2) - f(k) = f(k + 3[f(k + 4) - f(k + 2)]

Suy ra rang:

f(3) - (1) = f(4)F(6)..fKI(F(2k +1) - f(2k - 1] (1)

f(4) - (2) = F(5)F(7)..f(2k + 1)[(f(2k + 2) - F(2k) (2)

Néu f(3) - f(1) #0 va f(4) - f(2) =0 thi hai ding thuc trén dan dén mau
thuan. Do d6 xay ra cac trudng hop sau:

1) f(3) -f(1) 0 va f(4) - f(2) = 0
T (2)co f(2k + 2) = F(2k) = ¢ # 0 VGi moi k.
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Nén (2) dan tsi [f(3) - f@®1 =ck_11f(2k + 1) - f(2k -1)|=c** vbi moi k.
Nhu vay ta phaico ¢ = 1.

Turdo (1) tré thanh £(3) - f(@) = f(2k + 1) - f(2k - 1) nén ddy (f(2k + 1))

1a cap s6 cong Vi cong sai d. Nhu thé véi moi k ta co:

f(2k) = 1 f(2k - 1) = f@) + (k - d.

T gia thiét cho n=1 ta c6

f() +f(2) = F(3)f(4) - 1996 => f(1) +1 = (f()) + d) - 1996

1 khi n=2k

_ a 1a s6 nguyén
a+ (k -211997 khin = 2k-1

=d = 1997. Vay ta co: f(n):{
duong tuy y.
2)f(3) - f(@) = 0, f(4) - (2) = 0. Lap luan nhu trén ta c6 két qua:

1khin=2k-1 fr1n A A o
( ):{ Vo1 a la so nguyén duong tuy y.

a+ (k -11997 khin = 2k
fRB) -f@1) =0,f4) -f(2) =0
Khi d6 f(2k) = a, f(2k - 1) = b v&i moi ke N* va a, b nguyén duong tuy y.
Vi n =1 taco:
f() + f(2) = f(3)(4) - 1996 =>b+a=ab-1996
= (a-1)(b -1) = 1997
Vi 1997 1a s6 nguyén t6 nén hodc a = 2, b = 1998 hoica=1998,b=2.Ta

c6 hai ham s6 thoa man yéu cau bai toan 1a:

f(n)Zkhin=2k va 1 (n)= 2khin = 2k -1
1998 khin = 2 k-1 11998 khin = 2k

Bai toan 22.Tim tit c4 cAc ham f: N* — N* thoa man
i) f(x +22) = f(x)véi moi xeN*
i) (x%y)=(f(x))" véimoi x,yeN*

Huéng dan giai
12



Ta chi can xac dinh gi tri ham s6 tai x {1, 2, 3,..., 22}
Cho x=vy = 1tatinh dugc f(1) =1
Vi modi X nguyén (2 <x < 21) ludn cé ke N*sao cho 1 + 22k ix
Suy ra vai X nhu trén ta co
1+ 22k = mx => mx’ = x + 22kx Vi k 1a s6 tu nhién.
Tu do: F(x) = F(x + 22kx) = F(x*m) = (F())?F(m) = f()F(m) =1
= f(x) = 1. Tatinh f(11) va f(22)
Tacd F(22) = f(44) = £(2211) = (f(2)?.f(L1) = f(1D) =1
Mit khic f(1122) = (f(11))?.f(2) = (f(1)?
Va fL122) = (22 + 10.22) = (22) = f(11)
Vay: f(x) = 1 véi moi xeN
Bai toan 23. Ton tai hay khong ham s6 f: N* — N*thoa man diéu kién:
f(f(n)) +3n = 2f(n) voi moi xeN*
Huéng dan giai
Gia st ton tai ham s f thoa man yéu cu bai toan.
Véi mdi aeN*, xdy dung diy sb (a, )nhu sau:
a =a4a, =f(,),n=1,2 3.
Tur gia thiét ta co:
a,, =f(a) =f(d,,) = f(a,,)-3a,, =a,,=2a,-3a,,
Ttr d6 chung minh dugc a,, +4a, ,+3a, ,=0V4&i Moi n>4
Do a, >0 nén dang thire trén khong thé xay ra.
Vay khong ton tai ham so f.
Bai toan 24. Tim tat ca cdc ham f:Z — Z thoa mén diéu kién

3f(n) — 2f(f(n)) =n, vVn, € Z
13



Huoéng dan giai
Viét lai phuong trinh ham ban dau2f(f(n)—2f(n) = f(n) — n
bat g(n) = f(n) - n taco g(n) = 2g(f(n)), vn € Z
Ta co: g(n) = 2g(f(n)) = 2°g(f(f(n) = 2°g(f(f(F(n))) = ..

Suy ra rang|g(n)|chia hét cho 2“ véi moi so tu nhién k. Dicu nay chi xay ra
Kkhi

g(n) = 0 = f(n) = n. Thi lai dang.
Vay f(n) = n, Vn e Z
Bai toan 25. Tim tat ca cac ham s6 f :Z — Z thoa man:
1) f(f(m) —n) = f(m*) + f(n) —2nf(m), Ym, neZ
i) f(1)>0.
Huéng dan giai

Cho n=0tacd f(f(m)) = f(m*) + f(0)
Thay n boi f(m) ta c6:
f(0) = f(m*) + f(f(m) — 2(f(m))*> = 2f(m?) + f(0)-2(f(m))’
Tw dotacd: f(m?) = (f(m)?, vm e Z
Suyra f(0) = (f(f(0))> = f(0) =0 hoac f(0)=1
Giasir f(0)=1. Cho m=0 thi f(f(0)) = 2f(0) nén f(1)=2
Cho m=1thi f(1) = f?@) =4 :volynén f(0)=0
Thay m=0 vao hé thuc dau bai ta co f(-n) = f(n), Vne Z
Thay m=1 vao hé thirc 6 ddu baitaco: f(L — n) = 1 + f(n)—2n
Hay f(n -1) =1+ f(n) — 2n = f(n) —f(n - 1) = 2n — 1

T d6 véi moi n>0ta co
f(n) = f(n) —f(n =1 +f(h -2 —f(n = 2) + ... + £Q) — £(0) + f(0)
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=2n-D+@2n-3)+..+3+1=n?

Dodo f(n)=n*vneZ.Tht lai dung. Vay f(n)=n’vneZ

KET LUAN

Trong bao cdo nay, tiép theo bao cao hoc ki L, t6i tom tit lai mot sb kién thie co
ban vé phuong trinh ham va dua thém nhiéu dang bai méi. Véi cac kién thuc dua
thém trong béo cdo nay, gitip cho toan bd Iy thuyét vé phuong trinh ham tré nén
hoan thién hon, cac dang bai tap phong phu va day du hon.

TAI LIEU THAM KHAO

[1]. Nguyén Tai Chung, Lé Hoanh Pho; Chuyén khao phuong trinh ham; Pai Hoc
Quoc Gia Ha Noi

[2]. Nguyén Tai Chung; Boi dudng phuong trinh ham; Pai Hoc Quéc Gia Ha Noi

[3]. J. Aczei; Lectures on FUNCTIONAL EQUATIONS and Their
APPLICATIONS.

15



16



