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Abstract: The quasi-rectangular tunnel represents a novel cross-section design, intended to 

supersede the traditional circular and rectangular tunnel formats. Due to the limited capacity of 

the tunnel vault to withstand vertical loads, an interior column is often installed at the center to 

enhance its load-bearing capacity. This study aims to develop a hyperstatic reaction method 

(HRM) for the analysis of deformation and structural integrity in this specific tunnel type. The 

computational model is validated through comparison with the corresponding finite element 

method (FEM) analysis. Following comprehensive validation, an ensemble machine learning 

(ML) model is proposed, using numerical benchmark data, to facilitate real-time design and 

optimization. Subsequently, three widely used ensemble models, i.e. random forest (RF), 

gradient boosting decision tree (GBDT), and extreme gradient boosting (XGBoost) are compared 

to identify the most efficient ML model for replacing the HRM model in the design optimization 

process. The performance metrics, such as the coefficient of determination R2 of about 0.999 and 

the mean absolute percentage error (MAPE) of about 1%, indicate that XGBoost outperforms the 

others, exhibiting excellent agreement with the HRM analysis. Additionally, the model 

demonstrates high computational efficiency, with prediction times measured in seconds. Finally, 

the HRM-XGBoost model is integrated with the well-known particle swarm optimization (PSO) 

for the real-time design optimization of quasi-rectangular tunnels, both with and without the 

interior column. A feature importance assessment is conducted to evaluate the sensitivity of 

design input features, enabling the selection of the most critical features for the optimization 

task. 
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1. Introduction 

 

The quasi-rectangular tunnel has recently been proposed as a new tunnel cross-sectional 

design to address the inherent limitations of conventional circular and rectangular tunnels. The 

advantages of this tunnel cross-sectional design include higher space utilization and the 

elimination of concentrated stress induced at corners, which are inherent weaknesses in circular 

and rectangular tunnels (Huang et al., 2018; Do et al., 2020; Dang et al., 2021; Liu et al., 2024). 

Liu et al. (2018a) demonstrated that a quasi-rectangular tunnel can save approximately 20% 

more space than a traditional circular tunnel. However, one of the limitations of quasi-

rectangular tunnels is the restricted capacity of the tunnel vault to resist vertical loads, due to 

the flatness of this section caused by the large radius. To address this issue, an interior column 

is frequently incorporated into the design at the tunnel center to enhance the load-bearing 

capacity of the tunnel lining. Furthermore, the column serves as a structural element to separate 

the two transportation lanes within the tunnel. 

Recently, the behavior of quasi-rectangular tunnel support structures without an interior 

column has been studied using various methods, including experiments (Huang et al., 2018; 

Zhang et al., 2019, 2022a, b; Gong et al., 2024), and numerical analysis (Huang et al., 2018; Zhu 

et al., 2018; Do et al., 2020; Tien et al., 2020; Liu et al., 2024). The findings of these studies 

indicate that the dimensions, shape, buried depth, joint properties, and external loading 

distribution of the tunnel significantly influence its behavior. 

The impact of the interior column on the behavior of quasi-rectangular tunnels has also been 

explored through experimental and numerical methods (Liu et al., 2018a, c; Zhang et al., 2020, 

2022a; Zhang, 2021; Nguyen and Do, 2024). When an interior column is installed, the 

distribution of bending moment along the tunnel periphery changes, sometimes contrasting 

with those observed in a quasi-rectangular tunnel without a column. Specifically, negative 

bending moments are predicted at the tunnel vault and bottom, while positive bending moments 

are observed at the tunnel waist, indicating that the tensile parts of the tunnel lining become 

compressed (Zhao et al., 2021). Furthermore, the presence of the interior column alters the 

normal and shear forces within the lining (Liu et al., 2018b, c; Zhao et al., 2021).  

Most studies have focused on the effect of segment joints and external loading schemes on the 
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behavior of tunnel linings. Using an analytical solution, Yu and Chen (2021) conducted a 

parametric study to investigate the impact of the interior wall’s thickness on quasi-rectangular 

tunnel lining behavior. A constant tunnel lining thickness of 0.45 m was maintained, while the 

ratio between the interior wall thickness and that of the tunnel lining varied from 0.5 to 4. The 

results highlighted a significant influence of this thickness ratio on the tangential stress in the 

tunnel lining, particularly in the area near the connection between the interior column and the 

lining. 

The study of quasi-rectangular tunnels has recently attracted considerable interest from 

researchers, both those with and without interior column cases, using various approaches. 

Among these studies, Do et al. (2020) and Du et al. (2022) developed the hyperstatic reaction 

method (HRM) to conduct a comprehensive numerical investigation of quasi-rectangular 

tunnels without interior columns. This method, which is based on the finite element method 

(FEM) and was introduced by Oreste (2007) and other researchers (Do et al., 2014; Du et al., 

2018, 2020a; Tien et al., 2020; Nguyen et al., 2022; Pham et al., 2021, 2022), offers several 

advantages, including efficiency due to small discretization size and the use of nodal elastic 

springs. The HRM applies to various tunnel types, accounting for different shapes, ground 

conditions with multi-layers of varying properties, and asymmetry in external ground loading. 

This study aims to extend the HRM method to quasi-rectangular tunnels with an interior column 

at the tunnel center. The method has been validated through comparison with FEM analysis 

using Plaxis2D software (Plaxis, 2019) in several quasi-rectangular tunnel cross-sections. 

Generally, the HRM model can be combined with optimization algorithms for the design 

optimization of a quasi-rectangular tunnel. However, in scenarios where a large number of 

design alternatives are required to identify the optimum design variant, it is essential to conduct 

repeated numerical predictions of the tunnel response, with the results delivered in real-time. 

To accelerate the design optimization process and enable real-time prediction, it is necessary to 

substitute numerical simulations with computationally inexpensive surrogate models. For 

example, surrogate models can be integrated with particle swarm optimization (PSO) (Eberhart 

and Shi, 2001) to support decision-making in tunneling applications, such as the optimization of 

operational parameters during tunnel construction (Li et al., 2023a; Liu et al., 2023) or the 

optimization of anchoring parameters in rock tunnels (Li et al., 2021a). Theoretically, various 

methods can be employed to construct surrogate models for tunneling applications, including 

model order reduction techniques, including proper orthogonal decomposition (Cao et al., 2016; 

Zendaki et al., 2024), traditional machine learning (ML) models such as feed-forward neural 

networks (Cao et al., 2020; Zhao et al., 2024), recurrent neural networks (Freitag et al., 2018; 
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Cao et al., 2022), support vector machines (Huang et al., 2022; Li et al., 2024), deep learning 

(Tang and Na, 2021; Elbaz et al., 2022), and physics-informed machine learning (Xu et al., 2023, 

2024), and ensemble learning with tree-based algorithms such as random forest (RF) (Zhang et 

al., 2021), gradient boosting decision tree (GBDT) (Bui et al., 2023), and extreme gradient 

boosting (XGBoost) (Li et al., 2021b). Comparative studies have demonstrated that ensemble 

learning is the most accurate and efficient model for small to medium datasets (Li et al., 2021b; 

Zhang et al., 2021). Moreover, a tree-based ensemble can identify the sensitivity of features on 

prediction results, which is beneficial for evaluating the importance of model inputs. To the best 

of the authors’ knowledge, no comparable studies have been conducted concerning the quasi-

rectangular tunnel. Therefore, in this study, three widely used tree-based ensemble ML models 

are utilized as surrogate models for the HRM simulation model to perform feature importance 

analysis. A comparative study is conducted to determine the most efficient ML model, which is 

then combined with the PSO to achieve real-time design optimization of quasi-rectangular 

tunnels. 

This paper is structured as follows. After the Introduction, Section 2 presents an improved 

HRM model for the case of a quasi-rectangular tunnel with an interior column, validated by 

comparisons with FEM results. Furthermore, a parametric study is conducted using the 

developed HRM model, considering various input parameters, including tunnel depth, lining 

thickness, Young’s modulus of the soil, and lateral earth pressure coefficient. The data obtained 

in Section 2 will be thoroughly analyzed in Section 3, where ML algorithms are implemented and 

tested for predicting maximum and minimum stresses in the lining. Section 4 is dedicated to the 

analysis of the importance of input features related to stress outputs. In Section 5, the ML models, 

together with the PSO algorithm, are utilized to determine the optimal values for the lining 

thickness and the thickness of the interior column. Finally, conclusions and suggestions for 

future work are presented in Section 6. 

