Cac dinh ly gia tri trung binh Rolle, Lagrange,
Flett, Meyer va mot s6 ap dung

Nguyén Thi Lan Huong™®, Vi Tién Viét®

TOM TAT: Trong chuong trinh Giai tich Toan hoc, cac dinh ly vé gia tri trung binh
dong mot vai tro quan trong. Dua trén cac dinh ly Rolle, Lagrange chung toi xin gioi
thiéu cac dinh ly Flet, Meyer dugc phat trién trong khoang thdi gian 50 nam trd lai day.
Dong thoi chiing t6i néu ra mét s6 ap dung cac dinh ly d6 cho cac bai toan tich phan.

TU KHOA: Dinh ly gid tri trung binh, Flett, Meyer

1 Cac dinh ly kinh dién va méi dugc phat trién
1. Dinh Iy Rolle®: Nam 1691 Rolle dua ra dinh ly sau mang tén 6ng:
Gia st ham f : [a,b] — R lién tuc trén [a, b], kha vi trong (a, b)
va f(a) = f(b). Khi d6 ton tai diém c € (a,b) dé f'(c) = 0.

2. Dinhlyj Lagrange™: Gid st ham f : [a,b] — R lién tuc trén [a, b], kha vi trong (a, b).

Khi d6 ton tai diém ¢ € (a, b) sao cho

, f(b) — f(a)
flo) ===
Yy
f(b)
fiie)
f(a)
0 5

Hinh 1: Minh hoa hinh hoc cho dinh ly Lagrange

(M Truong Pai hoc M6 Dai chat.

(2Hoc vién An ninh nhan dan.

()Michel Rolle (1652-1719), nha toan hoc ngudi Phap.
(DJoseph-Louis Lagrange (1736-1813), nha toan hoc ngudi Phap.
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3. Dinh Iy Flett®. Nam 1958 Flett dua ra dinh ly sau:
Cho ham f(z) kha vi trén [a, b] va thoa man f'(a) = f'(b) (hai dao ham nay duogc
hiéu l1a dao ham mét phia). Khi d6 ton tai diém ¢ € (a, b) sao cho

/(€)= f(a)

cC—a

f'(e) =

Chitng minh. Céch 1. Ta c6 thé gia thiét f'(a) = f'(b) = 0, vi c6 thé thay f(x) béi
h(z) = f(z) —xf'(a), lac d6 I (z) = f'(z) — f'(a), h'(a) = W' (b) = 0 va néu két luan
dung véi h(x) thi

hl(c) _ h(ci : Z(a) :
hay f(e) ~ f'(a) = O 2 Sl Falla)
R C e (O B (RS (CE )

tic 1a két luan ding cho f(z).

Ta xét ham

f'(a) =0 khi z=a
ID=1 S =@ khi a<az<b
T—a
Khidé lim J@) = Jla) _ f'(a) = 0=g(a),nén g(z)lién tuc trén [a, b]. RO rang

z—a+0 r—a
g(z) kha vi trong (a, b] va

Sy~ £ 1) = fla)

Cr—a (x —a)?

Ta thay: +) Néu g(b) = 0, thi theo dinh ly Rolle 3¢ € (a, b) sao cho ¢'(c) = 0, tic 1a

O (G BN e ()

c—a (c—a)? c—a

+) Néu g(b) > 0, thi ¢'(b) = —% = _bg(—b)a < 0.

Suy ra 3z, € (a,b) d€ g(z1) > g(b) (bdi vinéu g(z) < g(b),Vz € (a,b) thi sé dan tdi
¢'(b) > 0, mau thuan vdi ¢'(b) < 0).

Licnay g(a) = 0 < g(b) < g(v1) va do g(z) lién tuc, nén phai ton tai z, € (a,b)
dé g(z5) = g(b). S dung dinh ly Rolle cho ham g(x) trén [z, b] thi ton tai diém
c € (z,b) C (a,b) sao cho ¢'(c) = 0, dan t&i két luan nhu trén.

G)T.M. Flett, gido su dai hoc Liverpool, UK.



+) Néu g(b) < 0 ta chitng minh tuong tu.
Céch 2. Ta xét ham

f'(a) khi z=a
hx) =9 f(z) - f(a)

r—a

khi a<z<b

Dé thay h(r) lién tuc trén [a,b] va kha vi trong (a,b). Néu h(z) dat cuc tri tai
c € (a,b) thi theo dinh ly Fermat h’(c) = 0, tir d6 dan dén diéu can chitng minh.

Néu h(x) dat cyuc tri tai @ hodc b thi khong gidm téng quat ta gia thiét h(a) <
h(xz) < h(b),Vx € [a,b]. Khidé f(x) < f(a) + (x — a)h(b),Vx € [a,b] va
fx) = f(b) _ fb) = f(x)  [(b) = f(a) = (x = a)h(D)
x—b b—z T b—uz
f(b) = f(a)

Lay gidi han khi z — b — 0 ta duge f/(b) > h(b), nén h(a) = f'(a) = f'(b) > h(b).

