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	Tunnels are an important component of the transportation and utility system of cities. They are being constructed at an increasing rate to facilitate the need for space expansion in densely populated urban areas and mega-cities. The circular and rectangular tunnels cannot completely meet the requirements of underground space exploitation regarding the cross-section. Sub-rectangular tunnels are recently used to overcome some drawbacks of circular and rectangular tunnels in terms of low utilization space ratio and stress concentration, respectively. However, knowledge gaps regarding the behavior of the sub-rectangular tunnels under seismic loading remain and still need to be bridged. This paper focuses on introducing a numerical analysis and the behavior of the sub-rectangular tunnels under seismic loadings. Here seismic loadings in this study are represented by quasi-static loadings. The numerical model of the sub-rectangular tunnel is developed based on the numerical model of the circular tunnel validated by comparison with well-known analytical solutions. This paper is devoted to highlighting the differences between the behavior of the sub-rectangular tunnels compared with the circular ones subjected to seismic loadings. Special attention is paid to the soil-lining interface, i.e., full slip and no-slip conditions. The influence of soil’s Young’s modulus on the sub-rectangular tunnel behavior under seismic loading is also investigated. The results indicated that soil’s Young’s modulus significantly affects incremental and total internal forces in tunnel lining under seismic loadings. Special attention is a significant difference in incremental and total internal forces in the sub-rectangular tunnel lining in comparison with the circular tunnel ones and the stability of the lining tunnel for both the full slip and no-slip conditions when subjected to seismic loadings.
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1. Introduction
Urban underground structures are excavated at shallow depth and tunnel cross-sections are usually chosen as circular and rectangular shapes. The disadvantage of rectangular tunnels is stress concentration at four corners so the ability to work is worse than in circular tunnels (Nakamura et al., 2003). But compared with circular tunnels, the space utilization ratio of rectangular tunnels is much larger. Recently, special cross-section tunnels such as sub-rectangular tunnels have been applied and studied with real ratio or reduction ratio (Liu et al., 2018; Zhang et al., 2017; Zhu et al., 2017; Zhang et al., 2019). These cross-section tunnels have solved the drawback of the cross-section of circular and rectangular tunnels and also have advantages of those tunnels. It can work stably as a circular tunnel while also increasing the space utilization ratio as the rectangular tunnel.
The behavior of tunnel structures under seismic loading was thoroughly studied in the literature (Wang, 1993; Penzien, 2000; Bobet, 2003; FHWA, 2004; Hashash et al., 2001; Hashash et al., 2005; Naggar et al., 2008; Park et al., 2009; Sederat et al., 2009; Kouretzis et al., 2013; Nguyen et al., 2019; Sun et al., 2020; Tsinidis et al., 2020), there are research methods have high-level developed as experimental, analytical, numerical methods but these studies only researched for circular and rectangular tunnels. However, the behavior of sub-rectangular tunnels under seismic loadings and even under static loadings still remain and need to be bridged. Recently, there are some studies investigated the behavior of special-shaped tunnels under static loading through full-scale or reduced-scale tests (Zhang et al., 2017; Liu et al., 2018; Zhang et al., 2019), numerical analyses (Do et al., 2020; Nguyen et al., 2020).
In this paper, a 2D finite-difference numerical model of circular and sub-rectangular tunnels under seismic loading is proposed. First of all, 2D finite-difference numerical is developed on a circular tunnel that internal forces on tunnel lining obtained compared to the results obtained using well-known analytical solutions (Wang, 1993; FHWA, 2004; Kouretzis et al., 2013). Based on the circular tunnel model, a sub-rectangular tunnel is developed. The parameters as soil's Young's modulus on the behavior of tunnels under seismic loadings were carefully examined and their influence was evaluated. In this paper, the soil-lining interface analytic is also attention. A significant difference in sub-rectangular tunnel behavior compared with the circular tunnel ones under seismic loadings based on numerical modelling.
2. Numerical models
2.1. Reference sub-rectangular tunnel case study- Shanghai metro tunnel
The cross-section of the sub-rectangular tunnel in this paper was adopted from the constructed underground structure in Shanghai, China (Do, et al., 2020). The dimensions of the tunnel cross-section are 9.7 m in width and 7.2 m in height (Figure 1). The tunnel is supported by a segmental concrete lining of 0.5 m in thickness. In this paper, a continuous lining was adopted without considering the effect of joints. Based on the cross-section of the sub-rectangular tunnel, a cross-section of a circular tunnel with an external diameter of 9.76 m, which has an equivalent utilization space area, is considered (Figure 2).
2.2. Numerical model for the circular tunnel
In this section, first of all, numerical simulation for a circular tunnel is performed employing a finite difference program (FLAC3D) (Itasca, 2012). The purpose was to investigate the behavior of circular tunnel linings under quasi-static loading and the internal forces achieved by numerical solution compared with the ones obtained by an analytical solution, namely the solution of Wang. (1993).
A 2D plane strain model was created (Figure 3). The hexahedral zones are used for the volume under study.  The embedded liner elements are used to describe the tunnel lining. These elements are attached to the zone faces along the tunnel boundary with interfaces. The soil-lining interface conditions were considered: no-slip and full slip conditions. The liner-zone interface stiffness (normal stiffness kn and tangential stiffness ks) is 
[image: ]Figure 1. Sub-rectangular express tunnel in Shanghai (Do et al., 2020), distances in millimeters.
Figure 2. Circular tunnel with the same utilization space area, distances in millimeters.
Figure 3. Geometry and quasi-static loading conditions for the circular tunnel model (Do et al., 2015).

