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Abstract

In this paper, we study the central limit theorem for the solutions of stochastic differential
delay equations with small noises. Our aim is to provide explicit estimates for the rate of
convergence in total variation distance. We also show that the convergence rate is of optimal
order.
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1 Introduction and Main Results

It is well known that stochastic dynamical systems with small noise have useful applications
in several fields including physics, chemistry, and biology [3], filtering problems [16] and
mathematical finance [7, 20], etc. Since the appearance of seminal work [8], various properties
of such dynamical systems have been intensively studied. Among others, we cite [4] and
references therein for large deviation results, [11] for averaging principle, [13] for moderate
deviation results, [9, 12] for parameter estimators and [1] for abrupt convergence.

In the last years, the central limit theorem for stochastic dynamical systems with small
noise has been gained much attention, see e.g. [6, 10, 15, 18, 19]. However, in this research
line, most of the existing results are qualitative. We only find in the literature a recent preprint
[2] in which a quantitative Wasserstein bound was obtained for multi-scale diffusion systems.
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In this paper, for any ¢ € (0, 1), we consider the stochastic dynamical system governed
by stochastic differential delay equations with small noise of the form

{Xg,t = 0O + fg b(Xesss Xe—o)ds + ¢ [0 Ko, Xesmr)d By, 1 €10.TT

Xer=9@), t €[-1,0],

where the initial data ¢ : [—7, 0] — R is a bounded deterministic function, (B;)¢[0,7] is a
standard Brownian motion and b, o are deterministic functions on RZ.

Intuitively, as ¢ tends to 0, X, ; converges to x;, which solves the following deterministic
differential delay equation

Xt = @(0) + [y b(xy, xg_7)ds, t€[0,T]
(1.2)
Xt = gﬂ(t), re [_7:,0].
Define
- Xes —
Rop= 2870 e T (13)
£

It is known from [18] that f(g,, converges to Y; in L2(Q) as ¢ — 0, where (Y;);>0 is unique
solution to the following linear stochastic differential equation

!Yt = fot (bﬁ (xs, Xs—) Y5 + bé(xsa xs—r)Ys—r) ds + f(i 0 (x5, Xs—¢)dBs, 1t € [0, T](l 4

Y, =0, tel[-1,0]

We observe that Y, is a normal random variable for each ¢t € [0, T'], see Remark 3.1 below.
Thus the sequence (}25,,)56(0,1) satisfies the central limit theorem as ¢ — 0, and hence, an
important problem arising here is to investigate the rate of convergence via certain distances.
There are three distances commonly used in the literature.

(i) The Wasserstein distance between the laws of X erand Y, :

dw(Xey, Yy) i= sup |Eg(Xe) — Eg(Yy)|.
lg(x)—gM=Ix—y]

(i) The Kolmogorov distance between the laws of X erand Y, :

dk(Xer, ) i=sup |P(Xe; < x) — P(Y, < x)|.
xeR

(iii) The total variation distance between the laws of f(g,, and Y; :

div(Xe, Y1) i= sup |P(Xp, € A) — P(Y; € A)]
AeB(R)

1 -
= - sup |Eg(X.:) — Eg(Yy)l,
2 jgllo=1

where B(R) is Borel o-algebra on R and ||g|| := sup |g(x)|. The Wasserstein distance is
xeR
easy to bound. Indeed, Theorem 1 in [18] (see also Proposition 3.4 below) gives us
dw(Xe s Y) <E|Xe = Y| <Ce, 0<t <T,

where C is a positive constant not depending on ¢ and . On the other hand, we always have
the following relationship

dxk (Xer, Y1) < drv(Xes, Vo).
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Thus our present work focuses on bounding the total variation distance drv(Xe,, Y,). For
this purpose, we make the use the following assumption.

Assumption 1.1 b, 0 : R? — R are twice differentiable functions with the partial derivatives
bounded by L.

Notice that our Assumption 1.1 is slightly stronger than the conditions required in [18].
By employing a general result established in our recent paper [5] by means of Malliavin
calculus (see Lemma 2.1 below), we obtain the following quantitative estimate for the total
variation distance.

Theorem 1.1 Let Assumption 1.1 hold. Consider the stochastic processes (Xg,,)_TEIET and
(Y1) —r<i<T defined by (1.3) and (1.4), respectively. Then, we have

Cte
————Vee(0,1),0<t<T, (1.5)
/ Var(Y;)

where C is a positive constant not depending on t and €.

drv(Xes, ¥p) <

Our next theorem points out that rate of convergence O (¢) is of optimal order as ¢ — 0.

Theorem 1.2 Let Assumption 1.1 hold. We additionally assume that the second-order partial
derivatives of b are continuous. Then, for any continuous and bounded function g, we have

i Eg(X::) — Eg(Y) 1
m =
e—0 £ 2Var(yt)

where Z; = 0 fort € [—1,0] and

Elg(Y1)s(Z;DY)], 0 <t <T, (1.6)

Z; = /Ot by (x5, x5—r) Zgds + /Ot bh (. Xg—z) Zs—_vds
+/0[ (B (xsy Xs—0) Y2+ By (xgy Xs—0) Vs Yyog + By (x5, X5— o) Y2, )ds
+2 /O’ (0] (xg. Xs—) Yy 4 05 (x5, Xs—¢)Ys_¢)d By, 1€[0,T]. (17
In particular, we have
im drv(Xes, Yy) -

1
) e = 2Var(Y))

E|E[8(Z,DY)|Y:1], 0 <t <T. (1.8)

In the statement of the above theorem, D denotes Malliavin derivative operator and §
denotes the divergence operator (or Skorohod integral). The definition of these operators will
be recalled in Sect. 2 below. We also use the notation: Given a differentiable function 4 of 2
variables, we denote

oh ..
hi(x1, x2) == ?(xl,m), h;f,-(xl,m) = (x1,x2), 1 <i,j<2.

