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MO DAU

Phuong trinh ham 1a dang toan thuong gip trong cac dé thi chon hoc sinh
giodi va cac ky Olympic Toan sinh vién. Pay 1a mdt dang toan kho, khong ¢
phuong phap giai chung cho mot nhom cac bai riéng biét. Dé giai cac bai toan vé
phuong trinh ham, doi héi ngudi lam phai c6 kién thirc sau, rong va can c6 tu duy
sang tao, linh hoat. Trong bo c4o ndy, t6i s& dua ra cac khai niém co ban vé
phuong trinh ham va huéng dan sinh vién giai mot sb bai tap cu thé. Muc dich cua
béo cdo nay giup sinh vién co kién thic dé giai dugc cac bai toan twong d6i phuc
tap dit ra trong mon hoc chuyén nghanh va dic biét né rat hiru ich cho cac ban sinh
vién tham gia ki thi Olympic Toan hoc.



PHUONG TRINH HAM
1. KIEN THUC TRONG TAM
1.1. Anh xa va ham sé

- Mot anh xa f tir tip X dén tap Y 1a mot quy tic dit twong tng mdi phan tir X
ctia X v&i mot va chi mot phan tiry caa Y. Phan tir y tuong Gng cia X goi 1a anh
cua anh xa f, ki hiéuy = f(x), X goi 1a nghich anh cuay:

f:X >ixa y="f(x)

- Mot anh xa f tir tap X dén tap Y goi 1a don anh néu hai phan tir khac nhau bat ky
ctia X déu cho hai anh khac nhau ctia Y:Va,be X :azb=> f (a)= f(b)

Hay vabeX:f(a)=f(b)=a=b

- Mot anh xa f tir tap X dén tap Y goi 13 toan anh néu mdi phan tr Y bat ky cua Y
déu co nghich anh x cua X:

VyeY,IxeX:y="F(x)
Hay Y=f(x)={yeY|3eX,y=f(x)}.

- Mot anh xa f tur tap X dén tap Y goi la song anh néu f vira don anh va toan anh,
tirc lanéu  moi phan tir y bat ky ciia Y déu c6 nghich anh duy nhét x cua X.

Hai tap hiru han c6 cung sé phan tir khi ton tai mot song 4nh gitra chung.
Con 2 tap v han ma co6 song anh giira chiing thi goi la cung lyc lugng hay cung
ban sb.

- Ham sd y = f(x) véi tap xac dinh D goi 1a ham s6 chan néu:
vxeDthi —xeDva f(—x)="f(x)

- Ham sb y = f(x) véi tap xac dinh D goi 12 ham s6 1é néu:
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vx eDthi —xeDva f(—x)=—f(x)

Ja =0

- Ham sd tuan hoan:
f(x+a)=f(x),vxx+aeD

S6 duong bé nhat néu c6 trong cac sb a théa min diéu Kién trén goi 1a chu ky
T cua
ham s f.

Ja#0
f(x+b)=—f(x),vxx+beD

- Ham phan tuan hoan :{
- Ham cfng tinh: f(x +y)=f(x)+f(y)

- Ham nhan tinh: f(xy)=f(x).f(y)

- Biém bat d6ng cua ham f(x) 1 x = a sao cho f(x) =a

- Néu ham sd f(x) co f'(x) =0 trén D thi f(x) 1a ham hang trén D.
1.2. Pic trung ham so cip:

f(x)+f(y)
2

- Ham bac nhat f(x):ax+b,a¢0:f(xzyj:

- Ham tuyén tinh f(x)=ax,a=0:f(x+y)=f(x). f(y)
- Ham mii f(x)=a"a>0,a=1:f(x+y)=Ff(x)+f(y)
- Ham lo6garit f(x)=log, |x|.a>0,a=1:f(xy)="f (x)+f(y)
- Ham sinf (x)=sin:f (3x) =3f (x)-4f*(x)
- Ham cosinf (x)=cosx:f(2x)=2f*(x)-1
f(x+y)+f(x—y)=2f(x)f(y)
f(

x)+f(y)

- Ham tang f (x) =tanx:f (x+y)=———~——~—=

1-f(x)f(y)

- Ham cotang f(x)=cotx:f(x+y)= ff



X —X

-He‘unf(x):shx=e :f (3x) =3f (x)+4f*(x)

X —X

e +e€

- Ham f(x)=chx =

f(x+y)+f(x-y)=2f (x)f(y)
1.3. Phuwong trinh ham
- Tinh gia tri dac biét £(0), f(1),...

