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Abstract
The excitonic condensate in semimetal and semiconducting materials with the assistance of
the phonons in both the adiabatic and anti-adiabatic regimes has been investigated. In the
framework of the random phase approximation, we analyse the static excitonic susceptibility
function once the electrons and holes are described in the extended Falicov–Kimball model
involving the electron–phonon interaction. The excitonic condensate transition point is
detected as a divergence of the susceptibility function. The complex phase diagrams exhibit
the significant impact of the adiabatic phonons on the stability of the excitonic condensation
state. In contrast, phonons in the anti-adiabatic regime play a less role in the formation and the
condensation of the excitons. Depending on the temperature or the external pressure, the
excitonic condensate stability and its Bardeen–Cooper–Schrieffer–Bose–Einstein
condensation crossover in the systems are also discussed in detail.
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1. Introduction

In semimetals or semiconductors, a bosonic quasi-particle so-
called exciton might be formed. That is a bound state of an
electron in the conduction band and a hole in the valance
band triggered by the Coulomb attraction. In such a case of
sufficiently large density and low temperature, these exci-
tons might be condensed in a macroscopic coherent quan-
tum state like Cooper pairs in superconductors [1]. Unlike
the superconducting state, the condensation state of excitons
exhibits a non-conducting property and it is sometimes called
an excitonic insulator state which was theoretically proposed
almost 60 years ago [2–4]. Depending on whether the exci-
tons are weakly or tightly bound, one might find either the
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Bardeen–Cooper–Schrieffer (BCS) or Bose–Einstein conden-
sation (BEC) state of the excitonic condensate. Possessing
a small effective mass, the excitonic condensation state is
expected to be sustained at room temperature. That reason has
promoted much interest of condensed matter physicists and
also material scientists in studying the excitonic condensation
state.

In general, the excitonic condensation state is fore-
most investigated in purely electronic models, i.e., only the
Coulomb interaction between the electron and hole is consid-
ered [2–8]. However, recent several experiments have indi-
cated that the lattice distortions also play important roles
to anticipate the excitonic condensation state [9–11]. For
instance, in the pressure-sensitive mixed valence material
TmSe0.45Te0.55, the excitonic condensation state is found in
accompanying with an abrupt change of lattice displacement
[12]. Or in 1T–TiSe2 transition-metal dichalcogenides, the
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charge-density-wave is observed as a driving force of the con-
densation of the excitons [13, 14]. Most recently, one has
revealed a record critical temperature of the excitonic conden-
sate up to Tc = 326 K in Ta2NiSe5, a direct gap semimetal
with Ta 5d conduction bands and Ni 3d valence bands [15].
The transition is accompanied by a slight shear distortion
that reduces the lattice symmetry from orthorhombic to mon-
oclinic [11, 15]. In the last case, a strong electron–phonon
coupling has been manifested to mediate the excitonic con-
densation state [11, 16, 17]. From the experimental observa-
tions above, considering the electron–phonon interaction is
crucially important to underline physics of the excitonic con-
densation state in semimetal/semiconductor materials. In our
work here, both the Coulomb interaction between the electrons
and the holes and the electron–hole excitation phonon cou-
pling would be considered to examine their contributions to
the stability of the excitonic condensation state.

Taking into account the phonon assistance mediating the
underlying physics of electronic systems, the energy level
of the phonons in relativity with that of electrons is a cru-
cial parameter specifying the signature of the lattice degree
of freedoms. Depending on a comparison of the mobility of
the phonons with that of electrons, one often sorts the two
regimes so-called adiabatic and anti-adiabatic limits corre-
sponding to whether the bare electronic hopping is either suffi-
ciently small (anti-adiabatic) or sufficiently large (adiabatic) as
compared to the phonon frequency. In the anti-adiabatic limit,
all phonon excitations are out of the conduction band and only
the electronic excitations remain active at low temperatures.
In contrast, there is a strong mixing between the electronic
and phononic properties in the adiabatic regime. Analysing
the competition between the phonon and the electron mobil-
ities is thus essential in the electron–phonon problem. In the
polarization-resolved Raman spectroscopy experiments, one
has specified the strong variation of the phonon frequencies
in the excitonic insulator compositions Ta2Ni(Se1−xSx)5 [18].
Indeed, for x < 0.7 the semimetal compositions exhibit the
pronouncedly harden phonon upon cooling in the vicinity of
the excitonic condensation critical temperature. In contrast,
the monotonically soften phonon is found for semiconducting
situations, i.e., at x = 1. Subedi, recently by using the den-
sity functional theory, has revealed a large range of phonon
frequencies (from 30 to 280 (cm−1) suggesting that the wide
range frequency zone-center optical phonon instability medi-
ates the excitonic condensate phase transition in Ta2NiSe5