X; 0x;0x;
The rest of this article is organized as follows. In Sect. 2, we recall some fundamental concepts
of Malliavin calculus and a general estimate for the total variation distance between two
Malliavin differentiable random variables. In Sect. 3, we prove Theorems 1.1 and 1.2. The
conclusion is given in Sect. 4.
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2 Preliminaries

This paper is strongly based on techniques of Malliavin calculus. For the reader’s con-
venience, let us recall some elements of Malliavin calculus (for more details see [14]).
We suppose that(B;);c[0,7] is defined on a complete probability space (2, F, F, P), where
F = (F#)tef0, 77 1s anatural filtration generated by the Brownian motion B. For h € L2[0, T7,
we denote by B(h) the Wiener integral

T
B(h) = / h(t)dB;.
0

Let S denote a dense subset of LZ(Q, JF, P) that consists of smooth random variables of the
form
F:f(B(hl)»B(hZ),'--,B(hn)), (2'])

wheren e N, f € CF*R"), hy, ha, ..., h, € L?[0, T]. If F has the form (2.1), we define its
Malliavin derivative as the process DF := D,F,t € [0, T] given by

29
DiF=Y" é(B(hl), B(h2), ... BUha)hi (1)
k=1

More generally, for each k > 1, we can define the iterated derivative operator on a cylindrical
random variable by setting

Forany 1 < p, k < oo, we denote by D*? the closure of S with respect to the norm

T 5
IFIE, = E|F|P+E|:</O IDuFlzdu> }
T T £
+..+E (/ / \Df lkF|2dt1...dtk> .
0 0

A random variable F is said to be Malliavin differentiable if it belongs to D!-2. The derivative
operator D satisfies the chain rule, i.e, D¢ (F) = ¢'(F)DF for any differentiable function
¢ with bounded derivative. Furthermore, we have the following relations between Malliavin

derivative and the integrals
T T
Dr(/ usds> =/ D,ugds
0 r

T T
Dr</ u‘vst> = u, +/ DyusgdBs,0<r <T,
0 r

forall 0 <r < T, where (u;):c[0,7] is an F-adapted and Malliavin differentable stochastic
process.

An important operator in the Malliavin calculus theory is the divergence operator é. It is the
adjoint of derivative operator D. The domain of § is the set of all functions u € L2(2x[0,T))
such that

and

EDF,u)p210 1)) < CAlIF | 12(q)s
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where C(u) is some positive constant depending on u. In particular, if « € Dom$§, then §(u)
is characterized by following duality relationships

E[(DF,u)20,77] = E[F8(u)] for any F € D"2, (2.3)

We have the following general result.

Lemma2.1 Let i € D**besuchthat |DF; I z210,77 > O a.s. Then, for any random variable

F> € DY2 and any measurable function g with ||g|lco = sup |[g(x)| < 1, we have
xeR

|Eg(F1) — Eg(F2)]

T T
<c <E||DF1 120, E ( /0 /0 | Do D, Fi |2d9dr)

1
HEIDF 2o 1)) IR = Falli a2, (2.4)

2

provided that the expectations exist, where C is an absolute constant.

Proof This lemma is Theorem 3.1 in our recent paper [5]. Here we note that the inequality
(2.4) follows from the relation

Eg(F1)— Eg(F>) =E /Fl (2)dz8 L
s Rt =8 | 8 IDF |2

L2[0,T]
R)(DFy — DF,, DF

_E g(F2)( 1= 2 I)LZ[OTJ (2.5)
IDF113 200 4,

2
DF
We also have E |:<8(DF] HLZ[O T]>> i| < 0. O

3 Proofs of Main Results

Hereafter, we denote by C a generic constant which may vary at each appearance. For any
a,b € R, wedenoteaVvbh = max {a, b} and a Ab = min {a, b} . In our proofs, we frequently
use the fundamental inequality

(a; + ...+ a,)? < npfl(af + ... +al),
forall ay, ...,a, > 0and p > 2.
3.1 Some Fundamental Estimates
In this subsection, we collect some fundamental properties of the solution to (1.1). We first

note that, under Assumption 1.1, the functions b and ¢ are Lipschitz continuous and have
linear growth. Indeed, we have

|b(x1, y1) = b(x2, y2)[ + |o(x1, y1) — o (x2, y2)| < L(Ix1 — x2| + [y1 —»20) 3.

@ Springer
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for all xq, x2, y1, y» € R and

1bCx, I+ 1o (x, )| = 160, 0) + [o(0, O] + |b(x, y) = b0, 0)| + [0 (x, y) — (0, 0)]
< [6(0,0) + |o(0, 0)| + L(|x| + [y]) Vx, y € R. (32)

Lemma 3.1 Let Assumption 1.1 hold. Consider the solution (X¢ ()ie[—z,T] t0 the equation
(1.1). Then, for every p > 2, we have

sup E|Xq ;P <CVee(0,1). (3.3)

0<t<T

where C is a positive constant not depending on ¢.
Proof See Lemma 1 in [18]. O

Proposition 3.1 Ler Assumption 1.1 hold. Consider the stochastic process ()?g,,),e[oj]
defined by (1.3). Then, for all p > 2 we have

ElX.; —x|P <Ci%e" ¥e € (0,1),0 <1 <T, (3.4)
where C is a positive constant not depending on t and €.