- Dung phép thé, ddi bién, cac chuyén d6i s6 hoc, dai luong trung binh, bién doi
tinh tién va dong dang, bién doi phan tuyén tinh,...

- Dung tinh chit don 4nh, toan anh, song an, tuan hoan,..
- Panh gia, dy doan ham sd, quy nap,...
Phuong trinh ham Cauchy: Ham f(x) xac dinh va lién tyc trén R théa man:
f(x+y)=Ff(x)+f(y),vxye; thi f(x)=axVvoia héng sb tuy v.
2. CAC BAI TOAN
Bai toan 1: Cho hams6 f:; —; thoa: f(x+2xy)=f(x)+2f (xy),vx,y €|
Biét f(201) = a, hay tinh £(202).
Hudéng dan giai
Thay x=0 ta dugc: f(0)=f(0)+2f(0)=f(0)=0

Thay y=-1 ta dugc :f(-x)=f(x)+2f (—x) = f(x)=—f (—x)
Thay y -2 ta duoc f(o)zf(x)+2f(—§j:>f(x):-2f?
Suy ra f(x)=2f (gj

Xét x=te; batki. Thay yzi ta duoc:

F(x+t)=F (x)+2f G)zf(x)ﬁ(t)

Véi x=0taciing co f(0+t)=F(0)+f(t)



Ta chitng minh bang quy nap theo k: f (kx) =kf (x),¥x e ,vke¥

Tir d6 rit ra: a="(201) = 20LF (1) = F (1) = -

Do d6 f(202) = 202.f (1) :%a

Bai toan 2: Cho ham f(x, y) thoa man céac diéu kién:

f(0,y)=y+1L f(x+10)=f(x1)

f(x+Ly+1)=f(x f(x+Ly))

V&i moi s6 nguyén khong am x, y. Tim (4, 1981)
Huéng dan giai

Taco: f(Ln)=f(0,f(Ln-1))=1+f(Ln-1)

Do d6: f(Ln)=n+f(L0)=n+f(0,1)=n+2

Talaico: f(2n)="f(Lf(2n-1))="f(2n-1)+2

Do d6: f(2,n)=2n+f(2,0)=2n+f(1,1)=2n+3

Bay gio: f(3,n)=f(2,f(3,n-1))=2f(3,n-1)+3

bat u, =2u, , va u,=(3,0)+3=1(2,1)+3=0

Do vay: u, =2"%f (3,n)=2"°-3

Ta co: f(4,n)=f(3,f(4,n-1))=2"1""°_3

f(4,0) =f(3,1)=2"-3=13

f(4,2)=2" -3

Bang qui nap ta chimg minh dugc f(4,n)=2%% -3

Trong d6 s6 mii chira (n + 2) chit s6 2. Tir d6:

f (4, 1981)=2%* -3 véi s6 mii chira 1983 chit s6 2.



Bai toan 3: Cho ham f: ¢ — ¢* thoa mén cac diéu kién sau:
() f(n+1)>f(n);Vneg¢”
(i) f(f(n))=3nvneZz". Hay tinh f(2003).
Hudéng dan giai
Tu (i) va (il) = f@) <f(f(1))=3= f(1)=2