chosen using a rule of thumb (Itasca, 2012), kn and ks are set equal hundred times the equivalent stiffness of the stiffest neighboring zone (Itasca, 2012) for the no-slip condition case. When considering the full slip condition, ks is assigned to be equal to zero.
The mesh is composed of a single layer of zones in Y-direction, and the dimension of the elements increases as one moves away from the tunnel (Figure 3). The numerical model is 120 m wide in the x-direction, and 40 m high in the z-direction and the bottom of the model is blocked in all directions. It consists of approximately 4800 zones and 9802 nodes. 
In this paper, like in previous research with circular tunnels, ovaling deformations due to the seismic loading are imposed as inverted triangular displacements, along with the model lateral boundaries (Sederat et al., 2009; Do et al., 2015; Naggar and Hinchberger, 2012). Uniform horizontal displacements are applied along the top boundary (Figure 3). The magnitude of the prescribed displacements assigned at the top of the model is dependent on the maximum shear strain, max, estimated based on the horizontal acceleration aH and properties of the soil mass. Details of the mathematical formulation of the maximum shear strain, max, are not presented in this paper. Readers can refer to the work by Wang, (1993), Hashash et al. (2001, 2005).
	Table 1. Input parameters for the reference case study.

	TT
	Parameter
	Symbol
	Unit
	Value

	
	Soil properties
	
	
	

	1
	Unit weight
	γ
	kN/m3
	18

	2
	Young’s modulus
	E
	MPa
	100

	3
	Poisson’s ratio
	ν
	-
	0.34

	4
	Internal friction angle
	ϕ
	degrees
	33

	5
	Cohesion
	c
	kPa
	0

	6
	Lateral earth pressure coefficient
	K0
	-
	0.5

	7
	Depth of tunnel
	H
	m
	20

	8
	Peak horizontal acceleration at ground surface
	aH
	g
	0.5

	9
	Moment magnitude
	Mw
	
	7.5

	10
	Source to site distance
	
	km
	10

	
	Tunnel lining properties
	
	
	

	11
	Young’s modulus
	El
	GPa
	35

	12
	Poisson’s ratio
	νl
	-
	0.15

	13
	Lining thickness
	t
	m
	0.5

	14
	External diameter
	D
	m
	9.76


The first step of the numerical simulation process is to set up the model and assign the plane strain boundary conditions and the initial stress state taking into consideration the gravity field. Next step, the tunnel is excavated and the lining is assigned. Finally, the prescribed displacements are assigned on the model boundaries by the seismic loading that induced ovaling deformations.
2.3. Comparison of the numerical and analytical solution for the circular tunnel case study
For validation purposes of the numerical model subjected to quasi-static loading, the analytical solution proposed by Wang, (1993) and thereafter improved by Kouretzis, (2013) was used for comparison with the results obtained from a numerical model. It should be noted that (Kouretzis, 2013) proposed an expression of the maximum incremental bending moment under the no-slip condition which was not mentioned by Wang, (1993). Parameters shown in Table 1 were adopted in this section as the reference case. The soil and tunnel lining material properties in numerical models are assumed to be linear elastic. These assumptions were also adopted in the analytical solution. An anisotropic stress field was assigned in the numerical model with a lateral earth pressure coefficient, K0 equal to 0.5. The horizontal acceleration, aH equal to 0.5g, corresponds to the maximum shear strain max of 0.38%. Figure 4 illustrates the distribution of the incremental internal forces induced in the circular tunnel lining under seismic loading. Both no-slip and full-slip conditions between lining and soil interaction were considered when using the Wang solution and Flac3D. The soil and tunnel lining parameters are presented in Table 1. It can be seen that the results obtained by numerical and analytical solutions are in very good agreement, the discrepancies are under 2%. Both maximum and minimum extreme internal forces are presented. They are named ‘extreme incremental internal forces. Similarly, extreme total internal forces represent both the maximum and minimum total internal forces induced in the tunnel lining.