Proof For every ¢ € (0, 1), we have

t t
Xs,t — Xt = / (b(Xe.x’ Xs,sfr) — b(x, x‘vfr)) ds + 8/ U(Xs,sv X&‘,S*f)sta 0<r<T.
0 0

Consequently,

t P
E|Xa,t - xt|p = zpilE ‘/ (b(Xs,s, Xa,sfr) — b(xy, xsfr)) ds
0

p

t
+2r7lePE ‘/ 0(Xes» Xes_r)dBs| , 0<1<T.
0

By the Holder and Burkholder—Davis—Gundy inequalities, for all p > 2, we deduce

t
E|Xer —x|P < CtP7! / E|b(Xes, Xes—z) — b(xs, x,—7)|" ds
0

t
+ Cgp[g_l / Elo(Xe,s, Xs,sfr)|pdsa 0<t=<T,
0
where C is a positive constant depending only on p. Recalling (3.1), (3.2) and (3.3), we get

t
E|Xs,t - xt|17 = Ctpilf E (|X£,s — Xg| + |Xa,xfr - xS*‘L")pds
0

£

t
+ CePr? / E(1+|Xe 5| + |Xs,sfr|)pds
0

t
= cer! / (E|Xs,s —x|P + ElXes5—1 — xs—r|p) ds + Cgptga
0

where C is a positive constant depending only on L and p. Since X, = x5 = ¢(s),5 €
[—7, 0], it holds that

t
/ E|Xe,sfr _xs71:|pds =0ifr <,
0
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and

1 T 1
/ E|Xes—7 — Xs—|Pds = / E|Xes—7 — x5 |Pds +/ E|Xes—7 — x5 |Pds
0 0 T
t =T
= / E|Xes—r — Xs_|Pds = / ElXes — x5|Pds
T 0

t
< / E|Xes —xg|Pds,0<t <t <T.
0
Consequently,

t
E|Xe: —x|P < Ctpfl/‘ E|X5,X—xslpds+C8pt%
0

t
< C/ E|Xey — x5|Pds + CePt?, 0 <t <T,
0
where C is a positive constant not depending on ¢ and €. Then, by Gronwall’s lemma, we get
the desired conclusion (3.4). Indeed,
E|Xe, —x|P < CePt7eC < CePt7eCT < CePty, 0<t<T.
So the proof of the proposition is complete. O

Proposition 3.2 Let Assumption 1.1 hold. Consider the solution (X¢ ;)ic[—z,T] to the Eq.
(1.1). Then, for each 0 < t < T, the random variable X, ; is Malliavin differentiable.
Moreover, the derivative Dy X ; satisfies

(@) Whent € [-1,0], DgX:; =0forall0 <6 <T,

(ii) Whent € (0,T], DgX,; = 0for6 >t and

t
DoXe =¢e0(Xe9, Xeo—1) + / /I(XS,Ss Xs,s—r)DQXs,st
0
t
+f b&(XS,S! X&,S—I)Dexs,s—rds
0+t
t
+‘9/ Gl/(XS,St Xa,x—r)DQXE,sst
6
t
+ 8/ Gzl(Xg,Sa Xa,sfr)DBXS,sfrst» 0<6<t—rm, (3.5)
0+t

t
DoXe s =¢e0(Xe9, Xeo—1) + / /1(Xs,s’ X&,s—r)Dexs,sds
0

t
+ 5/ 01/(Xs,s, Xs,s—r)DHXs,sdBSs t—-1)v0<b <t (3.6)
0

Here, we use the convention [0,t — 1] =0 ift < t.
Proof See Proposition 1 and Remark 2 in [17]. m]

Proposition 3.3 Let Assumption 1.1 hold. Consider the solution (X¢ ;)1c[—z,T] t0 the equation
(1.1). Then, for each p > 2, we have

sup  E|DgXe,|P < CeP Ve e (0,1), (3.7
0<0<t<T

where C is a positive constant not depending on &.

@ Springer



24 Page8of 20 N.T.Dung et al.

Proof For every ¢ € (0, 1), it follows from equations (3.5) and (3.6) that the Malliavin
derivative Dg X ; satisfies

DHXS,I =¢e0(Xep, Xs,éf'r)

t t
+ / b/l (Xe,s, Xs,s—r)DGXa,sds + / b/z(xs,s’ Xs,s—r)DGXa,s—r]1[9+z.t](s)ds
0 0

t

t
+3/ U{(Xs,x, Xs,.v—r)DGXe,.sdB,v+5./ 0'2/(Xs,.r7 Xg,s—r)DF)Xs,x—r]l[9+r,t](s)st
2 0
3.8)

for0 <6 <t < T. We therefore get

t P
E|D9X£,t|p =< 5p71 (8PE|U(X8,95 X6,971)|p + E ‘/ bl] (Xa,x’ Xe,sfr)Dé)Xs,tds
4

p
+ E

t
/ /2(X8,Sa Xs,sfr)DOXS,sfr Il[0+r,t](5)ds
%

P
+e’E

t
f 01/ (Xe,s, Xa,sfr)DGXS,sst
0

t p
+e’E ’/ Ué(Xs,w Xs,s—r)DGXS,s—r ]1[0+r,t](5)st >, 0<o<t<T.
0

By the Holder and Burkholder—-Davis—Gundy inequalities and the boundedness of the partial
derivatives of b and o, we deduce