Taco: f(2)=1f(f(1))=31=3

Suyra f(2.3")=3""vne¢";f(3")=23"vnezZ"
Nénco f(3")=f(f(23"))=2.3"
F(23m)=f(F(3"))=33""=3"
Do d6 khang dinh dtiing v&i moi n
Ta c6 (3" -1) s6 nguyén m nam gitra 3" va 2.3" va do gia thict (i) f (n+1)> f (n)
nén ¢6 (3"-1) 0 nguyén m ndm giita f(3") va f(2. 3") suy ra 0<m<3’
= f(3"+m)=23"+3n. Do gia thiét (ii) suy ra.
f(23+m)=f(f(3"+m))=3(3"+m)
Vay f(23"+m)=3(3"+m) Vi 0<m<3"
Suy ra: n=2003=2.3°+545=> f(2003) =3(3°+545) = 3822

Bai toan 4: Cho f(n) 1a ham s xac dinh v&i moi ne N va l1ay gia tj khong am thoa
mén tinh chat;

1. vnmeN": f (m+n)-f(m)-f(n) lay gia trj 0 hoac 1
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2. £(2)=0 va f(3)>0
3. £(9999)=3333. Tinh f(2000).
Hudéng dan giai

Vi f(m+n)-f(m)-f(n) lay gi4 tri 0 hogc 1 nén ta suy ra:

f(m+n)>f(m)+f(n)
= f(2)22f(1)= f(1)=0= f(3)=1
Taco: f(6)>f(3)+f(3)=2

f(9)=f(6)+f(3)=3

f (9999) > f (9996)+ f (3)>3333

Vi gia thiét cho f(9999)=3333 nén ta c6 dau “=" & cac bat dang thuc trén xay ra,
tacla f(3n)=n,vn=12,..,3333

— £ (1998) =666, f (2001) = 667
Mit khac néuaa,beN" va a>b= f(a)> f(b)+ f (a—b)> f (b)
— 666 < f (2000) <667 = f (2000) =666 hodc 667
Gia sir f (2000 = 667)
— £ (4000)>1334 = f (6000)>1334 +667 = 2001
ma f (6000)= 2000 (mau thudn). Vay: f (2000) =666
Bai toan 5: Cho fva g 1a cac ham x4c dinh trén R thoa:
f(x+y)+f(x=y)=2f(x).9(y). Vx,yei
Chutng minh rang:

Néu f (x)=0 va [f(x)|<Lvxe; thi ‘g(yo)‘:a>l



Huoéng dan giai
Ta dung phuong phap phan ching

Gia sir lai mot diémy, < :‘g(yo)‘:a>1
Talay x,: f (%) =0 va xay dung day x, (k=0,1,2...)nhu sau:

(%)
(%)

Xk+l =

X, + Yo, ki (%, +yo )| 2 |f
X = Yo, Khi| T (%, +, )| <] f
Theo gia thiét ta co:

20 (%) = [F O+ v )| (=) 2 F (w0 ) [ F (5= )|

=21 (x)o (o )|=2a] ()

Nén ‘f (Xt )

>alf(x ) voi a>1k=123..

Do d6 ta co: ‘f (xk)‘Zak ‘f (xo)‘. Nhung vi ‘f (xo)‘;to va a>1 nén co thé chon k sao

cho a"‘f (XO)‘>1 do do ‘f (Xk)‘>1

Mau thuan véi gia thiét. Vay lg(y)|<LvyeR

Bai toan 6: Cho hams6 f:; —; thoa 2 diéu kién:

) f(X)>1+xVxe;

i) f(x+y)>f(x).f(y);vxye;j

Ching minh rang khong thé ton tai hai s6 a;be; ma f(a).f(b)<0
Hudéng dan giai

Ta sé chung minh: f (x)>0,vx e |

That vay: véi |x| <1 thi theo diéu kién (i) ta co ngay f(x)>0

Vi |x| <1, truéc hét ta s& ching minh bat ding thac:
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vxei,vne¥ thi f(x)z[f(%ﬂ @

V61 n = 0: cong thuce (1) dang.
Gia str cong thirc (1) diing véi n—k >0 tac f(x)=| f (ij (2)
2k+1