 

2. Development of the HRM model for a quasi-rectangular tunnel with an interior column 

 

2.1. Development of the HRM 

The HRM is a numerical technique built upon the FEM, in which the structure is discretized 

using beam elements. The interaction between the structure and the surrounding ground is 

characterized by Winkler springs at the nodal points. The relationship between the displacement 

and the applied load for the entire structure is expressed through the following equation: 

𝑲𝒖 =  𝑭                       (1) 
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where 𝑲 is the overall stiffness matrix of the structure, 𝒖 is the nodal displacement vector, and 

𝑭 is the force vector acting on the nodes. 

When the tunnel lining consists of a single closed ring without intersected elements, such as 

an interior column, the overall stiffness matrix of the structure is formulated as follows (Do, 

2014; Do et al., 2020; Du et al., 2018, 2020a, b; Tien et al., 2020): 

𝑲 =

[
 
 
 
 
 
 
𝒌𝑛,𝑑 + 𝒌1,𝑎 𝒌1,𝑏 0 0 0 𝒌𝑛,𝑐

𝒌1,𝑐 𝒌1,𝑑 + 𝒌2,𝑎 𝒌2,𝑏 0 0 0

0 𝒌2,𝑐 𝑘2,𝑑 + 𝒌3,𝑎 𝒌3,𝑏 0 0

0 0 𝒌3,𝑐 𝒌3,𝑑 + 𝒌4,𝑎 . . . 0

0 0 0 . . . . . . 𝒌𝑛−1,𝑏
𝒌𝑛,𝑏 0 0 0 𝒌𝑛−1,𝑐 𝒌𝑛−1,d + 𝒌𝑛,𝑎]

 
 
 
 
 
 

              (2) 

where 𝒌𝑖,𝑎, 𝒌𝑖,𝑏, 𝒌𝑖,𝑐, 𝒌𝑖,𝑑  are the sub-matrices corresponding to the ith element, each of which 

has a dimension of 3 × 3. The elemental stiffness matrix has the following form: 

𝒌i = [
𝒌𝑖,𝑎 𝒌𝑖,𝑏
𝒌𝑖,𝑐 𝒌𝑖,𝑑

]                       (3) 

However, for quasi-rectangular tunnels with an interior column, the intersection nodes 

between the column and the tunnel lining are connected to three beam elements: one element 

from the interior column and two elements from either side of the tunnel lining. The connection 

between the interior column and the lining is assumed to be rigid. In the numerical study, the 

tunnel lining is divided into 360 elements, while the interior column is composed of 11 elements, 

as depicted in Fig. 1. Consequently, the entire support structure consists of 371 elements and 

370 nodes. Nodes 1 and 181, located at the bottom and the crown of the tunnel lining, 

respectively, represent the connection point between the interior column and the lining. The 

modified stiffness matrix for the tunnel structure, including the interior column, is described as 

follows: 

𝑲 = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝒌360,𝑑 + 𝒌361,𝑎 + 𝒌1,𝑎 𝒌1,𝑏 0 0 … 0 0

𝒌1,𝑐 𝒌1,𝑑 + 𝒌2,𝑎 𝒌2,𝑏 0 … 0 0

0 𝒌2,𝑐 𝒌2,𝑑 + 𝒌3,𝑎 𝒌3,𝑏 … 0 0

0 0 𝒌3,𝑐 𝒌3,𝑑 + 𝒌4,𝑎 … 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 0 … 𝒌180,𝑑 + 𝒌181,𝑎 + 𝒌370,𝑑 𝒌181,𝑏
0 0 0 0 … 𝒌181,𝑐 𝒌181,𝑑 + 𝒌182,𝑎
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 0 … 0 0

𝒌360,𝑏 0 0 0 … 0 0

𝒌𝟑𝟔𝟏,𝒄 0 0 0 … 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 0 … 0 0
0 0 0 0 … 𝒌370,𝑏 0
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. . . 0 𝒌360,𝑐 𝒌361,𝑏 . . . 0 0

. . . 0 0 0 . . . 0 0

. . . 0 0 0 . . . 0 0

. . . 0 0 0 . . . 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ . . .
. . . 0 0 0 . . . 0 𝒌370,𝑐
. . . 0 0 0 . . . 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
. . . 𝒌358,𝑑 + 𝒌359,𝑎 𝒌359,𝑏 0 . . . 0 0

. . . 𝒌359,𝑐 𝒌359,𝑑 + 𝒌360,𝑎 0 . . . 0 0

. . . 0 0 𝒌361,𝑑 + 𝒌362,𝑎 . . . 0 0

. . . . . . . . . . . . . . . . . . . . .

. . . 0 0 0 . . . 𝒌368,𝑑 + 𝒌369,𝑎 𝒌369,𝑏

. . . 0 0 0 . . . 𝒌369,𝑐 𝒌369,𝑑 + 𝒌370,𝑎]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

         (4) 

The normal and tangential spring stiffness (see Fig. 2), can be respectively determined 

through the normal and tangential stiffness of the soil with the average length of two adjacent 

elements: 

𝑘n,𝑖 = 𝜂n,𝑖
∗ 𝐿𝑖−1+𝐿𝑖

2
𝑊                                              (5) 

𝑘s,𝑖 = 𝜂s,𝑖
∗ 𝐿𝑖−1+𝐿𝑖

2
𝑊                                              (6) 

where Li is the length of the ith element; W is the unit length in the longitudinal direction of the 

considered element, usually taken as 1 m; and 𝜂n,𝑖
∗  and 𝜂s,𝑖

∗
 are the apparent stiffness of the soil 

determined by the ratio of pressure to displacement in the normal and tangential directions at 

each node, respectively. 

 

 
Fig. 1. Discretization of a quasi-rectangular tunnel’s structures into beam elements and nodes (the ‘×’ symbol 

denotes the node on the lining). 
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Fig. 2. The interaction between the ground and support through Winkler springs linked to the structure 

nodes. 

 
It is important to note that the relationship between soil reaction pressure and structural 

displacement is generally nonlinear, as illustrated in Fig. 3. This applies to both the normal and 

tangential stiffness of the soil, as evidenced by the following equations (Oreste, 2007; Do et al., 

2014). 

𝜂n,𝑖
∗ =

𝑝n,𝑖

𝛿n,𝑖
=

𝑝n,lim

𝛿n,𝑖
(1 −

𝑝n,lim

𝑝n,lim+𝜂n,0𝛿n,𝑖
)                        (7) 

𝜂s,𝑖
∗ =

𝑝s,𝑖

𝛿s,𝑖
=

𝑝s,lim

𝛿s,𝑖
(1 −

𝑝s,lim

𝑝s,lim+𝜂s,0𝛿s,𝑖
)                         (8) 

where p
n,lim

 is the maximum normal reaction pressure determined by the friction angle () and 

cohesion (c) of the soil. Taking into account the influence of the confining pressure ∆σconf, pn,lim
 

can be expressed as 

𝑝n,lim =
2𝑐cos𝜙

1−sin𝜙
+
1+sin𝜙

1−sin𝜙
∆𝜎conf                           (9) 

p
s,lim

 is determined by the following expression:  

𝑝s,lim =
𝜎h+𝜎v

2
tan𝜙                                   (10) 

where σv and σh are the vertical and horizontal loads, respectively.  
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Fig. 3. Nonlinear relation between the reaction pressure of the ground (p) and the displacement of the 

support (δ).  is the initial slope of the curve and is equal to arctan0 (Oreste, 2007). 

 

η
n,0

 in Eq. (7) is the initial normal stiffness of the soil, and η
s,0

 in Eq. (8) is the initial tangential 

stiffness of the ground, which is taken as η
s,0
/3 (Do et al., 2014). In this case, the value of η

n,0
 is 

determined by the empirical equation (Mӧller, 2006): 

𝜂n,0 = 𝛽
1

1+𝜈s

𝐸s

𝑅s
                                  (11) 

where 𝜈s is the Poisson’s ratio of the soil, Rs is the radius of the corresponding arc in the quasi-

rectangular tunnel cross-section, E𝑠 is the Young’s modulus of the soil, and β is a dimensionless 

factor. 