[19]. In the present work, we examine in detail the instability of
the excitonic condensate in the wide range of the phonon fre-
quency in the competition with the hopping parameter of con-
duction electrons, i.e., in both the anti-adiabatic and adiabatic
limitations.

From the motivations addressed above, in this paper, the
excitonic condensation state in the semimetals/semiconductors
is considered in the scenario of the extended Falicov–Kimball
model (EFKM) involving the electron–phonon interaction.
Within the EFKM, an f -valance electron is not localized but
disperses in a narrow band that might hybridize with the c-
electron in the conduction band to establish the electron–hole

excitations. The EFKM its own has been extensively investi-
gated to discuss the excitonic condensate instability in almost
semimetal/semiconducting materials [6, 7, 20, 21]. However,
in these studies, the lattice degree of freedoms is not taken
into account. Taking into account the coupling of the elec-
tron–hole excitations to the phonons, more realistic excitonic
condensate signatures might be modelled and its results might
explain the experimental observations. Recently, the EFKM
in accompanying with the electron–phonon coupling has also
been adopted to discuss the excitonic condensation state
[14, 22, 23]. In these studies, the condensate phase is spec-
ified in the signatures of the excitonic order parameter only
and the excitonic fluctuations especially in the vicinity of the
critical point are not considered. In the meanwhile, the exci-
tonic fluctuation at a large temperature is a crucial point to
address the stability of the excitonic condensation state in the
low temperature range [24, 25]. In the present work, the exci-
tonic fluctuations in the EFKM with electron–phonon cou-
pling will be analysed in the random phase approximation. The
phase diagrams of the excitonic condensate then would be fig-
ured out in signatures of the excitonic susceptibility function.
BCS–BEC crossover of the condensation state is also speci-
fied by analysing the momentum distribution of the excitonic
order parameters. That is indeed essential because whether the
formation of the excitonic condensation state in the materials
follows the BCS or the BEC type, especially in the materi-
als with strong electron–phonon interaction, is still in debated
[15, 26].

This paper is organized as follows. In section 2, we
introduce the Hamiltonian of the EFKM involving elec-
tron–phonon interaction in the momentum space. Analytical
calculations for excitonic order parameters and susceptibil-
ity functions in the mean-field scheme are respectively briefly
outlined in sections 3 and 4. Numerical results are given in
section 5, where phase diagrams of the excitonic condensa-
tion state are addressed. In the final section, we present the
conclusions.

2. Hamiltonian

To inspect the microscopic features of the electron–hole
phonon system we introduce, in this section, the following
Hamiltonian

H = H0
e +H0

ph +Hint, (1)

where the non-interacting part, the first two terms H0
e and

H0
ph, indicates the kinetic energy of the electron–hole phonon

system. The last term, Hint, is its interacting part. In the
momentum space, H0

e reads

H0
e =

∑
k

ε f
k f †k fk +

∑
k

εc
kc†kck. (2)

Here, f †k( fk) and c†k(ck) respectively denote the creation
(annihilation) operators of the f electrons in the valence band
and the c electrons in the conduction band carrying momentum
k with the electronic dispersion relation in the tight-binding

2



J. Phys.: Condens. Matter 34 (2022) 165602 T-H-H Do and V-N Phan

approximation

ε f (c)
k = ε f (c) − t f (c)γk − μ, (3)

with the on-site energy ε f (c). In equation (3), t f (c) is the
nearest-neighbor hopping amplitude of the f (c) electrons and
γk = 2

(
cos kx + cos ky

)
in the 2D systems. μ is the chemical

potential. In the momentum space, H0
ph also reads

H0
ph
= ω0

∑
q

b†
qbq, (4)

where b†
q(bq) is phonon creation (annihilation) operator at

momentum q and ω0 is dispersionless single mode phonon
energy. Here the longitudinal optical phonons are represented
in the Einstein model in which the phonon frequency is
momentum independent. Comparing the phonon frequencyω0

with the conduction electron hopping term tc, one can sort
two typical limitations: adiabatic (ω0 < tc) and anti-adiabatic
ω0 > tc with respect to higher and less mobility of the phonons
than that of the electrons.