	[image: ]
a) Incremental bending moments.

	[image: ]
b) Incremental Normal Forces.

	Figure 4. Distribution of the incremental internal forces in the circular tunnel by Flac3D and Wang solution.



Figure 4a shows that the absolute extreme incremental bending moments in the full-slip condition are larger than the ones obtained in the no-slip condition, 14%. In contrast, the absolute extreme incremental normal forces in the full-slip condition are much smaller than that of the no-slip case (Figure 4b).
3. Development of a numerical model for sub-rectangular tunnels
In this section, a numerical model for the sub-rectangular tunnel was developed similar to the circular tunnel. Only the tunnel shape is modified into a sub-rectangular geometry (Figure 5). The geometry parameters of sub-rectangular tunnels are presented in Figure 1 and other parameters presented in Table 1 are adopted. The numerical model is consisting of approximately 5816 elements and 11870 nodes. The bottom of the model was blocked in all directions and the vertical sides were fixed on the horizontal one.
3.1. Comparison between circular and sub-rectangular tunnels in quasi-static conditions
Figure 6 introduces the static bending moments and normal forces induced on the circular and sub-rectangular tunnel linings subjected to static loading. While Figure 7 and Figure 8 describe the incremental and total bending moments and normal forces in these tunnel linings under seismic loading. Both no-slip and full slip conditions have also been considered. Parameters of the reference case presented in Table 1 are adopted.
Figure 6 indicated that the static bending moments on circular tunnel lining are smaller than the ones on sub-rectangular tunnel lining for both no-slip and full-slip conditions, the maximum static bending moments are observed at 90 and 270 degrees corresponding with the crown, and bottom of circular and sub-rectangular tunnels. By contrast, the static normal forces on the sub-rectangular tunnel lining are smaller than the ones in the circular tunnel for both no-slip and full-slip conditions.
Considering the influence of the soil-lining interface, the static bending moments on tunnel lining in the full-slip condition are slightly larger than the ones in the no-slip condition, the difference of the maximum static bending moments are 13% and 7% corresponding to circular and sub-rectangular tunnels (Figure 6a).
	[image: ]
Figure 5. Geometry and quasi-static loading conditions in the numerical model of a sub-rectangular tunnel.
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1. Static bending moments.

	[image: ]
1. Static normal forces.

	Figure 6. Distribution of the static bending moments and normal forces in the sub-rectangular and circular tunnels.



Figure 6b illustrates a great influence of the soil-lining interaction on the static normal forces developed in the tunnel lining. The maximum normal forces obtained in the no-slip condition are much larger than the ones in the full-slip condition, while the minimum static normal forces in the full-slip condition are significantly increased compared to those in the no-slip condition, 45% and 51% corresponding to circular and sub-rectangular tunnels. The most changes are observed at the crown and bottom areas of the tunnels. It could be identified that the circular tunnels are more stable than the sub-rectangular tunnels under static loadings, and the tunnel works more stable in the no-slip condition compared to the one in the full-slip condition. 
Figure 7 shows that extreme incremental bending moments and normal forces observed on the sub-rectangular tunnel lining appear at the corner of the tunnel cross-section where the one’s radius is smaller. The difference with the sub-rectangular tunnel, the positions of the extreme incremental and normal forces are observed on the circular tunnel lining making an angle of 45 degrees with the horizontal. There is a special note in Figure 7a, that the absolute extreme bending moments on the sub-rectangular tunnel lining in the no-slip condition are larger than the ones in the full-slip condition. This is the opposite with the case of the extreme incremental bending moments on the circular tunnel lining.
In the no-slip condition, the absolute extreme bending moments on the sub-rectangular tunnel lining are larger by 20% than the ones on the circular tunnel lining. By contrast, compared to the circular tunnel in the full-slip condition, the absolute extreme bending moment on the sub-rectangular tunnel lining are smaller 4%. The incremental normal forces on tunnel linings in the full-slip condition are much smaller than the cases 
	[image: ]
1. Incremental bending moments.