The vertical load is determined according to Terzaghi’s formula (Takano, 2000). If the 

overburden depth (H) of the tunnel exceeds twice the tunnel height Ht, i.e. H > 2Ht, the effective 

overburden depth can be utilized and determined by the following formula: 

ℎ0 =
𝐵1(1−𝑐/𝐵 𝛾1 )

𝐾0 tan𝜙
[1 − e−𝐾0 tan𝜙(𝐻/𝐵1)] +

𝑃0

𝛾
e−𝐾0 tan𝜙(𝐻/𝐵1)             (12) 

𝐵1 = 𝐵 + 𝐻t cot (
π

4
+
𝜙

2

2
)                                        (13) 

where γ represents the unit weight of the soil, K0 denotes the lateral earth pressure coefficient, 

and B is the width of the quasi-rectangular tunnel. 

The horizontal loads, denoted as σh and applied to the sidewall, are typically regarded as a 

specific proportion of the vertical loads, contingent upon the lateral earth pressure coefficient 

K0 as 

𝜎h = 𝐾0𝜎v                                           (14) 

As indicated by Terzaghi (1941), Blom (2002), Do and Dias (2018), and Kroetz et al. (2018), 

a reduction in the upward ground pressure acting on the bottom of the tunnel lining should be 

considered to account for the loss of the excavated soil’s deadweight inside the tunnel. Based on 

a parametric investigation by comparing the HRM model with FEM calculations, this study 

Jo
urn

al 
Pre-

pro
of



proposes a reduction factor of 0.81 for the upward pressure applied at the tunnel bottom. 

2.2. Validation of the HRM model 

The first quasi-rectangular tunnel, constructed as part of the Ningbo Metro Line 3 in Zhejiang, 

China (Liu et al., 2018b; Li et al., 2023b), is used as the reference case for validation purposes. 

The tunnel has a width of 11.5 m and a height of 6.937 m. The lining consists of 10 segments, 

labeled B1–B3, C1–C3, T1, T2, L, and F, and an interior column (LZ) (see Fig. 4). Segmental joints 

JF1–JF10 are present, however, in this study, the joint effect is not considered, and JF1–JF10 are 

treated as rigid joints. The lining and the interior column have a thickness of 450 mm and 350 

mm, respectively. The tunnel is primarily formed by two arcs at the crown and invert, each 

covering an angle of 24°, and two arcs on the sides, each with an angle of 156°, as shown in Fig. 

4. 

Using the parameters of the Ningbo Metro Line 3, the proposed HRM model for the quasi-

rectangular tunnel with an interior column was validated against FEM analysis (Plaxis, 2019). 

The FEM model was assumed to be in plane strain, with a width and height of 100 m and 50 

m, respectively. The computational mesh comprised approximately 17,000 15-node triangular 

elements and around 138,000 nodes. The bottom of the model was fixed in both vertical and 

horizontal displacements, while the lateral sides were allowed only vertical displacements. In 

contrast, the top of the model was allowed free displacements. 

The soil behavior utilized in the FEM model follows the perfect Mohr–Coulomb (MC) plastic 

law. Although the MC model may not fully capture soil deformation as the hardening soil model 

(Celik, 2017; Chen and Peng, 2018; Miliziano and de Lillis, 2019), it is widely employed in studies 

involving the mechanical behavior of tunnel structures and preliminary design calculations due 

to its simplicity and sufficient accuracy (Abdellah et al., 2018; Miliziano and de Lillis, 2019; Vinod 

and Khabbaz, 2019; Karasev and Nguyen, 2022). 

 

 
Fig. 4. Quasi-rectangular tunnel with an interior column of Ningbo metro line 3 (Case A) (Liu et al., 2018b). 
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Four scenarios of tunnel designs, labeled A, B, C, and D (see Table 1 and Figs. 4 and 5), are 

adopted for the validation purpose of the computational model. The tunnel designs in cases A 

and B have the same dimensions, but case A includes an interior column. Similarly, the tunnel in 

case C has the same dimensions as in case D, but case C includes an interior column. The tunnel 

lining is modeled using beam elements, with material parameters summarized in Table 2. For all 

calculations, the worst-case scenario is considered for the support structure without considering 

the deconfinement process of the surrounding soil before lining installation.  

 

 
Fig. 5. Cases of quasi-rectangular tunnel: (a) Case A; (b) Case B; (c) Case C; and (d) Case D. 

 

Table 1. Cross-sectional parameters of quasi-rectangular tunnel. 

Parameter Case 
A and B C and D 

Tunnel width, B (m) 11.5 9.7 
Tunnel height, Ht (m) 6.937 7.2 
B/Ht  1.658 1.347 
Outer perimeter, (m) 30.381 28.224 
Outer area (m2) 66.881 59.785 

 

Table 2. Input parameters. 

Parameter  Value 
Properties of soil 

Unit weight, s (kN/m3) 18 
Young’s modulus, Es (MPa) 3.6 
Internal friction angle,  (°) 16.5 

Cohesion, c (kPa) 25.6 
Poisson’s ratio, s 0.35 
Lateral earth pressure coefficient, K0 1 − sin ϕ 
Overburden, H (m) 10 
Properties of tunnel lining 
Material model Linear elastic 
Young’s modulus, E1 (GPa) 31 
Unit weight, 1 (kN/m3) 24 

Poisson’s ratio, 1 0.15 
Lining thickness (m) Cases A and B 0.45 
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Cases C and D 0.5 
Thickness of the interior  
column (m) 

All cases 0.35 

 

The results obtained from the HRM and FEM models are depicted in Figs. 6 and 7 and Tables 

3 and 4. These findings indicate that the HRM model matches closely with the FEM model in both 

the distribution and magnitude of internal forces within the support structure. 

Remarkably, due to the presence of the interior column, the bending moment of the tunnel 

gradually shifts from positive to negative across the vault and reaches extreme values at the 

crown, as shown in Fig. 6. A similar pattern is also observed at the invert of the tunnel. As the 

tunnel width increases, the absolute value of the extreme bending moment also increases. This 

trend holds for both cases with (cases A and C) and without (cases B and D) an interior column. 

This behavior can be attributed to two factors: (1) the increased vertical loads as the tunnel 

width grows, which contributes to the loosening arching effect in the surrounding ground 

(Terzaghi, 1941); and (2) the greater flatness of the vault and bottom parts in cases A and B, 

which reduces the transformation effect of vertical loads to the tunnel sides. 
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Fig. 6. Internal forces induced in quasi-rectangular tunnel lining: (a) Bending moment; and (b) Normal forces; 

c) Shear forces. 

 

 
Fig. 7. Normal forces induced in the interior column. 

 

The discrepancy in the maximum and minimum bending moments between the HRM and FEM 

models is very small, with a difference of less than 5% across all four tunnel cases. However, the 

variation in normal forces is slightly larger, ranging from 2% to 11%. In cases A and C, where the 
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tunnel structure includes an interior column acting as a central support under symmetrical 

loading, the bending moment and shear force within the column are negligible and are therefore 

not presented here for brevity. 

 
Table 3. Comparison of extreme structural forces in the tunnel lining obtained by HRM and FEM. 
Case Maximum bending moment (kN m/m) Minimum bending moment (kN m/m) Maximum normal force (kN/m)  

FEM  HRM Difference (%) FEM  HRM Difference (%) FEM  HRM Difference (%) 

A 224.03 227.22 1.42 -501.3 -501.39 0.02 754.63 731.8 -3.03 
B 1150.94 1200.1 4.27 -1159.96 -1173 1.12 1218.44 1194.6 -1.96 
C 151.6 153.88 1.5 -296.24 -300.36 1.39 749.72 672.78 -10.26 
D 815.11 773.63 -5.09 -579.37 -552.43 -4.65 1062.06 996.45 -6.18 
Case Minimum normal force (kN/m) Maximum shear force (kN/m) Minimum shear force (kN/m) 

FEM  HRM Difference (%) FEM  HRM Difference (%) FEM  HRM Difference (%) 

A 425.46 454.55 6.84 514.57 447.4 -13.05 -514.57 -483.01 -6.13 
B 454.41 463.99 2.11 580.99 631.64 8.72 -580.99 -630.5 8.52 
C 460.46 442.19 -3.97 381.45 338.26 -11.32 -381.45 -359.7 -5.7 
D 489.99 527.82 7.72 612.27 587.4 -4.06 -612.26 -588.21 -3.93 

 
Table 4. Comparison of extreme normal forces in the interior column obtained by HRM and FEM. 