2 22
Ta co: {f(z_"kﬂ :f(%+%jz{f(%)} = (k1) tie (1) ding voi

n=k+1

Theo nguyén 1y quy nap toan hoc bat dang thirc (1) ding.
X1 f (l) >0
2n

Bay gio chon n dii 16n dé [x|<2",xe; tuy ¥, khi d6 o

"
Do d6 [f(z—xnﬂ >0 tuc f(x)>0,Vxej
Nhu vy khong thé ton tai a,be; ma f(a).f(b)<0

Bai toan 7: Dat f (x)= % Véi x 1a sb thuc duong, va véi moi sé nguyén duong n,
+ X

ta dat: g, (x)=x+f (x)+f (f(x))+..+f (f (..] (x))) f duoc lay n 14n ¢ s6 hang cudi
cung. Ching minh rang:

a) 9,(x)>9,(y) néu x>y>0

b) g, (1):E—1+:§—2+...+%
2 3

n+2

VoI F =F, =1vaF,,=F

n+1

+F, VoI n>1.

Hudéng dan giai
a) Ki hiéu f, (x)=f(f(..f(x)))(nlan). Ki hi¢u g, (x) 1a ham dong nhat. Cha y rang
f, (x) 1a ham tang thuc su khi x>0.
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Ta s& chitng minh bang qui nap theo n rang g, (x) 1a ham tang thuc sy khi x>0 .

Dé& dang kiém tra duoc diéu nay dung vai g, (x)

Gia s khi n>2,g, (x),...,9,,(x) la cac ham tang thuc sy véi x>0
Cho x>y>0.Taco:g,(x)-9,(y)=

= () (F ()= £ () (£, ()1, () ot (£, ()= 1, (1)

=(9: ()= (%) (902 (2 (X))~ 902 (T (¥))) >0

Vay g,(x) l1a ham tang thuc sy khi x>0.

S F F F
bybéyrang - =1va f| - |=—2L . Suy ra:
ypiéyring 5 -1 [ E-]-B sy

2 i+1 i+2

Fl FZ I:n-¢—l
LE SRS SR R ]
3 +F3 + +F g, (1)

n+2
\e s Q. 2003 -
Bai toan 8: Cho f(x,y):,/TCOSZ(x+ y)+acos(x+y+a) Vol a,ae; .

Chitng minh rang min( f (x,y))’ +(max f (x,y))’ > 2003.

Hudéng dan giai

Tacé:f(0,0)+f[z;£j=2 2003
2 2 2
Nén maxf(x,y)Zmax{f(0,0),f(%,gj}z %(VX,ye; )

= (max f (x, y))2 >¥

Ta lai co: f[z;z):—,/%—asina,f(—z;—zj:—,/%+asina
4 4 2 4 4 2
Nén f(f;fj+ f (—f;—f}— 122 suy ra:
4 4 4 4 2
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:>(min(f (x,y))2)2 >
Do do : min( f(x, y))2 +(max f (x, y))2 >2003.

Bai toan 9: Cho ham s6 f:N™N". Giasir f(1)=1 f(2n)=f(n) va
f(2n+1)= f (2n)+1 v&i moi sb ty nhién n.

a) Tim gia trj 16n nhat M cua f (n) v6i ne N"théa man diéu kién 1<n<1994
b) Tim tit ca cic s neN, Vi 1<n<1994, sao cho f (n)=M
Huéng dan giai

C6 thé dung quy nap dé ching minh rang f(n) 1a sd tat ca cac chir s 1 trong biéu
dién nhi phan cua s n.

a) Ton tai nhiéu nhat 10 chit s6 1 trong biéu dién nhi phan ctia mot s6 néu sé do bé
hon hoic bang 1994 = 111111001010,

SuyraM=10
b) Véi moi s6 tw nhiénn <1994, ta c6 f(n)=10néu va chi néu n 1a mot trong cac sb:
1023 :111111111]7(2),

1535= 101111111]12) 1791 = 110111111]12) :

1919= 111011111]12) ,1983 = 111011111](2) .

241

Bai toan 10: Cho f(x)=2-=,vx#0. Gia st f, (x)=x va

2X
f, (x)=f (fnfl(x))Vn eN,vx=0.