In the electron–hole phonon system, the interaction part
Hint includes both the Coulomb interaction between c and
f electrons and the electron–phonon interaction between the
f –c electron excitations with the lattice displacements. In the
k space, it is written by

Hint =
U
N

∑

k,k′ ,q

c†k+qck′ f †k′−q
fk

+
g√
N

∑
kq

[
c†k+q fk

(
b†
−q + bq

)
+ H.c.

]
, (5)

where N is the number of lattice sites. Here, we have assumed
that both the interactions are local with respect to U being the
Coulomb attraction intensity and g being the electron–phonon
coupling constant. Note here that the Hamiltonian written
in equation (1) deals with a closed exciton–phonon system.
In experiments, the excitonic system is usually performed
away from equilibrium. Considering the excitonic condensa-
tion state in the influence of the environment is thus very
important and more realistic. The task for the non-equilibrium
situation will be left for future studies.

3. The unrestricted Hartree–Fock approximation

The Hamiltonian written in equation (1) captures many-body
features and it is difficult to be exactly solved. In the present
work, the Hamiltonian is simply examined in the unrestricted
Hartree–Fock approximation (UHFA). In the UHFA, all fluc-
tuation parts are eliminated and the problem reduces to a
single-particle feature. The effective Hamiltonian then is writ-
ten as

Heff =
∑

k

ε̄ f
k f †k fk +

∑
k

ε̄c
kc†kck + Λ

∑
k

(c†k+q fk + H.c.)

+ ω0

∑
q

b†
qbq +

√
Nh(b†

−q + bq). (6)

Here the Coulomb interaction contribution in the approxi-
mation so-called the Hartree shifts has been involved to the
electronic excitation energies

ε̄c( f )
k = εc( f )

k + Un f (c), (7)

where n f (c) =
∑

k〈n
f (c)
k 〉/N is the f (c)−electron density, with

the denotations 〈n f
k〉 = 〈 f †k fk〉 and 〈nc

k〉 = 〈c†kck〉. Λ and h in
the effective Hamiltonian Heff are the additional fields given
by

h =
g
N

∑
k

〈c†k+q fk + H.c.〉, (8)

Λ =
g√
N
〈b†

−q + bq〉 −
U
N

∑
k

〈c†k+q f k〉, (9)

are considered to be the excitonic condensate order parame-
ters. Here, we have assumed that only the excitons mediated
by the phonons with momentum q are considered. That might
be condensed indicating by the non-zero expectation value
〈c†k+q fk〉.

The effective Hamiltonian in equation (6) needs to be diag-
onalized then the expectation values in equations (7)–(9) could
be evaluated. The equations to determine self-consistently the
electron densities and excitonic order parameters can be found
in reference [22]. In the case out of the excitonic condensa-
tion, all excitonic condensate order parameters are vanished or
both h and Λ in equation (6) are zero. The effective Hamilto-
nian becomes very simple and the electron densities are easily
evaluated. One has

〈n f (c)
k 〉 = 1

1 + eβε̄
f (c)
k

, (10)

with β = 1/T and T is the temperature.

4. Excitonic susceptibility function

To consider the stability of the excitonic condensation state, in
this paper, we analyse the excitonic susceptibility possibly cre-
ating an bound state of electron–hole pair carrying momentum
q at large temperature

χ(q,ω) = −〈〈Xq|X†
q〉〉ω , (11)

where X†
q is the electron–hole excitation creation operator

with momentum q and 〈〈· · ·〉〉 denotes the retarded Green
function in the frequency representation. In our problem, the
electron–hole excitation creation operator with momentum
q is X†

q = 1√
N

∑
kc†k+q fk then the momentum and frequency

dependence of the excitonic susceptibility can be read

χ(q,ω) = − 1
N

∑
kk′

〈〈 f †kck+q|c†k′+q f k′ 〉〉ω. (12)

For the Hamiltonian H written in equation (1), the two-
particle Green’s function in the sum of equation (12) can be
evaluated, such as following the equation of motion
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ω〈〈 f †kck+q|c†k′+q f k′ 〉〉ω = 〈[ f †kck+q; c†k′+q f k′ ]〉

+ 〈〈[ f †kck+q;H]|c†k′+q f k′ 〉〉ω.