Case Maximum value (kN/m) Minimum value (kN/m) 
FEM HRM Difference (%) FEM HRM Difference (%) 

A 1029.15 955.29 -7.18 977.26 955.29 -2.25 
C 762.89 711.76 -6.7 709.29 711.76 0.35 

 

Fig. 6 illustrates significant differences in internal forces within the tunnel structure between 

cases A and C, as well as cases B and D. The presence of an interior column drastically reduces 

both bending moments and normal forces. In case B (tunnel structure without an interior 

column), the maximum and minimum bending moments and the maximum normal force are 

5.13, 2.31, and 1.62 times greater, respectively, compared to case A. Similar trends were also 

observed for cases C and D. The influence of the interior column on the distribution of bending 

moment is evident, particularly at the upper crown and lower invert sections of the tunnel lining, 

where the bending moment transitions from positive to negative values. 

The interior column reduces the horizontal span of the tunnel structure, thereby increasing 

its overall stiffness, which in turn leads to a substantial reduction in internal forces. An 

interesting observation from Fig. 6a and b is that the presence of an interior column significantly 

diminishes the effect of tunnel shape and dimensions on internal forces. Indeed, while there are 

large differences in the bending moment and normal forces between cases B and D, much smaller 

discrepancies are observed between cases A and C, particularly at the crown, bottom, and sides 

of the tunnels. This can be attributed to the enhanced stiffness of the tunnel lining when an 

interior column is present. 

The normal force results for the column, as shown in Fig. 7 (cases A and C), demonstrate that 

the HRM method exhibits a small deviation compared to the FEM results, with differences of less 

than 11%. The discrepancy in normal force is smaller at the top of the column than at the bottom. 

This can be attributed to the fact that, in the FEM method, the column’s self-weight progressively 
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increases from top to bottom due to the effect of body load. As a result, the normal force increases 

along the column’s height. In contrast, the HRM method does not account for the self-weight of 

the structure, resulting in a constant normal force throughout the column’s height. 

The above analysis reveals that the developed HRM model provides good agreement with the 

FEM computations in terms of internal forces for both cases (Tables 3 and 4). Therefore, the 

HRM analysis will be used for the parametric study and optimization of tunnel shape, which will 

be presented in the following sections. 

2.3. Parametric study 

Using the enhanced HRM model, an assessment was conducted to evaluate the impact of the 

interior column on the behavior of the quasi-rectangular tunnel lining concerning induced 

internal forces. The tunnel geometries for cases A and B were derived from the reference case of 

the Ningbo Metro Line 3. The parametric study included variations in soil Young’s modulus (𝐸s), 

tunnel depth (𝐻), lateral earth pressure coefficient (𝐾0), tunnel lining thickness (𝑡lining), and the 

thickness of the interior column ( 𝑡column ). The outputs of interest are the maximum and 

minimum stresses on the tunnel lining under the critical state of the lining, i.e. under the 

maximum positive bending moment. A total of 88,935 simulations (including 8085 cases for a 

tunnel without an interior column) were performed using the HRM model, considering 

variations in the five input parameters. The ranges for these parameters are summarized in 

Table 5. The results indicate that the critical stresses in the tunnel lining can be reduced from a 

range of -140–146 MPa for tunnels without an interior column to -40–46 MPa with the 

installation of the interior column. 

 

Table 5. Variation range of investigated parameters for the case of a quasi-rectangular tunnel. 

Parameter Value 
H (m) 1Ht, 1.45Ht, 2Ht, 2.5Ht, 3Ht, 3.5Ht, 4Ht  
Es (MPa) 3.6, 10, 20, 30, 50, 75, 100, 150, 200, 250, 300 
K0 0.4, 0.6, 0.8, 1, 1.2 
tlining (m) 0.3, 0.32, 0.34, ..., 0.68, 0.7 
tcolumn (m) 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 

 

The data obtained from HRM simulations were then utilized to study the influence of input 

parameters on system response for quasi-rectangular tunnels. To derive an input-output 

relationship prediction, the widely used ensemble ML algorithms, i.e. RF, gradient boosting 

decision tree (GBDT), extreme gradient boosting (XGBoost)), were employed. The accuracy of 

these prediction models was evaluated to determine the most effective one. In addition, a feature 

importance analysis was conducted using these ML models, and the outcomes were compared 

with engineering expectations to identify the most relevant input parameters for tunnels with 
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and without an interior column. Finally, the most accurate ML model and the most important 

features identified will be used to optimize the lining design. 

 

3. ML for stress prediction in tunnel lining 

 

The maximum and minimum stresses, representing compressive and tensile states in a cross-

section, are determined based on the internal forces of the beam under loads, as outlined by 

Timoshenko (1976): 

𝜎max
min =

𝑁

𝐴
±
𝑀

𝐼
𝑡/2                      (15) 

where A is the area of the considered cross-section, I is the inertia of the cross-section, and t is 

the thickness of the lining. 

In this study, the critical section to be investigated is defined as the one with the largest 

positive bending moment. It should be noted that the tensile stress 𝜎min is not used to verify the 

limit state of the tunnel’s concrete lining. Rather, it is used to assess the allowable tensile stress 

for the steel bars reinforcing within the concrete (ITA-WG2, 2019). Nevertheless, analyses of 

𝜎min  are still conducted to provide a comprehensive understanding of the tunnel lining’s 

behavior under the impact of various input parameters. 

3.1. Ensemble learning algorithms 

In this section, three widely used ensemble ML algorithms (i.e. RF, GBDT, and XGBoost) are 

employed to establish ML models for the prediction of critical stresses in the tunnel lining.  

3.1.1. RF 

The first ML model, i.e. RF, combines a number of independent decision trees to create a 

”forest” (Breiman, 2001). By growing multiple decision trees, the accuracy of the prediction is 

improved. The training algorithm employed in RF is the bootstrap aggregation (bagging) 

method. In this approach, bootstrap subsets are randomly sampled from the original training 

set. For each subset, which can vary in the number of samples and features, a decision tree is 

constructed as a sub-prediction model, ensuring the diversity among the trees and mitigating 

the risk of overfitting. Each tree is grown until it reaches its maximum depth without pruning. In 

regression tasks, tree splits are determined based on variance reduction. The final prediction is 

obtained by averaging the outputs from all trees in the forest, as expressed by the following 

formula: 

𝑺 =
1

𝑁
∑ 𝑺𝑛(𝜣)
𝑁
𝑛=1                      (16) 

where S represents the average output of the prediction from a total of N trees; Θ denotes the 
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input vector, and Sn(Θ) stands for the individual prediction of a tree in the forest for an input 

vector. The hyperparameters in this algorithm are the number of trees and random features at 

each node, as well as the maximum depth of a tree. 