E|D9X8,t|p = CSPE|U(X£,9» X8,6—1)|p

t t
+C +8p)/ E|DgXc:|Pds +C(1 +8p)/ E|DpX¢s—r|Pds
0 0

t
< CePElo (X0, Xeo—0)I” + C/ E|DgXe|Pds, 0<60=<t=<T,
0
where C is a positive constant not depending on ¢. Furthermore, in view of the estimates
(3.2) and (3.3), we have
Elo(Xe, Xep—o)|P =CVO<0 <T. 3.9)
So it holds that

t
E|DpXe|” §C8p+C/ E|DpX:4|Pds, 0<6<t<T
0

Then, by using Gronwall’s lemma, we obtain
E|DgXes|P <Ce?, 0<0 <t <T.
The proof of the proposition is complete. O

We end this subsection by giving some remarks on the stochastic processes (¥;)—r<;<r
and (Z;)_<;<r defined by (1.4) and (1.7), respectively.

Remark 3.1 (i) Since (x;)_r</<r is deterministic and bounded, fot o (x5, xg_7)d By is a cen-
tered normal random variable with finite variance for each 0 < t < T. Hence, it is easy to
see that the linear integral equation (1.4) admits a unique solution (Y;)_<;<7 satisfying

sup E|Y;|?P <C <o0, p>2.
0<t<T
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Moreover, for each ¢t € [0, T'], the random variable Y; is Malliavin differentiable and its
derivative is given by DyY; = 0 for 6 > t and

t
DyY, = o0 (xp, x9—7) +/ b} (xs, Xs—7)DgYsds
0

t
+ / b/z(xmxxfr)DGY‘vfrdsv 0 S 9 S t— T, (3'10)
0
!
DyY, = o0 (xg, X9_1) +/ by (xs, xs—r)DpYsds, t —T V0 <0 <t. 3.11)
0
(ii) We have

t
EY; = / (b/l(xs» Xs—)EYs + blz(-xsa xsfr)Estt) ds, 0<t<T.
0

This is a linear equation with the initial data EY;|,—0 = 0O, and hence, EY; = 0 for all
0<r<T.

(iii) Note that DgY; is deterministic for all 0 < # <t < T. Hence, by Clark-Ocone formula
(see Proposition 1.3.14 in [14]), we have

t t
Y; =/ E[DgY;|Fold By =/ DgY;d By
0 0

This representation formula shows that Y; is a normal random variable for each ¢ € (0, T].
Moreover, we have Var(Y;) = || DY; ||%‘2[0 ot

Remark 3.2 Denote by h(t) the sum of the last two addends in the right hand side of (1.7).
We can verify that

sup Elh(®)|P <C < o0, p=>2.

0<t<T
Hence, the linear integral equation (1.7) admits a unique solution (Z;) —;<;<7 satisfying
sup E|Z,|P <C < o0, p>2.

0=<t=<T

3.2 Proof of Theorem 1.1

The proof of Theorem 1.1 will be given at the end of this subsection. In order to be able to
apply Lemma 2.1, we first need to prepare some technical results.

Proposition 3.4 Suppose Assumption 1.1. Let (Xg,,),fS,ST and (Y;) —c<i<t be as in Theo-
rem 1.1. Then, for every p > 2, we have

E|X;; = Y|P <CtPe?P Ve e (0,1),0<t<T,
where C is a positive constant not depending on t and €.

Proof For every ¢ € (0, 1), recalling (1.3) and (1.4), we have

- 1 [t
Xey — Y1 = g/o (b(Xs,sv Xes—1) — b(x;, xs—r)) ds

t
- / (b/l (x5, x5—7)Ys + b/z(xm -xsft)str) ds
0

@ Springer



24 Page 10 of 20 N.T.Dung et al.

t
“l‘/ (O'(Xs,s» Xes—1) — 0 (xy, xs—f)) dB;, 0<t<T. (3.12)
0

For each s € [0, T], using Taylor’s expansion, we get

b(Xs,Ss X&,s—r) —b(xs,x5_7) = bﬁ (xg, X5—1) (Xs,s - xs)

1
+ b/z(xsv Xs—1) (Xs,s—r - xS—‘L’) + ERe,sa

where the remainder term R, ; is given by
Re,s = b/1,1 (xs + ";:l (Xs,s — Xg), Xg—7 + gZ(Xs,sfr - xsfr)) (Xs,s - xs)z
+ 2b/1/2 (xs + &1 (Xs,s — Xg), Xs—¢ + SZ(X&S—T - xs—r)) (Xs,s - xs)(Xs,s—t — Xg—1)
/ 2
+ b/zz (xs + & (Xes — Xx5), Xs—r +E2(Xe5—1r — xsfr)) (Xs.sfr - xsfr) , (3.13)
where &1, & are random variables lying between 0 and 1. We now can rewrite (3.12) as

follows
t

t
Xs,t -Y = / b/l (x5, xs—r)(Xa,s —Y)ds +/ blz(xs, xs—r)(Xa,s—r —Y,_;)ds
0 0

1 t t
+ ?/ Ra,sds +/ (U(Xs,w Xs,s—r)
€ Jo 0
—0 (x5, Xs—7))dBs, 0<t <T. (3.14)