Do d6 h(r) 1a ham hang, nén //(x) = 0 va c6 két luan cta dinh ly. O

4. Dinh hj Meyer®. Nam 1977 Meyer dua ra dinh ly sau:

Gia st f : [a,b] — R 1a ham kha vi trén [a, b] va thoa man f’(a) = f'(b). Khi d6 ton

tai diém c € (a,b) sao cho

Chirng minh. Ta xét ham

m(z) = b—ux

£ (b) khi = =0

Dé thdy m(x) lién tuc va kha vi. Néu m(z) dat cyc tri tai ¢ € (a, b) thi theo dinh ly
Fermat m’(c) = 0, dan dén két luan ctia dinh ly.
Néu m(z) dat cuc tri tai @ hodc b thi khong gidm téng quat ta gia thiét m(a) <
m(z) < m(b),Vz € [a,b]. Khido f(x) < f(b) — (b — x)m(a),Vx € [a,b] va

f(x) = fla) _ f(b) = f(a) = (b—x)m(a)

Tr —a T —a

_f) = fla)
i S m(a).

(O)R.E. Meyer (1919-2008), gido su dai hoc Wisconsin-Madison, USA.
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Lay gi6i han khi z — a+0 ta duge f'(a) < m(a),nén m(b) = f'(b) = f'(a) < m(a).

Dan t6i m(z) 1a ham hang, do d6 m/(z) = 0 va ta c6 két luan ctia dinh ly. O
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Hinh 2: Minh hoa hinh hoc cho dinh ly Flett va dinh ly Meyer

Nhén xét. Pinh ly Meyer la mot cach bé sung cho day da ctia dinh Iy Flett va
ching minh caa dinh ly Meyer dua theo cach ching minh thit hai caa dinh ly
Flett.

Dinh ly Lagrange néi rang ton tai tiép tuyén ctia d6 thi ham f(z) song song vdi
duong thang AB.

Dinh ly Flett néi rang ton tai tiép tuyén ctia do thi ham f(z) di qua diém 4, dinh
ly Meyer néi rang ton tai tiép tuyén ctia do thi ham f(x) di qua diém B.



2 Mot so bai toan ap dung
1. Cho0 <a<bvaham f : [a,b] — R lién tuc.
Chirng minh rang ton tai ¢ € (a, b) sao cho

VA = P

2f(e) =

Loi gidi. Xét ham

o) = Wi = VaWE=Vh) [ f(bita € o]
Ta théy g(a) = g(b) = 0 va
(@) = 5= [(Va = V) +va = VD] [ f0y+ (VE - Va)WE - Vis(a)
Theo dinh Iy Rolle tn tai ¢ € (a, b) sao cho ¢/(c) = 0, titc la
T Ve Vi) + e V)] [ fladde + (Ve ViV Vi) -
Suy ra

1 (AR
2f(c) = <2 (f_f\/-\[/f

\/E\/;J_r;f \f+\/_/f

2. Cho f(z), g(x) la cdc ham duong, lién tuc trén [a, b] va cho s6 thuc a.

Ching minh rang ton tai c € (a, b) sao cho

flo g0
Jo f@dz [V g(a)de

= Q.

b
Loi gidi. Xét h(x / dt/ g(t)dt, x € [a,b]. Taco h(a) = h(b) =0 va

/ dt/ dt+e‘”f()/ /f
a/a dt/ tdt — f / £)dt + gl /f 1)t

Str dung dinh ly Rolle thi ton tai ¢ € (a,b) dé h'(c) = 0.
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Chuye **, f(z),g(r) la cdic ham duong, ta suy ra
o [ swar [ owar— 1) [ owar+ o) [ o =

T I
Jo @)z |7 g(a)da

hay la

Q.

1 1
. Choham f : [0, 1] — R lién tuc thoa man / f(z)dx = / zf(z)dz
0

0

Chiing minh rang ton tai ¢ € (0, 1) sao cho / xf(z)dr =

t
Loi gidi. Xét ham h(t —t/ f(z dx—/ zf(x)dx, t € [0,1].

Ta thay 2(0) = h(1) = 0 va h'(t / f(z
Theo dinh ly Rolle ton tai b € (0, 1) sao cho //(b) = 0.
Do 1/(0) = h'(b) = 0, nén theo dinh Iy Flett ton tai ¢ € (0,b) C (0,1) sao cho

W)= MO =MY ROy ew(e) = o).

c—20 c

c/ocf(x)d:c:c/ch(x)dx—/ocxf(x)dx

suy ra diéu phai ching minh.