(13)
It results

ω〈〈 f †kck+q|c†k′+q
fk′ 〉〉ω = 〈n f

k〉 − 〈nc
k+q〉

+ (εc
k+q − ε f

k)〈〈 f †kck+q|c†k′+q
fk′ 〉〉ω

+
U
N

∑
k′′q1

〈〈(
f †kck′′ f †k′′−q1

fk+q−q1

− c†k+q1
ck′′ f †k′′−q1

ck+q

)
|c†

k′+q
fk′

〉〉
ω

+
g√
N

∑
q1

〈〈
( f †k fk+q−q1

− c†k+q1
ck+q)

× (b†
−q1

+ bq1 )|c†k′+q fk′

〉〉
ω
. (14)

Here, the electron densities are given in equation (10). In
the random phase approximation, the excess operators in the
higher order Green’s functions can be factorized and one might
approximate

∑
k′′q1

〈〈 f †kck′′ f †k′′−q1
f k+q−q1 |c

†
k′+q f k′ 〉〉ω

≈
∑

q1

〈n f
k+q−q1

〉〈〈 f †kck+q|c†k′+q f k′ 〉〉ω

−
∑

k2

〈n f
k〉〈〈 f †k2

ck2+q|c†k′+q f k′ 〉〉ω , (15)

and
∑
k′′q1

〈〈c†k+q1
ck′′ f †k′′−q1

ck+q|c†k′+q f k′ 〉〉ω

≈
∑

q1

〈nc
k+q1

〉〈〈 f †kck+q|c†k′+q f k′ 〉〉ω

−
∑

k2

〈nc
k+q〉〈〈 f †k2

ck2+q|c†k′+q f k′ 〉〉ω , (16)

and in similarly, one obtains
∑

q1

〈〈 f †k f k+q−q1 (b†
−q1

+ bq1 )|c†k′+q f k′ 〉〉ω

≈ 〈n f
k〉〈〈(b

†
−q + bq)|c†k′+q f k′ 〉〉ω , (17)

and
∑

q1

〈〈c†k+q1
ck+q(b†

−q1
+ bq1 )|c†k′+q f k′ 〉〉ω

≈ 〈nc
k+q〉〈〈(b

†
−q + bq)|c†k′+q f k′ 〉〉ω. (18)

Note that here we are dealing with out side of the excitonic
condensation state, all the terms multiplying with the exci-
tonic order parameters or the lattice distortion are completely

eliminated. In the same manner, one also delivers

〈〈(b†
−q + bq)|c†k+q fk〉〉ω =

Γq√
N

∑
k1

〈〈 f †k1
ck1+q|c†k+q fk〉〉ω ,

(19)
where

Γq =
2gω0

ω2 − ω2
0 −

2g2ω0χ
0b(q,ω)

1+Uχ0b(q,ω)

, (20)

with a denotation

χ0b(q,ω) =
1
N

∑
k

〈nc
k−q〉 − 〈n f

k〉
ω − ε̄ f

k + ε̄c
k−q

. (21)

In the help of equation (19), one derives a final expression
of the excitonic susceptibility function for the Hamiltonian
written in equation (1), that reads

χ(q,ω) =
−χ0(q,ω)

1 + (U − gΓq)χ0(q,ω)
, (22)

where

χ0(q,ω) =
1
N

∑
k

〈n f
k〉 − 〈nc

k+q〉
ω − ε̄c

k+q + ε̄ f
k

, (23)

plays a role of the bare electron–hole susceptibility function.
To establish phase diagrams of the excitonic condensation

state in the Hamiltonian (1), in the present work, we anal-
yse the static excitonic susceptibility function, i.e., χ(q,ω) in
equation (22) at ω → 0. The static excitonic susceptibility rep-
resents the excitonic fluctuation in the system. The stability of
the excitonic condensation state thus might be pointed out by
the divergence of the excitonic susceptibility function.