Hence, for every p > 2, we obtain

t P
E|X¢, — Y|P < 4p71<E ’/ bl](xmxx—r)(xs,s —Yy)ds
0

p

t
+E l/ b/z(xss Xs—1)(Xes—1r — Ys_o)ds
0

1 t
+ 2/’.9/’E ‘/0 R, sds

Then, by using the Holder and Burkholder-Davis-Gundy inequalities, we deduce

)

p '
+E ‘/ (‘7 (Xes, Xes—1) — 0 (xg, xsfr)) d B
0

t t
E|Xe, — Y|P <377} (LPrF*1 / E|X.s — Ys|Pds + LPtP~! f E|Xes—r — Yoo |Pds
0 0

Pl
+ 2Peb

/Ot E|Re|Pds + Ct>! /Ot Elo(Xes, Xes—1) — 0 (xs, xs,r)v'ds),
where C > 0 depending only on p. By the boundedness of the partial derivatives of b, we
have

|Re| <2L(Xes — x> +2L (Xeyr —Xy), 0<s <T.
This, combined with the estimate (3.4) and the fact X, s = x;_, fors < 7, gives us
E|Res|P <CsPe??, 0<s<T (3.15)

for some C > 0 not depending on s and &. Similarly, recalling the estimate (3.1), we also
have

E|0 (Xe,s, Xeg—) — 0 (xs, Xs—o)|P < Cs%el, 0 <5 <T.
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Consequently, we get

t t
E|Xs,t - Yl|p <CtPel + C/ E|Xs,s - Ys|pds +/ E|X£,s—r - Ys—r|pds
0 0

t
< CtPel + C/ E|Xes—Ys|Pds, 0<t<T,
0

where C is a positive constant not depending on ¢ and ¢. By using Gronwall’s lemma, we
obtain

E|Xe;— Y|P <CtPeP, 0<t<T.
The proof of the proposition is complete. O

Proposition 3.5 Suppose Assumption 1.1. Let (f(g,,),rgfr and (Y;) —c<i<t be as in Theo-
rem 1.1. Then we have

E|DX., — DY,||%2[O’T] <Ci’?>Vee(0,1),0<r<T, (3.16)

where C is a positive constant not depending on t and €.

Proof We consider two cases separately.
Case 1. 0 < 0 <t — t. From the equations (3.5) and (3.10), we have

DygXer— DgY: = 0(Xe g, Xe0—1) — 0 (xg, X(0 — 7))

t t
+/ b/l (XE,S! Xs,sfr)DGXS,sds - / bll (x5, x5—z)DgYsds
6 6

1

t
+/ blz(Xs,s’Xs,sfr)DGXS,sfrds _/ blz(xs»xsfr)DQstrdS
O+t 0+t
t

t
+ / (T]/(Xs,m Xs,x—r)DGXez,sst + / Uz/(xe,.h Xs,x—r)DGXs,x—rst-
0 041

‘We therefore deduce
ot 2
E|DgXe: — DoYi|* < SE |0(Xe 9, Xe.0—2) — 0 (x9, x(0 — 7))

t 2
+5E / (bll (Xe,x’ Xs,sfr)DGXa,s - bl] (x5, xs—7z)Dg Yv) ds
%

t 2
+5E / (5 (Xewss Xeis—0) Do Resr = Bh(xs, 25-0) Do ¥y ) ds
0+t
t 2 t 2
+5E / U{(Xs,s» Xa,s—r)DOXS,sst +5E / Gz/(Xé‘,S! Xs,s—r)D(-?Xs,s—rst
0 O+t
= L. (3.17)
k=1

Using the estimates (3.1) and (3.4), we have
Iy < 5L (E|Xep — x0* + E|Xeg—r — X9—c|*) < COE.

For I, we use the Cauchy-Schwarz inequality to get

t 2
I =SE ‘ / (b1 (Xerss Xeis—0) Do Ko = bi (55, xs-0) Da Yy ) ds
0
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t 2
<10E ‘/ (b/l (XE,Sa Xs,s—r) - bl] (x5, xs—r)) DBXS,st
4

t 2
+10E V b (xy, xg—2)(DgXe s — DoYy)ds
6

t
< 10(t — 9)/ \/E|bﬁ (Xa,sw Xa,s—r) - b/] (xvaS—‘L’)|4V E|D0X£,s|4ds
6

t
+10( —9)/ E|DgX,s — DyY|*ds.
0

So, by using Lipschitz property of ] and the estimates (3.4) and (3.7), we obtain

12
I < 10L2(t — 6) / VEIXes =5l + ElXee —xo— o[ EIDy Ko s ds
0
t
+10(r — 9)/ E|DgX. s — DyYs|*ds
0
t
<C@t-03L2+cCci— 9)/ E|DgX.s — DyYs|*ds
0

t
< Ct382 + C/ E|D9Xa,s - DGYS|2dS»
0

where C is a positive constant not depending on ¢ and ¢. For the term /3, by using the same
arguments as in the estimate of />, we also have