3.1.2. GBDT 

The GBDT approach enhances the robustness of predictions by aggregating the results of 

simpler learning models (Friedman, 2001). This aggregation is typically achieved by employing 

the boosting methods, where the base models, i.e. weak learners, are constructed using the 

decision tree (DT) learning algorithm. These DTs are sequentially combined to form the final 

model. Denoting S as the stress in the lining and Θ as the tunnel parameters, a surrogate model 

based on GBDT can be defined as 

𝑺 = 𝑭𝑊(𝜣) = ∑ 𝑓𝑤(𝜣)
𝑊
𝑤=1                          (17) 

where f
w

 is the wth weak DT model among the total of W weak models composing the final 

model. In each training iteration w, a new regression tree model f
w
(Θ) is determined and added 

to the previous ensemble model Fw−1(Θ) to constitute the current ensemble model Fw(Θ). By 

minimizing the loss function Lw(Θ)  using the actual value S  and the model output F(Θ) , the 

additive model f
w

 is obtained: 

𝑓𝑤(𝛩) = argmin
𝑓𝑤(𝜣)

∑ 𝑳𝑤(𝑺𝑚, 𝑭𝑤(𝜣𝑚))
𝑀
𝑚=1 = argmin

𝑓𝑤(𝜣)
∑ 𝑳𝑤(𝑺𝑚, 𝑭𝑤−1(𝜣𝑚) + 𝑓𝑤(𝜣𝑚))
𝑀
𝑚=1       (18) 

where f
w

(Θm) represents the fitted simple DT model using the output Sm and the input Θm of the 

data sample 𝑚  ( 1 ≤ m ≤ M ), with M  denoting the total number of training samples. An 

approximation of the loss Lw(Θ) using the first-order Taylor expansion is expressed as follows: 

𝑳𝑤(𝑺𝑚, 𝑭𝑤−1(𝜣𝑚) + 𝑓𝑤(𝜣𝑚)) ≈ 𝑳𝑤(𝑺𝑚, 𝑭𝑤−1(𝜣𝑚)) + 𝑔𝑤(𝜣𝑚)𝑓𝑤(𝜣𝑚)          (19) 

where the first-order gradient g
w

(Θm) is calculated as 

𝑔𝑤(𝜣𝑚) = [
𝜕𝑳(𝑺𝑚,𝐹(𝜣𝑚))

𝜕𝑭(𝜣𝑚)
]
𝑭(𝜣)=𝑭𝑤−1(𝜣)

                        (20) 

By inserting Eq. (19) into Eq. (18) and removing the constant error Lw between Sm and the 

output of the previous ensemble model F𝑤−11(Θm), the minimization yields 

𝑓𝑤(𝜣) = argmin
𝑓𝑤(𝜣)

∑ 𝑔𝑤(𝜣𝑚)
𝑀
𝑚=1 𝑓𝑤(𝜣𝑚)                   (21) 

At each iteration w, the negative gradients of data samples −g
w

(Θm) are calculated based on 

the fitted model f
w

(Θm). 

3.1.3. XGBoost 

While the GBDT method constructs weak learning models using fixed-sized DTs in a stage-

wise, time-consuming greedy strategy, XGBoost improves GBDT in both efficiency and 

scalability. XGBoost achieves this improvement through parallel boosting and regularization 
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techniques, which help to reduce the risk of overfitting during the training process (Chen and 

Guestrin, 2016). The objective function to be minimized in XGBoost is expressed as 

𝑱(𝜣) = 𝑳𝑤(𝜣) + 𝛺                          (22) 

where 𝛺 denotes the regularization term. In the XGBoost model, both L1 (Lasso) and L2 (Ridge) 

regularization are incorporated into 𝛺, thereby enhancing model generalization and reducing 

overfitting. The regularization term 𝛺 of a tree with Q leaves is defined as 

𝛺 = 𝛾𝑄 +
1

2
𝜆 ∑ 𝝎𝑗

2𝑄
𝑗=1                           (23) 

where γ is the penalty for several leaves; λ stands for the L2 regularization term on leaf weights, 

and ω2 represents the weight of the jth leaf. In addition, to improve the minimization efficiency, 

the second-order Taylor expansion is adopted to compute the loss Lw(Θ) in Eq. (19) as 

𝑳𝑤(𝜣𝑚) ≈ 𝑳𝑤(𝑺𝑚, 𝑭𝑤−1(𝜣𝑚)) + 𝑔𝑤(𝜣𝑚)𝑓𝑤(𝜣𝑚) +
1

2
ℎ𝑤(𝜣𝑚)𝑓𝑤

2(𝜣)                 (24) 

where hw(Θ) denotes the second-order gradient. By considering both the first- and second-order 

derivatives, XGBoost enables more informed decisions about splits, which often result in better 

feature selection. Concerning the feature splitting in building a decision tree, GBDT suffers from 

potential loss for all possible features when they are split to create a new branch of the tree. 

XGBoost addresses this inefficiency by adopting an approximation approach. In the 

approximation procedure, the distribution of features (histograms) across all data points in a 

leaf is taken into account to reduce the search space of possible feature splits. The splitting can 

be decided globally a priori at the beginning of the training or locally for each leaf to accelerate 

the training process. 

3.2. Evaluation of prediction capabilities 

In this section, the effects of three ML models (RF, GBDT, and XGBoost) on the prediction of 

the maximum (σmax) and minimum (σmin) stresses of the quasi-rectangular tunnel lining with 

and without an interior column are examined. The performance of each ML model is evaluated 

based on a 5-fold cross-validation, in which the dataset is divided into five sub-datasets of equal 

size. In each validation, the prediction quality of the ML model is quantified by comparing the 

predicted and the HRM reference results using two metrics: the well-known coefficient of 

determination (R2) and the mean absolute percentage error (MAPE): 

𝑀𝐴𝑃𝐸 =
1

𝑁
∑ |

𝜎𝑖
HRM−𝜎𝑖

∗

𝜎𝑖
HRM |𝑁

𝑖=1 × 100%                             (25) 

3.2.1. Without the interior column 

To investigate this specific case, 8085 simulations were used for the training and testing of the 

ML models. The corresponding four inputs are H, Es, K0, and tlining. The optimal hyperparameters 

(max_depth and n_estimators) for the configuration of each ML model are determined using the 
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grid search algorithm (Tang and Na, 2021). The mean MAPE and R2 of all validation cases in each 

fold, as well as the average performance of the 5-fold validation corresponding to each ML model, 

are given in Tables 6 and 7 for the prediction of σmax and σmin, respectively. In this section, the 

effect of each input feature on each output, i.e. σmax  and σmin , is studied separately with 

individual ML models. 

Concerning the prediction of σmax, the RF model indicates a good prediction, with an error of 

MAPE = 5.48% and R2 = 0.983. The XGBoost model shows a significant improvement in the 

prediction accuracy, with MAPE = 1.08% and R2 = 0.999. However, the GBDT model exhibits the 

best prediction in this case, with R2 = 0.999 and MAPE = 0.76%. 

A similar trend is evident in the prediction of 𝜎min for the tunnel lining, as shown in Table 7. 

The performance difference between the GBDT and XGBoost models is almost negligible, with 

both achieving average R2 values of 0.999 and average MAPE values of 0.86% and 1.28%, 

respectively, over 5-fold cross-validation. However, XGBoost significantly outperforms GBDT in 

terms of computation time, taking only 1.5 s compared to GBDT's 12.9 s, representing a nearly 

ninefold reduction. Both boosting-based models outperform the RF model, which has a MAPE of 

6.24% and an R2 of 0.982, in predicting 𝜎min. 

 

Table 6. Optimum hyperparameters and prediction accuracy of three ML models for σmax  using 8085 

simulations of a tunnel without an interior column. 
ML model Optimum parameters R2 of 5-fold cross-validation MAPE of 5-fold cross-validation (%) Time (s) 

max_depth n_estimators 1 2 3 4 5 Average 1 2 3 4 5 Average 

RF 8 50 0.981 0.984 0.983 0.982 0.983 0.983 5.5 5.4 5.2 6.0 5.3 5.48 2.37 
GBDT 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.7 0.8 0.8 0.7 0.8 0.76 12.93 
XGBoost 8 200 0.999 0.999 0.999 0.999 0.999 0.999 1 1.2 1.1 1 1.1 1.08 1.7 

 
Table 7. Optimum hyperparameters and prediction accuracy of three ML models for 𝜎min  using 8085 

simulations of a tunnel without an interior column. 
ML model Optimum parameters R2 of 5-fold cross-validation MAPE of 5-fold cross-validation (%) Time (s) 

max_depth n_estimators 1 2 3 4 5 Average 1 2 3 4 5 Average 
RF 8 50 0.983 0.981 0.983 0.98 0.981 0.982 6.2 6.2 6.2 6.5 6.1 6.24 2.54 

GBDT 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.9 0.8 0.9 0.9 0.8 0.86 12.89 
XGBoost 8 100 0.999 0.999 0.999 0.999 0.999 0.999 1.2 1.4 1.2 1.3 1.3 1.28 1.5 

 
3.2.2. With the interior column 

A total of 80,850 simulations were conducted for a tunnel with an interior column. In addition 

to the four inputs used in the case without an interior column, the thickness of the interior 

column ( tcolumn ) was also considered. The model outputs remain σmax  and σmin . The 

corresponding performance of the investigated ML models is given in Tables 8 and 9.  

