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SOLVING DIFFRENTIAL EQUATIONS OF FRACTIONAL LINEAR VIBRATIONS USING
RUNGE-KUTTA-NYSTROM METHOD

Abstract
A force can be described as a function of displacement in the mechanical model. From Fukunaga,
Shimizu and Nasuno [5], a linear fractional derivative model with respect to displacement is proposed to
describe the force of viscoelastic material based on the measured data of impulsive motion. Using the Runge-
Kutta-Nystrom method, this paper presents a numerical method to solve diffrential equations of fractional
linear vibrations.
Keywords
viscoelastic, fractional, dynamic, Runge-Kutta-Nystrom.

1. Introduction

Runge-Kutta methods are a family of numerical methods for solving first-order differential equations.
They offer startling performance and quality gains over the Euler Method. A fourth-order Runge-Kutta
method can easily produce solutions many orders of magnitude more precise, all while requiring a fraction
of a percent of the computing power the Euler Method demands.

However, Runge-Kutta methods have several limitations for studying complex systems: They are
limited to first-order differential equations. They produce solutions for differential equations of a single
variable.

We're going to tackle the first of these two problems with a different family of solvers — Runge-Kutta-
Nystrém (RKN) methods.

The concepts of fractional derivatives appeared many years ago and are introduced by famous
mathematicians like Riemann, Liouville, Griinwald, Letnikov, Caputo [1-3]. The concept of fractional
operators in engineering applications is now increasingly attractive in the formulations of the constitutive
law for some viscoelastic materials.

2. The Runge-Kutta-Nystrom method for diffrential equations of fractional linear vibrations

Consider the motion differential equation involving fractional derivative of order p

mix(t) + uoDP[x(t)] + kx(t) = f(t),t € [0,T],(0<p < 1) (1)

With the initial conditions

x(0) = x0,%(0) = % = Vg (2)
The Liouville — Riemann’s fractional derivative is defined as [1-3]

B 0
T r(u)dt o, D

DPx(t) = D[D%x(t)] (3)

Whereu=1—-p,0<u<1.
In order to make use of Liouville — Riemann’s formula to deduce our numerical scheme and to present
the problems mentioned above, we apply the composition rule to DPx(t) [1-3], that s

t
p _x0 g cugy — X0 1 f %(T)
DPx(t) rat 1D x(t) rapt | Tram | Tor dt (4)
By substituting Eq. (4) into Eq. (1) we obtain the following equation
t
cry 1 _ B x(0) ., _p 1 (1)
0) —m{f(t) (€)= o |yt P + fo (t_ﬂ,,dr]}, (5)
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We integrate by parts the second term of Eq. (4)

t
x(7) _ 1 . 1— t.. _ 1—
fo o dt = o [((O)E P + [[ R - da (6)

We approximate the integral I(t) = fotjc'(r)(t — 1)17P d1 for every instance t by trapezoid numerical

integration withh =t, — t,_;

1(6) = 5 [#(0)6 P +2 T ()t — )P n > 2 (7)
Substituting Eq.(6), Eq. (7) into Eq. (5) we obtain
£(0) = 2{F(0) = k() — po [ L¢P 4 L HOLHON, (®)
With
1) ~ 5 [#0)E P +2 T E#(E)E — )P e = ¢ (9)

Using the RKN method for differential equation (8), we need values of X(t;). We use difference formula
for %(t;) from known values of x; and x;_; as follows:

g =12 1) (10)
We have RKN numerical algorithm for Eq. (8) as [6] is

xi+1 = xi + hJ'Cl +§(k1 + kz + k3), (11)
Q'Ci+1 = )'Ci +§(k1 + 2k2 + 2k3 + k4), (12)
with
_h1 x(0) . —p 1 R0t TPt
B Zm{f (t:) = kx; = [r(l—p) Lot r(1-p) 1-p ’
_h 1 hY h h _ x(0) h -p 1
kZ_E ;{f(ti-}-f) k(xi+2xi+4k1) ‘uo[ru—p)(ti-}-z) + r(i-p)i- p( (0)(

) w1 ()}

k3 = kz,

ky = x(0)

r(i-p)

t;+h) P+

{F (e +B) = ke + hity + hkes) — o | (x(O)(t +R)P 4

1
2 m

1+ )|}

I"(l p)1-

(13)
We finally obtain numerical solution x;,; of the differential equation of motion according to Eq. (6).
We suppose that formulas x(0), x(0) and ¥(0) are given.
3. Numerical example
We have tried out the algorithm on an example. We have chosen
p = 0.5,m =981(kg), o = 196.2(NsP /m), k = 9810(N/m), f = 490.5 sin(3t),
h = 0.03(s).
The differential equation of motion has following form
¥(t) + 0.2DY2x(t) + 10x(t) = 0.5 sin(3t), (14)
With the initial conditions: x(0) = 0(m), x(0) = 1(m/s) = ¥(0) = 0(m/s?).
The solution of Eq. (14) obtained by the Runge - Kutta -Nystrémmethod is represented in follow

figure:

10
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4. Conclusions

Based on the idea of the Runge-Kutta-Nystrom method, the approximation formulas for dynamic
systems are developed in this paper. Then, using the Liouville-Rieman’s definition of fractional derivatives
and the RKN algorithm, we solved diffrential equations of fractional linear vibrations. According to this
algorithm, a computer program is developed using MATLAB software.

We also compared the results calculated by the Newmark method [6] and Runge-Kutta-Nystrom
method. The computation time with Runge-Kutta-Nystrom method is greatly reduced in comparison with
Newmark method.
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