2
I3 =5E

t
/ (b/z(Xs,s» Xes—1)DoXes—1 — b/z(xsv Xs—z)Dg Yx—r) ds
O+t

t
<Cre 1 c/ E|DyXe, — Dy, %ds.
0

On the other hand, by the It isometry and the estimate (3.7), we deduce
t t
2 2
Ih+1Is = 5/ E |0]/(X€.S7 Xe.s—r)DHXS,x| ds + 5/ E {Uzl(xa,.m Xes—1)DoXes—z| ds
[4 0+t

t
< 10L2/ E|DgX, |*ds < Cte?.
0
We now insert the estimates of I, k = 1, ..., 5 into (3.17) and we obtain

t
E|DgXc; — DoY;|* < Cte” + C/ E|DgXes — DoYslds, 0<t<T.
0

Case 2. (t — 1) v 0 < 6 < t. From the equations (3.6) and (3.11), we have

DyXer — DoYy =0 (Xe g, Xeg—r) — 0 (xg, x(0 — 7))
t

t
“l‘f b/l(XS,Saxs,S—f)Df)Xé‘,SdS_/ b/l(xsaxs—r)DOstS
0 0

t
+/ Ul/(Xs,sw XE,S—T)DGXE,SdBS7 0<tr=<T,
4

and hence,

E|DpX.; — DgY,|?
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<h+hL+1L

1
<Cte? + C/ E|DgX. — DyY,)’ds, 0<t<T.
%

Thus we always have
~ t ~
E|DgX.; — DgY;|> < Cte® + c/ E|DypX,s — DgYsl’ds, 0<6 <t <T,
0
where C is a positive constant not depending on ¢ and ¢. As a consequence,
~ 2 t - 2
E”DXS,Z_DYt”LZ[OT]:/. E|D09X£,Z_D0YZ‘| d@
’ 0
t
<Cr’e’ + C/ E|IDXc s — DYl 7oy pds, 0<t<T.
0 \

An application of Gronwall’s lemma gives us

E|DX.; — DY, <Cr’e*, 0<r<T.

”L2[O T]

This completes the proof of the proposition. O

Proof of Theorem 1.1~ Fixed ¢ € (0,1) and ¢t € (0, T], we consider the random variables
F1 =Y; and F» = X, ;. Thanks to Propositions 3.4 and 3.5 we have

1 F1— Falli2 = 1 Xer — Yell12

S 5 2
= (EIRes = Vil + EIDX ey = DYl 1))

1

< (Cr?e? + C1?e?)? < Cte.

We recall that DyY; are deterministic forall0 < 6 <t < T. Hence, D, Dg Fi = D, DgY, =
0, 0 <r,0 <t < T.Onthe other hand, we have ||DF1||L2[0 = = ||DY; ||L2[0 = = Var(Yy).

Now, for any measurable function g with ||g|lcc = sup | g(x)| <1, we apply Lemma 2.1
xeR
to get the following

|Eg(Xes) — Eg(Y))| = |Eg(Fy) — Eg(F))|

t t 2
<E||DF1||L2[OT] (/O /0 |D9DrF1|2d9dr>

1

+(BIDAIZom) ) 1A - Pz =
1 L2[0 T 1 201,22 = Var(Yt) .
Taking the supremum over all measurable functions g bounded by 1 yields
J ()N( Y,) < Cte
TV Aegit, I't) = Var(Y,) .
The proof of Theorem 1.1 is complete. O
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3.3 Proof of Theorem 1.2
Theorem 1.2 will be proved by using the interpolation formula (2.5). We will carry out the

proof in three steps.
Step 1. In this step, we show that for all p > 2,

=0, 0<r<T. (3.18)

It follows from (3.14) that, foreach0 <7 < T,
t
Xei— ¥, = / B Gty o) (Ko — Vo)ds
0
t _ 1 t
+/ b/2(xs7xs7r)(xa,xfr — Yy )ds + 7/ Rs,sds
0 € Jo
t
+ / Ul/(xs’ Xs—1) (Xs,x - xs) dB;
0

t 1 t
+/ Uz/(xsvxs—r) (Xs,s - xs) dB; + 5/- Q¢ sdBs,
0 0
where R, g is defined by (3.13) and Q; ; is given by
Qs,s = 0'1//1 (xs + & (Xa,s — Xg), Xs—7 + ‘S4(X8,.Y7‘L’ - xsfr)) (Xs,s - xs)z
+ 201//2 (xs + §3(X5,s — Xg), Xs—7 + §4(Xs,s—r - xs—t))(Xa,s - xs)(Xa,s—r — Xg—7)
2
+ (72”2 (xs + & (Xes — x5), Xg—1 + 84 (Xe 5—1r — xs—r)) (Xs,s—r - xs—r)

for some random variables &3, &4 lying between O and 1. Hence, recalling (1.7), we get

o Rty 1
Rtz = [Cenco( T2 - Sz as
: Rosr =Y 1
+/ bé(xs,xs—r)<u B 7ZS_T>dS
0 ¢ ’

1 [ ~
+ 5/0 ,1,1 (xs + & (Xs,s —X5), Xs—t T+ (X 57 — xs—r)) Xg,gds

I 1 [t
- 5/‘ b/l/l (x5, xS*T)YszdS + E/ b/z/z((xs + El(Xs,s — Xg), Xs—t
0 0
+&2(Xes—1r — xsfr)))f(g,s_fds
1! 4
-5 / by (xs, xs—7) Y2 ds + / 1o (x5 + &1 (Xeys — x), X5+
0 0