 

Table 8. Optimum hyperparameters and prediction accuracy of three ML models for σmax  using 80,850 

simulations of a tunnel with an interior column. 
ML model Optimum parameters R2 of 5-fold cross-validation MAPE of 5-fold cross-validation (%) Time (s) 

max_depth n_estimators 1 2 3 4 5 Average 1 2 3 4 5 Average 

RF 8 50 0.993 0.993 0.993 0.993 0.993 0.993 2.4 2.5 2.5 2.5 2.5 2.48 21.95 
GBDT 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.21 0.21 0.21 0.21 0.21 0.21 133.2 
XGBoost 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.4 0.4 0.4 0.4 0.4 0.4 4.7 
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Table 9. Optimum hyperparameters and prediction accuracy of 3 ML models for σmin  using 80,850 

simulations of a tunnel with the interior column. 
ML model Optimum parameters R2 of 5-fold cross-validation MAPE of 5-fold cross-validation (%) Time (s) 

max_depth n_estimators 1 2 3 4 5 Average 1 2 3 4 5 Average 
RF 8 50 0.986 0.987 0.987 0.987 0.987 0.987 3.4 3.5 3.4 3.5 3.5 3.46 21.98 
GBDT 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.27 0.27 0.27 0.27 0.27 0.27 140.7 
XGBoost 8 200 0.999 0.999 0.999 0.999 0.999 0.999 0.4 0.4 0.4 0.4 0.4 0.4 5.5 

 
The results demonstrate that all ML models provide excellent predictions for both σmax and 

σmin  with R2 ≈ 0.99. In particular, for the prediction of σmax , the RF model shows the lowest 

accuracy, with an average MAPE of 2.48%. In contrast, the GBDT provides the highest accuracy 

with an average MAPE of 0.21%, as shown in Table 8. However, it is the most computationally 

expensive model, requiring a computation time of 133.2 s. The XGBoost model, while exhibiting 

slightly reduced accuracy (MAPE = 0.4%), is much more computationally efficient, with a 

computation time of only 4.7 s. For σmin, both the GBDT and XGBoost models exhibit excellent 

performance, with average MAPE values of 0.27% and 0.4%, respectively. However, the 

computation time for GBDT (140.7 s) is significantly longer than that for XGBoost (5.5 s). In 

contrast, the RF model is the least effective for predicting σmin, with an average MAPE of 3.46% 

and a computation time of 21.98 s. 

The results presented in this section demonstrate that XGBoost is the most efficient model for 

the prediction of stress on tunnel lining, both with and without interior columns. This model is 

then utilized to extract feature importance to reveal the impact of input features on the predicted 

stress outputs, which will be presented in the next section. 

 

4. Feature importance analysis 

 

4.1. Analysis methods 

This section focuses on analyzing the importance of input features in predicting stresses in the 

tunnel lining. Given that the ML models discussed in Section 3 are often regarded as black-box 

models and difficult to interpret, SHAP (explainable artificial intelligence) is employed to clarify 

the input-output relationships. Furthermore, two commonly used feature importance 

techniques, namely mean decrease impurity-based feature importance (MDI) and permutation 

feature importance (PFI), are also investigated and compared. 

4.1.1. SHAP 

The SHAP method, based on the game theory approach (Lundberg and Lee, 2017), is typically 

used to estimate the influence of selected features on the quality of output predictions. SHAP 

enhances the transparency and interpretability of the input-output relationship in the data by 
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assigning an importance value to each input feature, which reflects its effect on the model. In this 

study, features with larger absolute values are considered more important. TreeSHAP, a variant 

of SHAP for tree-based ML models, is employed. The Shapley values of a tree ensemble represent 

the global importance and are calculated as the weighted average of the Shapley values from 

individual trees, as described in the following equation:  

𝑠𝑖 =
1

𝑀
∑ |𝜙𝑖

𝑚|𝑀
𝑚=1   (26) 

where ϕm denotes the attribution of the ith feature using the sample 𝑚 in the M samples.  

4.1.2. Mean decrease in impurity 

The MDI is a measure for the importance ranking of input features, which is computed from 

statistics derived from the training dataset of an ML model. MDI is particularly useful for 

examining overfitted models when the importance is high even for features of the target variable 

in the test set that are not predictive. By incorporating MDI, the XGBoost model in this study can 

be better generalized to improve the reliability of the feature analysis. Furthermore, the 

importance indices are calculated as the average values over a 5-fold cross-validation, which 

further improves the model’s generalization. As described by Breiman (2001), the global feature 

importance si for the ith feature is calculated by averaging the local importance 𝑠𝑖
𝑘 across all the 

K data samples as follows: 

𝑠𝑖 = ∑ |𝑠𝑖
𝑘|𝐾

𝑘=1 = ∑
1

𝑇

𝐾
𝑘=1 ∑ |𝑓𝑡,𝑖

𝑘 |𝑇
𝑡=1   (27) 

where K denotes the total number of samples; 𝑓𝑡,𝑖
𝑘  is the feature value of the tree 𝑡 in the tree-

based model, i.e. XGBoost; and T is the total number of trees. 

4.1.3. PFI 

In contrast to MDI, PFI evaluates the contribution of each feature to the statistical performance 

of a fitting model on a given dataset (Breiman, 2001). The permutation importance of a feature 

is determined by comparing the baseline score metric 𝑠 of an original dataset to the new score 

metric si obtained after permuting the ith feature column. The rationale of this approach is to break 

the relationship between the feature and the target variable by randomly shuffling the value of 

a single feature. As a result, the decrease in the model’s score can reveal how much it depends 

on a particular feature. Considering N repetition of the permutation process, the importance 

value of the ith feature can be calculated as  

𝑠𝑖 = 𝑠 −
1

𝑁
∑ 𝑠𝑛,𝑖
𝑁
𝑖=1                                           (28) 

To avoid any potential bias, i.e. model dependence, and improve the model’s generalization, 

the PFI is carried out on all three ML models, namely RF, GBDT, and XGBoost. 

4.2. Analysis results 
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4.2.1. Without the interior column 

Fig. 8a illustrates the contribution of each feature to σmax. It is evident that 𝐸s has the most 

significant impact, while the importance of the three features, namely H, K0, and tlining, is quite 

similar. Although both the PFI and SHAP methods yield comparable importance values for H and 

tlining, the MDI approach indicates that H is of greater consequence than tlining. This discrepancy 

can be attributed to the model dependency of the MDI approach, whereas results from PFI and 

SHAP are averaged based on results from different models (RF, GBDT, and XGBoost), thus 

leading to a higher degree of generalization and model independence. However, all three feature 

importance analysis methods agree that K0 is the least impact factor in predicting σmax. 

A similar trend of importance ranking for σmin can be observed in Fig. 8b, where Es is again the 

most important feature for predicting σmin. While MDI ranks tlining as the least influential factor 

for σmin, SHAP and PFI rank it as a more important feature. Furthermore, these two methods also 

rank H as the least influential feature for σmin, which differs from the ranking of K0 for σmax. 

In summary, the three methods investigated for determining feature importance yield similar 

results and show good agreement in the case without an interior column. The importance 

degrees of the four features are almost comparable for both σmax and σmin predictions, with all 

methods ranking Es as the most important factor for predicting critical stresses. However, the 

rankings of H, K0, and tlining are not clearly distinguishable and thus indecisive. 
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Fig. 8. Effects of input features on the critical stresses in the tunnel lining using MDI, PFI, and SHAP in case of 

a tunnel without an interior column: (a) σmax; and (b) σmin. 