	[image: ]
1. Incremental normal forces.

	Figure 7. Distribution of the incremental bending moments and normal forces in the sub-rectangular and circular tunnels.



of the no-slip condition. There is almost no difference between the absolute extreme normal forces on both two tunnel linings in the full-slip condition. The absolute extreme normal forces on the circular tunnel lining in the no-slip condition are 9% larger compared with these values on the sub-rectangular tunnel lining (Figure 7b).
Figure 8 shows an overview of the difference between total internal forces on the circular and sub-rectangular tunnel lining under seismic loading. The total internal forces are equal to the static internal forces plus the incremental internal forces on the tunnel linings. Figure 8a indicated that the minimum total bending moments on the sub-rectangular tunnel lining appear at the shoulders of the tunnel cross-section. Compared to the minimum total bending moments on the circular tunnel lining, the ones on the sub-rectangular tunnel are smaller at 71% and 42% corresponding to no-slip and full-slip conditions. By contrast, the maximum total bending moments are almost constant on two tunnel linings in the no-slip condition, while for the full-slip condition, the maximum total bending moments on the circular tunnel lining are larger by 14% than the ones on the sub-rectangular lining.
	[image: ]
1. Total bending moments.
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1. Total normal forces.

	Figure 8. Distribution of the total bending moments and normal forces in the sub-rectangular and circular tunnels.



Figure 8b illustrated the difference in the total normal forces on the circular and sub-rectangular tunnel linings. The maximum and minimum total normal forces on tunnel lining in the full-slip condition are much less than the ones in the no-slip condition. Compared to the maximum total normal forces on the circular tunnel lining, the ones on the sub-rectangular lining are smaller at 6.5% and 1.4% in the no-slip and full-slip conditions, respectively. Similarly, the minimum total normal forces on the circular tunnel lining are larger than the ones on the sub-rectangular tunnel lining for both no-slip and full-slip conditions corresponding to 11.5% and 10.7%.
In the next section below, the effect of soil's Young's modulus on the circular and sub-rectangular tunnel behavior was conducted. While the effect of the soil-lining interface condition was also considered.
3.2. Effect of the soil’s Young’s modulus (E)
The soil’s Young’s modulus values are assumed to vary from 10÷350 MPa, corresponding to the shear strains, γmax, of 1.21÷0.21% while keeping the aH value equal to 0.5g. The other parameters of the reference case presented in Table 1 are adopted. The total internal forces on the circular and sub-rectangular tunnel linings are shown in Figures 9 to 14
	[image: ]
a) Total bending moments.
	[image: ]
b) Total normal forces.

	Figure 9. Effect of the E values on the total internal forces for the circular tunnel lining in the no-slip condition.
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a) Total bending moments.
	[image: ]
b) Total normal forces.

	Figure 10. Effect of the E values on the total internal forces for the circular tunnel lining in the full-slip condition.


Figure 9, 10, 11 and 12 have presented total internal forces induced in the circular and sub-rectangular tunnels under seismic loading for both the no-slip and full-slip conditions when the E values varies from 10÷350 MPa. Figure 9a to Figure 12a indicated that the E value increase causes a decrease of the absolute extreme total bending moment on both tunnel linings. This trend is also suitable for the total normal forces on the circular and sub-rectangular tunnel linings in full-slip condition (Figures 10b, 12b). By contrast, the maximum total normal forces on two tunnel linings have the same trend to increase with an increase of the E values of soil (Figures 9b,11b).
Figure 9 and Figure 10 also show that the positions of the extreme total bending moments and normal forces are observed on circular lining varies when the Es value change. These positions making an angle with the horizontal varies from 
	[image: ]
a) Total bending moments,
	[image: ]
b) Total normal forces.

	Figure 11. Effect of the E value on the total internal forces for the sub-rectangular tunnel lining in the no-slip condition.
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a) Total bending moments.
	[image: ]
b) Total normal forces.

	Figure 12. Effect of the E value on the total internal forces for the sub-rectangular tunnel lining in the full-slip condition.