+‘§2(X£,s7r - xsfr)) Xs,s}}s,sfrds

t t
_/ b/l/z(xmxs—r)YsYs—tdS‘*'/ Gl/(xS!xS—T)XS,SdBS
0 0
' ' _
_/ U]/(Xvas—r)stBs “l‘/ Uz/(xsvxs—r)xs,s—rst
0 0

! 1 t
_/ Uz/(xsv Xs—7)Yy_1d By + */ QS,SdB.Yv 0<t<T.
0 2¢e 0
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As a consequence, by using the Holder and Burkholder—Davis—Gundy inequalities, we
deduce

P

- ~ P
Xei—Y, 1 D A |
E|=— -7, EC/ E|="—=— =7/ ds+C(Kic+Kpe), 0<t<T
& 2 0 & 2
(3.19)
for some C > 0 and for all ¢ € (0, 1), where K| ., K> ¢ are given by
r ~ P
Ky = / E o (e, 30— (R = )| s
0
T P C T
‘ X P
+/ E ‘Gz(xs»xs—r)(xs,s—r —Y7)| ds+ */ E|Q:s|"ds,
0 eP 0
T
Ko, = f E} /]/] (xs + &1 (Xes — Xg), Xg—¢
0
5 P
+&(Xes—1r — xsfr)) Xg,s - /1/1 (xmxsft)ysz ds
T
+ / E |b/2/2 (xs +& (Xs,s — Xg), Xg—1
0
~ p
&2 (Xeys—r — Xg—1)) X2 g_p — WYy (s, x—) Y2 | ds
T
+ / E ‘b/IIZ (xS +E1(Xeys — x5), Xs—1r +52(Xe5—1r — xs—r)) Xe s Xes—1
0

_blllz(xw Xs—o)YsY5 ¢ |]7 ds.

Using the same arguments as in the proof of (3.15), we have E|Q, 5|7 < CsPe?P, 0 <s <

T. Hence, from Proposition 3.4, it is easy to see that K1 . — 0 as ¢ — 0. To estimate K> ,,
we observe that

P

T
/ E ‘ba/l (x,s + &1 (Xs,s — Xg), Xs—¢ + EZ(Xs,s—r - Xs—r)) ng,_g - b/l/l (x5, xx—r)yxz ds
0

p

T
< 2Pl / E ‘b/l/l (xs +&1(Xes — xs5)s Xs—r + E2(Xe5—1r — xsfr)) (X?,s - Yz) ds
0

s

T
+ 2p71 /0 E |(b/]/] (xs + & (Xs,.f — Xg), Xs—7 + 52(Xs,.s7r - )C:,f)) - b/]/] (xs, xsff))Y.\?!p ds

T
<2120 [ BRI+ Vs
0

T
+ 2! /0 \/E|(b/l/l (XS +E1(Xes — X5), Xs—1 +62(Xes—7 — Xxfr)) - h/l/l (xs, xs—r)) |2pE‘YS [4Pds.

We recall that supy, <7 E1Y;|? + supy<, <7 E|)~($,S|P < oo forall p > 1. Hence, by Propo-
sition 3.4 and the dominated convergence theorem, we get

T
f E ‘b/{l (xs + Sl (Xa,s - xS)a Xg—7 + SZ(Xs,_\‘fr
0

~ 14
—xy—1)) Xz — b (v, x—p)Y7| ds > 0

as ¢ — 0. Similarly, we also have

T
/ E ’b/z/z (xs + SI(X&‘,S — Xg), Xs—7 + SZ(Xe,sfr - xsfr))
0
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v2 " 2
X; r zz(xsyxsft)ysff

£,5—

and
T
f E |b/1/2 ()CS + & (Xes — x5) Xs—1r +E2(Xe 5—1r — xsfr))
0

~ ~ 4
XesXes—1 — b/l/z(xvaS—f)YSYS—T ds — 0.

Those imply that K, , — 0 ase — 0. From (3.19), an application of Gronwall’s lemma
gives us

S P

Xei—Y, 1
E M—Ez, <C(Kie+ Ky, 0<1<T.
&

This finishes the proof of Step 1.
Step 2. In this step, we prove (1.6). For simplicity, we write (., .) instead of (., .);2(9 7 and
[I.Il instead of ||.|| 2(0,77- Fix 7 € (0, T, by using the formula (2.5), we get

ElgGonl - Bl = E| [ ecwdzs(-2F
i)l HIEHOT= /y 8 Z<||DYz||2>

| #Xen(DXe, — DY, DY)
DY, |2

We recall that || DY;||? = Var(Y;) = /3, and § (I\gglllz) = Y,/ﬂ,z. So we obtain

- 1 5(9,1 1 - -
E[g(Xe )] — E[g(Y)] = EZE [Yl/n g(z)dz} - /37,2E [g(Xs,z)(DXs,t — DY, DY:)] .
Then, for e € (0, 1),

Elg(X.)] — E[g(Y, 1 1
el = B8O L b o (v 2,71+ —o Elev)(DZ0, DY)

€ 2,3r 2B;
Xst 1
E g(z)dz — Eg(Yt)Zt>Yt
E

DX, — DY,
(8(Xs 1) — g(Yt))<’fv DYt>

DX.,— DY, DZ
g ——1 — - DY, \|, 0<t<T. (3.20)
&

1
B
1
7
t

‘We observe that

1 [Xes 1 Xei =Y (! . 1
- g@dz — g2 = —— g +2(Xey —Y))dz — zg(Y) Z;
e Jy, 2 & 0 2

Xeo -V, Z ! -
_ (# — J) / gV +2(Xey — Y1))dz
e 2 ) Jo

Z: ! -
+ 7’ /0 (Y +2(Xe, — ) — g(Y)))dz,
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and hence,

1 Xvs,t
EK* / ¢()dz — g(Y»z,) Y,
& Y,

X.,.—-Y Z
< ||g||ooE‘(% - —’)Y,

l ~
Zth/O €Y +z(Xer — Y1) — g(¥y))dz| .