 

4.2.2. With an interior column 

In the second feature analysis, tcolumn is introduced as an additional input to examine the role 

of the interior column in predicting critical stresses in the tunnel lining. The ML models used in 

this analysis are described in Section 3.2.2. Fig. 9 illustrates the contribution of each feature to 

the output in the simulation dataset for the case with an interior column. Unlike the case without 

the interior column, the ranking results from all three feature importance approaches are in 

alignment for both σmax  and σmin , except MDI, where tcolumn  and tlining  alternate as the least 

important factors. Despite this, all methods consistently evaluate that the depth 𝐻 is the most 

influential factor for predicting critical stresses, with K0 now ranked second. In contrast, Es is 

ranked third, instead of the leading role observed in the case without an interior column. In 

particular, the SHAP analysis indicates that the influence of tcolumn  on the critical stresses is 

minor. Conversely, the effect of tlining on σmax is slightly more pronounced. It is anticipated that, 

given the thickness of the column, its stiffness will be sufficient to restrain the deflection of the 

tunnel’s vault and bottom. Moreover, the normal forces in the interior column, as shown in Fig. 

7, indicate that the maximum compressive stress is always below the yield stress of C35/45 

concrete, which is commonly used in lining construction. This observation, combined with the 

feature importance analysis in this section, suggests that tcolumn should be selected based on the 

required structural slenderness ratio rather than material strength. Further details on this are 

provided in Section 5. 
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Fig. 9. Effects of input features on the critical stresses in the tunnel lining using MDI, PFI, and SHAP in case of 

a tunnel with an interior column: (a) σmax; and (b) σmin. 

 

4.2.3. Verification of the requirement of the interior column 

Although tcolumn has a minor impact on critical stresses, omitting the interior column would 

significantly alter the stress profile, leading to greater displacement and bending moment at the 

tunnel crown and bottom.  

To verify this, the feature analysis from Section 4.2.2 is repeated, replacing tcolumn with a new 

binary parameter (Yes/No column) to indicate the existence of the interior column in the HRM 

analysis. The simulations used in the previous case studies in Sections 4.2.1 and 4.2.2 are 

combined to create a dataset comprising 88,935 simulations for feature analysis. Subsequently, 

the respective five inputs are H, Es, K0, tlining, and Yes/No column indicator. As the dataset has 

been changed, new ML models must be created according to the method described in Section 

3.2. All the ML models are trained to achieve R2 values greater than 0.99 to ensure the reliability 

of the predictions. 

As shown in Fig. 10, the interior column significantly affects σmax, but has a minimal effect on 

σmin. For the prediction of σmin, the result is consistent with the previous investigation (see Fig. 

9b), where 𝐻 remains the most important factor. Additionally, the importance of other features, 

i.e. H, K0, Es, and tlining, is re-ranked, showing a balanced contribution between the scenarios with 

and without the interior column. Nevertheless, as the interior column has been demonstrated to 
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be a significant factor influencing σmax, which plays a crucial role in the stability of the tunnel 

lining, it is essential to incorporate this element into the design process. The subsequent section 

will examine an optimization strategy for the quasi-rectangular tunnel. 

 

 
Fig. 10. Effects of input features on the critical stresses in the lining using MDI, PFI, and SHAP in case of tunnels 

with and without an interior column: (a) σmax; and (b) σmin. 

 

5. Optimization of lining design 

 

Considering the necessity of an interior column in a quasi-rectangular tunnel, it is pertinent to 

determine the appropriate column thickness to keep the critical stresses within predefined 

bounds. Although H is identified as the most influential parameter when the column is installed, 

it is typically not a design parameter, as the tunnel depth is usually constrained. Similarly, K0 and 

Es  are largely influenced by ground characteristics and therefore not considered design 

variables. This leaves two design parameters: tlining and tcolumn.  

In this section, a multi-objective constraint optimization problem is addressed to estimate the 

optimal thicknesses for the tunnel lining and column. During the analysis, the depth of the tunnel 

H, Young’s modulus of soil Es , and the lateral earth pressure coefficient K0 are held constant, 

while tlining and tcolumn are optimized. Considering the high cost of materials, optimizing these 

two parameters, i.e. tlining and tcolumn, is beneficial to minimize the cost. Subsequently, the fitness, 
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i.e. the cost function, of the optimization problem is defined as the minimization of σmax  = 

f(tlining,tcolumn), where f is the response function obtained from the ML model. The constraint on 

σmax is based on the maximum allowable compressive stress according to Eurocode EN 1992-1-

1:2004 (2004), and must remain within specified stress limits: 

min     ( 𝜎max; 𝑡lining; 𝑡column)                                               

s. t.       𝜎𝑚𝑎𝑥 = 𝑓(𝑡lining; 𝑡column) ≤ 0.6𝑓c ≈ 26  MPa

0.3 ≤ 𝑡lining ≤ 0.7                                         

0.1 ≤ 𝑡column ≤ 1                                     

      

}
 
 

 
 

 (29) 

where fc = 43 MPa is the mean cylinder compressive strength of concrete C35/45. As previously 

stated, the tensile stress σmin is employed exclusively to design the steel mesh installed in the 

concrete lining. Therefore, only the compressive stress σmax is considered in the optimization of 

the lining in this section (ITA-WG2, 2019). 

The optimization is performed for both cases without and with the interior column. In the 

former case, the variable tcolumn is not relevant. The well-known PSO algorithm is employed for 

the optimization with the specified constraints. In addition, a deterministic mapping model is 

required to predict the input-output relationship. XGBoost models from Sections 3.2.1 and 3.2.2 

are therefore employed to accelerate the optimization process instead of the expensive HRM 

analysis. As shown in Section 4, tlining has a more significant impact on the compressive stress 

σmax than tcolumn, and thus it is assigned a higher priority in the study with an interior column. 

5.1. PSO 

The main idea of PSO is to identify an optimal solution [tlining,
opt

, tcolumn,
opt

] to a given problem based 

on the theory of swarm movement. The process begins with an initialization of random solutions 

obtained from P possible candidates (particles) of a swarm X: 

𝑿 = (𝑥1, 𝑥2, … , 𝑥𝑝)    (𝑝 = 1,2, … , 𝑃) (30) 

In a two-dimensional space or an input space with two parameters tlining  and tcolumn , the 

random position of a particle p is defined as 

𝑥𝑝 = [𝑡lining
𝑝

, 𝑡column
𝑝

]     (𝑝 = 1,2, … , 𝑃) (31) 

𝑿 = [𝑡lining
1 , 𝑡column

1 ], [𝑡lining
2 , 𝑡column

2 ], … , [𝑡lining
𝑃 , 𝑡column

𝑃 ] (32) 

The optimized solution [tlining
opt

, tcolumn
opt

] is obtained by iteratively improving candidate solutions 

with respect to a given quality measure. At each iteration, the global optimum position [tlining
g

, 

tcolumn
g

] among the particles of the swarm is identified. The global position is then identified as 

the target to which the particles are to be moved by continuously updating the position [tlining
p

, 
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tcolumn
p

]
(t+1)

and velocity [vlining
p

, vcolumn
p

]
(t+1)

of the particles at the next iteration as follows: 

[𝑡lining
𝑝

,  𝑡column
𝑝

]
(𝑡+1)

= [𝑡lining
𝑝

, 𝑡column
𝑝

]
(𝑡)

+ [𝑣lining
𝑝

, 𝑣column
𝑝

]
(𝑡+1)

                     (33) 

[𝑣lining
𝑝

,  𝑣column
𝑝

]
(𝑡+1)

= [𝑣lining
𝑝

,  𝑣column
𝑝

]
(𝑡)

+ 𝑐1 ([𝑡lining,
𝑝,l

,  𝑡column
𝑝,l

] − [𝑡lining
𝑝

,  𝑡column
𝑝

]
(𝑡)

) 𝑟1 +

 𝑐2 ([𝑡lining
g

, 𝑡column
g

] − [𝑡lining
𝑝

, 𝑡column
𝑝

]
(𝑡)

) 𝑟2                                           (34) 

The movement gradient or the velocity of particle p is not only guided towards the global 

position [tlining
g

, tcolumn
g

]  in the search space, but is also strongly influenced by its local best 

position [tlining,
p,l

, tcolumn
p,l

]. The acceleration coefficients 𝑐1 and 𝑐2, which control the magnitude of 

the moving step of the particle towards the [tlining,
p,l

, tcolumn
p,l

]  and [tlining
g

, tcolumn
g

] , respectively, 

typically range between 0 and 4. Meanwhile, the values of r1 and r2 are randomly generated with 

a uniform distribution in [0,1] to consider the stochastic influence on the velocity update rule. 