25÷40 degrees corresponding to the E values from 10÷350 MPa. These tend are suitable in both the no-slip and full-slip conditions.
It can be explained that the extreme total internal forces on tunnel linings depend on the values of the static and incremental internal forces under static and seismic loadings. It means that the position of the extreme total internal forces tends to shift towards the positions of the extreme incremental internal forces when the extreme incremental internal forces increases compared to the extreme static internal forces.
Compared to the total internal forces on circular tunnel lining, there is a clear difference in the position of the extreme total bending moments and normal forces on the sub-rectangular tunnel lining. The positions of the minimum total bending moment in the sub-rectangular tunnel are always at the shoulder of the tunnel cross-section. While these positions of the maximum total bending moments vary from 77÷37 degrees making an angle with the horizontal corresponding to the E value increase from 10÷350 MPa (Figures 11a and 12a). The shoulders of the sub-rectangular tunnel cross-section are the positions of the extreme total normal forces in no-slip conditions and the maximum total normal forces in full-slip (Figures 11b and 12b).
Figures 13, 14 illustrated the extreme total internal forces on the circular tunnel lining compared with the sub-rectangular tunnel lining under seismic loadings in the no-slip and full-slip conditions. The minimum total bending moments on the circular tunnel lining are larger than the ones on the sub-rectangular tunnel lining for both the no-slip and full-slip conditions. These differences vary from 51÷101% in the no-slip 
	[image: ]
a) Total bending moments.
	[image: ]
b) Total normal forces.

	Figure 13. Effect of the E values on the internal forces for the circular and sub-rectangular tunnel linings in the no-slip condition.
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a) Total bending moments.
	[image: ]
b) Total normal forces.

	Figure 14. Effect of the E values on the internal forces for the circular and sub-rectangular tunnel linings in the full-slip condition.



condition compared to 26÷66% in the full-slip condition when the E values change from 10÷350 MPa (Figures 13a, 14a). In the no-slip condition, when the E values are more than 100 MPa, the maximum total bending moments on circular tunnel lining are larger than the ones on the sub-rectangular tunnel lining under 6%. Similar to the full-slip condition, these change from 2÷16% corresponding to the E values from 50÷350 MPa (Figures 13a, 14a).
The extreme total normal forces on tunnel linings are not much different between the circular and sub-rectangular tunnels in the no-slip condition. This is similar to the maximum total normal forces in the full-slip condition (Figures 13b, 14b). In the full-slip condition, the minimum total normal forces on the circular tunnel lining are larger than the ones on the sub-rectangular tunnel lining from 22÷10% corresponding to the E values varies from 10÷350 MPa.
4. Conclusion
The behavior of the circular and sub-rectangular tunnel linings are investigated by a 2D numerical study under seismic loading. The influences of soil’s Young’s modulus and the soil-lining interface conditions to the behavior of the tunnel linings under seismic loadings have investigated. The response of the circular tunnel compared to the sub-rectangular tunnel were observed. There are some conclusions following:
- Soil’s Young’s modulus, E, have a great effect on the total internal forces induced in both the circular and sub-rectangular tunnels for both no-slip and full slip conditions;
- There is a complete difference between the sub-rectangular and circular tunnel behaviors under seismic loadings in the no-slip and full-slip conditions. The absolute extreme total bending moments of the circular tunnel for the full-slip condition are larger than the corresponding the no-slip condition, while the absolute extreme total bending moments of the sub-rectangular tunnels for the full-slip condition are smaller than the ones in the no-slip condition;
- The positions of the extreme total bending moments and normal forces observed on the tunnel linings vary when the E values change. It can be explained that the extreme total internal forces on the tunnel linings depend on the values of the static and incremental internal forces under static and seismic loadings;
- The absolute extreme total normal forces in the no-slip condition are always larger than the full-slip ones, for both circular and sub-rectangular tunnels cases;
- The absolute extreme total bending moments on the circular and sub-rectangular tunnel linings tend to decrease gradually corresponding to an increase of the E values under seismic loadings.
- The soil’s Young’s modulus, E, increase corresponding to the absolute extreme total normal forces increase for both sub-rectangular and circular tunnels (no-slip condition). In the full slip condition, there is a slight decrease in the maximum total normal forces, and an insignificant change in the minimum total normal forces is observed.
The numerical results obtained in the present study are useful for the preliminary design of the circular and sub-rectangular-shaped tunnel linings under seismic loadings. 
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