1
—E
+2

Because the random variables Y; and Z; belong to L2(2), we have

X.,—-Y, Z
lim E (L—E’ﬁ

=0 by the limit (3.18).
e—0 &

By the dominated convergence theorem, we also have

1
lim E |z, / (@(Ys + 2(Rey — ) — g(¥))dz| = 0
£—>0 0
So it holds that
. 1 )22,1 1
lim E[(f/ g()dz — fg(Y,)Z,)Y,i| =0. (3.21)
e—0 e Jy, 2

On the other hand, we have

. [(g(iw) ~ g(Yt))<DXg,t8— DY, DY[” S ﬁiE [|g(xe,t> - g(Y,)!||DXg,t - Dan}
t

1 : > 1 (EIDX., — DY|?\?
< 5 (ElgKen) — g0 P)? 5 .
t

Once again, by (3.16) and the dominated convergence theorem, we derive

. . DX., — DY,
lim E [(g(xg,,) - g(Y,)><’f, DY1>} =0. (3.22)

In view of Lemma 1.2.3 in [14], it follows from (3.16) and (3.18) that

DX.;— DY, DZ
£ 2

lim E |:g(Y,) e DYt>i| =0. (3.23)

Combining (3.20)—(3.23) yields

. Elg(Xen]— Elg(¥n] 1 1
lim d - d =Tﬁ,zE[g(Y’)Z’Y‘]_T,s,zE[g(Y’“DZ“DY’”'

Then we obtain (1.6) by using the duality relationship (2.2).

Step 3. In this step, we verify (1.8). We consider the function g(x) = sign
(E [6 (Z:DYy) |Y, = x]) for x € R. Then, ||g|lcc < 1 and by the routine approximation
argument, we can approximate g by a sequence (g, (x)),>1 of continuous functions bounded
by 1. Indeed, for example, we can use the following sequence

o0
&n(x) =/ Ly <myg W) pon(x — y)dy, n>1,

—00
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1
where pj, is the standard mollifier: p, (x) = np(nx), where p(x) = Cll{xj<ije~*-! and C
is a constant such that ffooo px)dx = 1.
‘We obtain from (1.6) that, for alln > 1,
dv(Xe, YD)

1
sl—>0 £ — 2Var(Y;)

E [gn(Y1)d (Z,DY})]
= W(Y,)E [en(Y)E[S (Z, DY) |Y/]].

Letting n — oo we obtain

lim drv(Xes, Yr) - 1

E[g(Y})E[S (Z:DYy) |Y1]]

e—0 & ~ 2Var(Yy)
1
= ———F|E[§ (Z,DY;) |Y/]l.
War(Y)) |E[8 (Z; DYy) |Y1]]
The proof of Theorem 1.2 is complete. O

4 Conclusion and Example

The central limit theorem for stochastic dynamical systems with small noise has been exten-
sively studied. However, most of the existing results are qualitative. In this paper, we used
the techniques of Malliavin calculus to provide quantitative total variation estimates in the
central limit theorem for stochastic differential delay equations with small noises. The sig-
nificance of our results lie in the fact that we not only obtain explicit estimates for the rate of
convergence, but also prove the optimality of these rates of convergence.

We also would like to emphasize that Lemma 2.1 is a key tool in the present paper. The
proof of this lemma heavily relies on dimension one and hence, our results only hold true for
one dimensional equations. The generalization to higher dimensions will be a difficult and
interesting problem.

Example 4.1 Let us provide an explicit example to illustrate the theory. For any ¢ € (0, 1),
we consider the following equation

4.1)

Xey =1+ [y Xeyds +& [y (2+sin(Xes + Xe5—c))dBy, t€[0,T]
Xep=e', t €[—1,0],

It is easy to see that the functions b(x,y) = x and o(x,y) = 2 + sin(x + y) satisfy
Assumption 1.1. Moreover, we have

xr=1+ f(; xgds, t € [0, T] 4.2)
Xt = etv te [_rv 0]
and
Y, = fot Y.ds + fot (2 + sin(xg + x5—7))dBs;, t€[0,T]
4.3)
Y, =0, te[-1,0].

Solving the equations (4.2) and (4.3) gives us x; = e’ fort € [—7, T] and

t
Y,:/ ¢ (2+sin(e’ + ¢ 7)) dBy, 1€[0,T].
0

@ Springer



Optimal Total Variation Bounds for Stochastic... Page190f20 24

Furthermore, we have Var(¥,) = fi ¢21= (2 + sin(e* +¢*~7)) ds = 1, 1 € [0, T]. We

~ _ !
now define X, ; = y = Xerze ,t € [—1,T]. Then, thanks to Theorem 1.1, we

&€
conclude that

~ Cte 1
div(Xe s, Y)) < —————<Ct2e Ve e (0,1),0<t <T,
v(Xey, Yr) Var () 0, 1)

where C is a positive constant not depending on ¢ and €.
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