Tace la

1
. (OLP-Romania-2006). Cho ham f : [0, 1] — R lién tuc va thoa man / f(z)dz =
0

3
Chiing minh rang ton tai & € (0, 1) sao cho / xf(x)dr =
0

t t
Loi gidi. Xétham ¢(t) =t | f(z)dx — / zf(x)dx kha vi trén [0, 1].
0 0

t
Dé dang tinh duogc ¢'(t) = / f(z)dr vataco ¢g'(0) = ¢'(1) = 0.
0
Theo dinh ly Flett ton tai & € (0, 1) sao cho

v 9(§) —g(0)  g(&)
9' (&) = e

Nhu vay ta duge £¢'(§) = g(§), hay la

¢ /0 e = ¢ /0  fla)de - /0 e (a)de

6

0.



5. Cho f la ham lién tuc trén [0, 1] va thoa man /01 f(z)dx = 0.
Chiing minh rang ton tai ¢ € (0, 1) sao cho
Af(c) = /C(x + %) f(x)dz.
0
Loi gidi 1. Xét ham
g(x) = /Om[t2 + (1 —2)t]f(t)dt, z € ]0,1].
Ta thay g(z) kha vi trén [0, 1] va

§(2) = [+ (1 - )a] f(z) - / )t = 2 f(x) / Cif ()

0 0
Ta sé ching minh ton tai a,b € [0, 1] sao cho ¢'(a) > 0 va ¢'(b) < 0. Khi d6 do
tinh lién tuc ctia ¢’ sé ton tai d € (a,b) hodc d € (b,a) dé ¢'(d) = 0. Két hgp vdi
¢'(0) = 0, theo dinh ly Flett sé 3c € (0,d) dé

c—0 c

hay c*f(c) — c/oc tf(t)dt = /Oc[t2 + (1 —o)t] f(t)dt,

dan dén diéu can ching minh.

That vay: Vi f lién tuc trén [a, b] nén ton tai z,, 2, € [0,1] dé

m:= min f(zx)= f(z1), M := max f(z) = f(z2).

z€[0,1] z€[0,1]

1
Tir gia thiét / f(z)dz = 0, ta loai trit truong hop tam thudng f = 0, thi phai c6
0

m < 0va M > 0. Khi d6, néu z, >Oth‘1tal§ya:xgvéséco’
g'(a) ZMa—M/ tdt:Ma(l—g) >0,
0

con néu z, = 0, thi do tinh lién tuc sé ton tai a € (0,1] sao cho f(z) > L véi

z € [0,a] va nhu thé
M @ M
g(a) > 3Ta — M/ tdt = Za(?) —2a) > 0.
0

Tuong tu, néu x; > 0 thita léy b= x, vasé co

b
b
gf(b)gmb—m/ tdt:mb(1—§)<()7
0



N A N - PN ~ A . 3 s .
con neu x; = 0, thi do tinh lién tuc sé ton tai b € (0, 1] sao cho f(x) < Tm voi
x € [0,b] va nhu thé

b
g (b) < STmb _ m/ bt — %mb(:a o) < 0.
0

Chung minh dugc hoan thanh.

Loi gidi 2. Dat F(x) = a:/ ft)dt — / tf(t)dt trén [0, 1]. Ta co
E— 0 0

Fla) = /Oxf(t)dt va F'(0) = 0. Do /Olf(f)dt — 0, nén F'(1) = 0. Theo dinh ly

Flett ton tai a € (0, 1) sao cho L—g(()) = F'(a).
a —
Do do
/ tf(t)dt =0, a € (0,1). (1)
0

Lai dit G(z) = e—r/ LF()dt, « € [0,1]. Tix (1), G(0) = Gla) = 0.
0
Theo dinh ly Rolle ton tai b € (0, a) sao cho
b
0=0G'b) = —e_b/ tf(t)dt + e "bf (b).
0
Do do

/b tf(t)dt =bf(b), b€ (0,a). (2)

T 2
Lai dat H(z) = .:1:/ tf(t)dt —/ (t* +t) f(t)dt, x € [0.1]. Khi d6
0

0

H(z) = /0 (D)t — 2 f(x).

St dung (2), tac6 H'(0) = H'(b) = 0.
Lai theo dinh Iy Flett ton tai ¢ € (0,b) C (0, 1) sao cho

H(c) — H(0)

0 = H'(c).

Do do6
T dr=c [ af(e)dz— (o)
c/o xf(z)dx /O(I +z) f(x)dz C/o xf(z)dr — c f(c)
Diéu nay kéo theo ¢*f(c) = /c(x2 + ) f(z)dz.
0
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6. Choham f : [0, 1] — R lién tuc va thoa man f(1) = 0.
Chiing minh rang ton tai ¢ € (0, 1) sao cho f(c) = / f(z)dz.
0

Loi gidi. Xét ham

gt) =te™! /Otf(x)dx, t e [0,1].