: f
Chang minh vneN, vx#-1,0,1-—" (x) =1+ 1

fa(¥) (x+1j2“

x—1
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Huoéng dan giai

Oua (X) =2p, (X)q, (X) vx,yeN

Qk(x)
(),
— f (X)[qk(x)} l: pf(X)Jrqlf(X): pk+l(x)
- , P 2p (A () Gea(X)
q(x)
Do do: f, (x)= Py (X) VneN,Vx =0

f (X) _[(X+1 n

~—~—
[
+
>
|
[EN
~—~—
™y
L 1
1
—~
>
+
[EEN
~—
N
|
—~
>
|
[HEN
~—
™y
+
A
I

fn+l(x) - [(X_,_l)zn +(x—1)2n}|:(x+1)2 1 +(X_]_)2"+1:|
i [(x+1)2n +(X—1)2n T L 2(x+1 Z (x—l)2n T
R U A U R e e

Bai 11: Cho hamsd f:; *—; * théa min phuong trinh:
f (4x)+2005f (2x)=2006f (x) ¥x e *. Chiang minh ton tai s6 thuc k dé:

f(x)=f (kx)
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Huoéng dan giai
bit f (2'x)=u, (neN")
Tur f(4x)+2500f (2x)=2006f (x) ¥xe; * bang quy nap ta co:
f(2"?x)+2005f (2"*x)=2006f (2"x)(x ] *)

Hay u

n+2

+2005u,,, -~ 2006u, = 0(u, >0)
Hudéng dan giai phuong trinh dic trung:

A% + 250012006 =0 ta dugC A =11 =-2006
Vay u, = p.1"+q(-2006)" >0,Vn

Véi p>0,q=0 thi u, =y,

Vay f(2'x)=f(x) hay k=2"vneN"

Bai toan 12: Cho anh xa P:N"xN" > &

X2 +y’+6
Xy

Chting minh néuP(z,y)!'e N” thi 3/P(x,y)eN".

Huéng dan giai

(x.y)a P(x.y)=

biat P(x,y)=z. Xét phuong trinh: x*—xyz+y*+6=0 (1)

Goi (%, ¥,.2) 12 nghiém sao cho x, +y, bé nhét. Vai tro x,, y, nhu nhau nén gia su
X0 Z Yo+

Xét phuong trinh x* —zy,x+y; +6=0 (2)

Goi nghiém tht hai 1a x, thi x, <x,

Taco: X, +% =12y,(3) X% =y;+6=0  (4)

1) Néu y, =x, tur (1):>z:2+£eN*

2
XO
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—x, =y, =1 z=8 (thda d¢é bai)

2) Néu x, = tir (4)= (% +Yo)(% Yo ) =6, vO 1y vi (%, +y,) va (%, - ¥,) cung chén
hay cung 1¢

3) NéU y, <X, <X =X =Y, +1 Va X >y, +2
Tir (4)= ys +62(y, +1)(Yo +2)= ¥, sg: Yo =1=2,2, =7
=SX<y, may,=1=xx =7
X, =1 va x =7, vO Iy vi x, =y,
Vay z=2°=,/p(x,y)=2eN
Bai 13: Giast f:; —; 1a ham lién tuc va giam sao cho vai moi
Kyei ey (1) F (1) + 1 (y+ 1 (x)
Ching minh rang f (f(x))=x
Huéng dan giai
Cho y=x tadugc: f(2x)+f(2f(x))=f(2f (x+f(x)))
Thay X béng f(x) ta c6: f(2f (x))+ f (2 (f(x)))=f(2f (f (x)+ (* (x))))
Tru hai phuong trinh trén ta suy ra:
F(2F(F(x)=(20)= (2 (F(x)+ £ (f(x)))-F(2F (x+  (x))))
Néu f(f(x))>x, vé trai cua phuong trinh trén 4m, do do:
F(FO)+F(F(x))> f(x+F(x) va f(x)+f(f(x)<x+f(x)
14 diéu mau thuan.
Tuong tu, ta cling c6 diéu mau thuin xay ra khi f (f (x)) <X

Vay f(f(x))=x, diéu phai ching minh.