The algorithm is repeated until a stopping criterion, such as a maximum number of iterations or 

a predefined tolerance, is fulfilled. Finally, all particles in the swarm are expected to converge 

towards the optimal solution. 

5.2. Optimization results 

5.2.1. Without the interior column 

In the PSO optimization, only the design variables can be adjusted. In this case, only tlining is 

subjected to alteration. The remaining input parameters, including H, Es, and K0, are fixed. To 

illustrate the proposed methodology, a case study was conducted with the following parameters: 

H = 4Ht, Es = 50 MPa, and K0 = 0.6. The PSO algorithm was configured with 25 particles and a 

maximum of 100 iterations. At the initial iteration, the tlining  values for all 25 particles of the 

swarm were randomly generated within the range of 0.3–0.7 m, using a uniform distribution. 

Fig, 11 shows the convergence plot of tlining , in which the tlining  values of each particle are 

represented by blue dots. The fitness function, i.e. σmax in the tunnel lining, is then calculated 

using the XGBoost model and plotted as the vertical coordinate corresponding to each thickness 

value. The green line in Fig. 11 represents the stress limit (26 MPa), which denotes the upper 

bound of σmax. The results reveal that, at iteration 5, all particles are moving towards the upper 

bound of tlining, and converge at iteration 20, where they are all gathered around the solution of 

tlining ≈ 0.66 m and σmax ≈ 25.8 MPa. This optimal value is noteworthy, as it is demonstrated that 

a substantial lining thickness may be required to constrain the maximum stress within the 

standard bounds. This highlights again the necessity to install the interior column for sub-
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rectangular tunnels, a topic that will be further explored in the subsequent section. 

 

 
Fig. 11. Optimization of tlining in a quasi-rectangular tunnel without the interior column. 

 

5.2.2. With the interior column 

Unlike the previous study, the current investigation incorporates tcolumn  as an additional 

design variable, while the other parameters, i.e. H, Es, and K0, remain unchanged, including the 

PSO configuration. Two optimization scenarios are then investigated, taking into account the 

relative importance of tlining , tcolumn , and σmax , with tlining  being the top priority. In the first 

scenario, the objective is to minimize both tlining and tcolumn while prioritizing σmax as the second 

most important parameter (i.e. tlining > σmax > tcolumn). In the second scenario, tcolumn is given a 

higher priority than σmax to achieve a more extreme optimization of the column thickness. To 

account for the order of importance during optimization, the PSO algorithm is modified to adjust 

the velocity update based on the importance index of each parameter, leading to superior 

convergence for the parameters with higher priorities. 

Fig. 12 presents the PSO convergence for the first scenario, in which the green surface 

represents the stress limit (σmax = 26 MPa). At iteration 0, all particles of the swarm are randomly 

generated with uniform distribution within the input space. From iteration 7 onwards, the 

particles begin to converge towards the optimal range for tlining (0.3–0.5 m). It can be observed 

that at iteration 20, the particles gather around a specific value of tcolumn of approximately 0.5 m. 

The solution converges at iteration 38, where all particles localize at a final global solution of 

tlining ≈ 0.38 m and tcolumn ≈ 0.54 m, corresponding to σmax = 23.7 MPa. 
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Fig. 12. Optimization of tlining and tcolumn in a quasi-rectangular tunnel with an interior column (first scenario). 

Blue dots are particles on the response surface (in red). 

 
In the second scenario, where tcolumn is given higher priority, it reaches a much smaller value 

without any reduction in the maximum stress, as illustrated in Fig. 13. In the initial stage, the 

particles of the swarm are randomly initialized, in a manner analogous to that observed in the 

previous scenario. Subsequently, in the later iterations, the particles are observed to move 

towards the optimal range for tlining (0.3–0.5 m) and the lower bound for tcolumn = 0.1 m. The 

solution converges at iteration 20, with the optimal values of tlining = 0.38 m and tcolumn = 0.1 m, 

corresponding to σmax  = 23.93 MPa. It is noteworthy that the PSO leads to an excessive 

optimization of the design variables, where tcolumn  reaches its minimum value at the bound. 

However, the maximum stress remains below the limit. The difference in σmax between the two 

scenarios is only 0.97%. This can be attributed to the fact that, given stress as the main priority, 

PSO will optimize the solution “at all cost” to meet the objective, resulting in the lowest possible 

stress but not necessarily the smallest tcolumn, which is a more crucial target when considering 

cost. 
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Fig. 13. Optimization of tlining  and tcolumn  in a quasi-rectangular tunnel with an interior column (second 

scenario). Blue dots are particles on the response surface (in red). 

 

The results obtained from the second scenario demonstrate that tcolumn can be significantly 

reduced without a substantial increase in critical stress. This, however, presents a better solution, 

given the relatively small difference in σmax between the two cases. Both scenarios yield the same 

optimal value for tlining  = 0.38 m, which is 42% thinner than the optimal solution without an 

interior column. This further proves the positive impact of the interior column in enhancing the 

safety factor of the sub-rectangular tunnel. 

The optimization results of all case studies are summarized in Table 10. It can be observed 

that, even at its optimal value, tcolumn has a minimal impact on the critical stress in the lining. 

Therefore, the thickness of the column should be determined based on other criteria, such as 

slenderness ratio or construction feasibility, rather than stress-based criteria. 

 

Table 10. Optimized results of tlining and tcolumn in three analyses. 
Optimized scenario Objective tlining 

(m) 

tcolumn (m) σmax (MPa) 

Without column Minimum tlining,  
𝜎max ≤ 26 MPa 

0.66 - 25.8 

With column  
(first scenario) 

Minimum tlining, 
Minimum max  
σmax ≤ 26 MPa 

0.38 0.54 23.7 
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With column  
(second scenario) 

Minimum tlining, 
minimum tcolumn, 
σmax ≤ 26 MPa 

0.38 0.1 23.93 

 

6. Conclusions 

 

This work presents a novel HRM-XGBoost-PSO framework for the efficient design optimization 

of the quasi-rectangular tunnel which can be applied in real-time scenarios. The HRM method, 

originally developed for the analysis of conventional circular and rectangular tunnels, has been 

extended to accommodate quasi-rectangular tunnels with an interior column. This modeling 

approach was then validated against FEM concerning different shapes and dimensions. The 

results of the internal forces demonstrate that the interior column exerts a significant influence 

on the structural response of the tunnel. 

Using the validated HRM model, different surrogate models were constructed employing 

widely used ensemble ML algorithms such as RF, GBDT, and XGBoost. The simulation dataset 

comprises five input parameters, two of which are the lining and interior column thickness. 

These surrogate models were then employed for stress prediction and for identifying the most 

important input factors affecting the structural response. 

The feature important study shows that all five input parameters, namely Es, H, K0, tlining, and 

tcolumn, are critical for accurately predicting both the maximum and minimum stresses in the 

lining. Furthermore, it is demonstrated that when the interior column is present, tunnel depth H 

is the most influential factor, whereas Es is the dominant parameter when the interior column is 

not considered. In terms of efficiency, XGBoost outperforms other models, with an accuracy R2 

of 0.999 and a computation time of just a few seconds. 

A multi-objective optimization is performed by combining the XGBoost model with the PSO 

algorithm to minimize maximum positive compressive stresses in the lining and to identify the 

optimal geometry for the quasi-rectangular tunnel, including the interior column as a binary 

parameter. The optimization results indicate that the interior column is necessary to achieve a 

balance between the cost objective, followed by the lining thickness, and the structural strength 

objective. 

The utilization of multiple sophisticated and highly reliable algorithms in the study of input 

importance, generation of simulation datasets, and optimization of lining design serves to 

highlight the cutting-edge nature of this work. A direct comparison of the methods demonstrates 

that HRM-XGBoost-PSO is well-suited for the design optimization of quasi-rectangular tunnels. 

Although this study focuses on a specific tunnel case, we are confident that the framework 
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applies to other tunnel designs due to its high performance and accuracy. Furthermore, the 

influence of joints between segments in the lining and imperfect soil-lining interaction is not 

considered in the present study and will be the aim of future studies. Additionally, a user-friendly 

application interface is planned to facilitate the design process in tunnel engineering, allowing 

for the quick visualization of optimization results of the tunnel geometry concerning different 

design criteria. 
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