Ham ¢(¢) kha viva

t t
J(t) = ef[/ Fla)de +Lf(t) — t/ f(x)dx].
0 0
Ta thdy ¢'(0) = ¢’(1) = 0, nén theo dinh ly Flett ton tai c € (0, 1) sao cho

g,(C) _ g(C) —g(O) _ 9(0)7 hay Cg/(C) — g(C)

c—0 c

Tac la
ce_c[/ f(x)dx + cf(c) — c/ f(x)dx} = ce_c/ f(x)dx,
0 0 0
suy ra dieu phai ching minh.

7. Cho f :[0,1] — R la ham kha vi lién tuc théa man f(1) =0, f’(1) = 1.

Chung t6 rang ton tai ¢ € (0, 1) sao cho

£(0) = (0 / f)d.

Loi gidi. Xét ham g(z) = ze /@ / f(t)dt, ta cé
0

g(@) =IO [ pe)dt—af'a) [ £+ ofa)].
0 0
Ta thay ¢'(0) = ¢’(1) = 0, nén theo dinh ly Flett ton tai ¢ € (0, 1) sao cho

g0 = 180 9D e 0= 1) [ swar

8. Cho cac ham f, g lién tuc trén [0, 1]. Chirng minh rang ton tai ¢ € (0, 1) sao cho

/01 f(x)dz /OC zg(z)de = /Olg(as)da; /ch;f(x)dx.
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Loi gidi. Xét cac ham

/f Yz — f(t / )dz , t € [0, 1],
H(s):/o (/0 h(t )dt)dx s€0,1].

Ta co

H'(s) = /0 “h()dt men H'(0) — /0 Oh(t)dtzo,

va H’(l):/Olf(x)dx/olg(t)dt—/Olg(x)dx/olf(t)dtzo.

Theo dinh ly Flett ton tai ¢ € (0, 1) sao cho

H'(c) = / “h(t)dt = H<CZ - gf<0> _ Héc)

= c/och(t)dt: Hc) = /0 (/jh(t)dt)dx.

Do d6
/Octh(t)dtz/o td(/oth(x)dx)dt
- [t Oth(x)da:”f)—/oc</ot h(:c)dx)dt
:c/o h(x)dx—/oc</0th(:):)d:):>dtzo
Suy ra

/Octh(t)dt _ /OC [tg(t) /01 f(x)dx —tf(t) /Olg(:c)d:c} dt
:/Olf(:v)d:v/octg(t)dt—/Olg(:t)da:/octf(t)dt:()

va ta dugc hé thic can phai chiing minh.

. Choham f : [a,b] — R lién tuc théa man

/t f(z)dz /t fx)dz £ 0,V € [a, b)].

Ching minh rang ton tai ¢ € (a,b) sao cho

/f Ydx — /f )dx :%/acf(a:)dx/cbf(x)dx
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10.

Loi gidi. Xétham g(t) = [ [ f(x)d |} f(x)dxr,t € [a, 1], ta 6

b t t b
sy =260 [ e~ [ soria] [ sy [ s
Ta thay ¢'(a) = ¢'(b) = 0, nén theo dinh ly Flett ton tai c € (a, b) sao cho

J(e) = 9(c) — g(a)

Y

hay la

250 [ s~ [ swyis] [ s@a [
NG f(x)dxr.

c—a

t t
Chu y t6i diéu kién dé bai / f(:v)d:v/ f(z)dz # 0,Vt € [a,b], ta suy ra diéu can
a b
ching minh.
Cho f : [a,b] — R 1a ham kha vi 2 1an véi f”(a) = f"(b).
Chiing t6 rang ton tai c € (a, b) sao cho

f(c)—f(a) :f/(c)_

c—a 2

RG]
Loi gidi. Do f"(a) = f”(b), 4p dung dinh ly Flett thi ton tai d € (a,b) sao cho
(d—a)f"(d) = f(d) - f'(a).
Xétham g : [a,b] = Rnhusau g(x) — (x — a)f'(x) — 2f(z) + z f'(a).
Tinh toan don gian ta dugc  ¢'(z) = (x — a) f"(x) — f'(x) + f'(a).
RO rang la ¢'(a) = ¢'(d) = 0, nén theo dinh ly Flett ton tai ¢ € (a,d) C (a,b) sao
cho (¢ —a)g'(c) = g(c) — g(a), tuc la
(c=a)*f"(c) = (c = a)[f'(c) = f'(a)]
= (c—a)f'(c) = 2f(c) + cf'(a) + 2f(a) — af(a),

hay 1a
76 fa) = (e~ ) () - = o),
f<ci:£(a> :f/(C) o C 5 af”(C)
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