16



Bai toan 14: Cho song 4nh f :N — N . Chitng minh rang: Ton tai v6 s6 bo (a,b,c)
VGi a,b,ceN thoaia<b<c va 2f(b)=f(a)+ f(c)

Huoéng dan giai
Ta xdy dung day{a,} nhu sau:

Trong cac sO tr 0, 1, 2,..., m chon s6 a, sao cho f(a,)> f(i) Vi=0;a (meN)

Chona, >3 sao cho f(a,)> f(i),vi=0;a,

Chon a, >a,, sao cho f(a)> f(i),vi=0;a,

Vay taco diy a <a,<..<a <a, va f(a)<f(a,)<..<f(a)<f(a,)
Trong d6 a, eN va f(a )> f(j) Vj=0a

Vi fla song anh nén f(a,,)="f(a)+p.peN’

Va 3ceN d¢ f(c)=f(a.,)+p>f(a.)

Q. >a Vi=1k
Mat khac: -
f(a.)>f(i) vi=la

1N+l

Nén c>a,,

z{p(a )=f(a)-p

(6)=t(as)+ p =2f(a,,)="f(a )+ f(c)

‘ Do cach xay dyung, diy {a,}1a diy v6 han nén ton tai vo s bo (a, b, ¢) thoa
dicu kién  da néu.
Bai toan 15: Chuing minh véi moi ham f:; —; thi:
f(xy+x+y)="f(xy)+f(x)+f(y), vxyei
o f(x+y)=f(x)+f(y). VX yej

Hudong dan giai
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- Phan dao: Cho f(x+y)="f(x)+f(y),vx,yeR
thi f(xy+x+y)="f(xy)+f(x+y)="f(xy)+f(x)+f(y),vx,yeR
- Phan thuan: Cho f(xy+x+y)="f(xy)+f(x)+f(y),vx,yeR
Chon x=y=0 thi f(0)=0;va,b,ceR taco:
f(a+b+c+ab+bc+ac+abc)=f(a(c+b+bc)+a+(c+b+bc))
= f(a(c+b+bc))+ f(a)+ f (a+b+bc)
= f (ac+ab+abc)+ f (a)+ f (c)+ f (b)+ f (bc)
Vi f(a+b+c+ab+bc+ca+abc) = f(ba+bc+abc) + f(a)+ f(b)+ f(c) + f(ac)
Nén f(bc) + f(ab + ac + abc) = f(ac) + f(ab + bc + abc)
Léy a=1f(c) + f(b +c + bc) =1f(c) + f(b + bc + bc)
=N
Do ddo f(u + 2v) = f(u) + 2f(v), Yu, veR
LAy u=a thi (2v) = 2f(v), Vv € R nén f(u + 2v) = f(u) + f(2v)
Hay: f(b + 2bc) = f(b) + f(2bc), Wb, ¢ e R

Néu b=0 thi f(0) = 2f(0) = 0: Pling

Néu b0 thi b:x,c:Z—):D thicod f(x +y) = f(X) + f(y), ¥x, y #0.

KET LUAN

Trong béo cdo trén, t6i d dua ra mot sb kién thirc co ban vé phuong trinh
ham va mot s6 bai tap cy thé, Tuy nhién véi thoi lugng cho phép ctia bao cao
khong nhiéu, do vay luong bai tip dua ra con it va chua day du cac dang. Trong
béo cdo t6i, toi s& dua thém nhiéu bai tap khac va cac dang bai tap cling day du
hon.

18



TAI LIEU THAM KHAO

[1]. Nguyén Tai Chung, Lé Hoanh Pho; Chuyén khao phuong trinh ham; Dai Hoc
Quéc Gia Ha Noi

[2]. Nguyén Tai Chung; Bdi dudng phuong trinh ham; Pai Hoc Quéc Gia Ha Noi

[3]. J. Aczei; Lectures on FUNCTIONAL EQUATIONS and Their
APPLICATIONS.

19