5. Numerical results and discussion

To inspect the excitonic condensation state instability in
semimetal/semiconducting materials, in this section, we
address the numerical results based on the analytical calcu-
lations above. The numerical calculation proceeds for a 2D
system containing N = 500 × 500 lattice sites and the set of
self-consistent equations equations (7) and (10) is solved to
determine the expected values. The static excitonic suscepti-
bility functionχ(q) in equation (22) atω → 0 is then evaluated.
Without loss of the generality, tc = 1 is chosen as the unit
of energy and the results are fixed for the case of t f = −0.3
and εc = 0. The choice of t f indicates the direct band-gap sit-
uation, i.e., the valence-band maximum and the conduction-
band minimum simultaneously locate at the Brillouin-zone
center. That situation is reasonable to the semimetal Ta2NiSe5

that reveals the record critical temperature of the excitonic
condensate driven by the strong electron–phonon coupling.

Firstly, we display in figure 1 the momentum dependence of
the static excitonic susceptibility as a function of temperature.
For a given set of parameters, one sees that the susceptibil-
ity function diverges at zero-momentum and then suddenly
drops down for the momenta deviating from zero. The diver-
gence indicates that the excitons with zero-momentum become
most favoured in the situation and the ordering vector of the
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Figure 1. The static excitonic susceptibility χ(q) as a function of
temperature T for some values of momenta q at U = 0.4, g = 0.3,
ε f = −2.0, and ω0 = 0.5.

low-temperature phase is q = 0. That is a situation of the exci-
tons in the semimetal Ta2NiSe5 observed recently [11, 16, 17].
Hereafter, we will consider the excitonic susceptibility func-
tion for the zero-momentum case only to discuss the instability
of the excitonic condensation state.

To detect the excitonic condensate in the system, normally
one discusses the properties of the excitonic order parameters.
For a comparison, in figure 2 we show a temperature depen-
dence of both the excitonic condensate order parameter Λ
(symbol-lines) and the static excitonic susceptibility function
χ (solid lines) for difference g at given ε f = −2.0 and U = 0.4
in the two adiabatic (ω0 = 0.5) and anti-adiabatic (ω0 = 5)
limitations. In both regimes, one might find the nonzero values
of the order parameter at low temperature specifying the stabil-
ity of the excitonic condensation state if the electron–phonon
coupling is large enough. Increasing temperature, the thermal
fluctuations destroy a part of the c − f electronic bounding
state and thus the condensation state is depressed. That is
indicated by the depression of the excitonic order parameter.
Once the temperature is sufficiently large, the order parameter
is completely disappeared and the system is out of the order
state. The temperature at which the order parameter suddenly
drops down to zero is so-called the excitonic condensate transi-
tion temperature Tc. For a given small Coulomb coupling, the
electron–hole pairs might be formed if the electron–phonon
coupling is large enough. Increasing the electron–phonon cou-
pling the hybridization between the electrons and holes is
enhanced. The bound electron–hole excitations become more
stable. The behaviours of the excitonic properties seem to be
unchanged in both regimes of the phonon frequencies. How-
ever, in the adiabatic regime, the phonon energy is small,
the dynamic signature of the phonons is comparable to that
of the electrons, and hence, the electron–phonon correlations
are reinforced even at a small electron–phonon interaction
[see figure 2(a)]. On the other hand, in the anti-adiabatic
regime, the phonon level is even above the highest level of the
conduction band. The electron–phonon interaction thus must
be extremely large to establish the bound excitonic–phonon
excitations to stabilize the condensation state [see figure 2(b)].

Figure 2. The static excitonic susceptibility χ at zero-momentum
(solid lines) and the excitonic condensate order parameter Λ
(symbol-lines) as functions of the temperature T for different values
of g at ε f = −2.0 and U = 0.4 with the phonon frequencies
ω0 = 0.5 (a) and ω0 = 5.0 (b).

Analysing the order parameter thus might establish the
phase structure of the excitonic condensation state. However,
the excitonic order parameter only addresses the dynamic
properties of the condensate at a temperature smaller than the
critical value. Investigating the dynamic properties of the elec-
tron–hole excitations in the signatures of the static excitonic
susceptibility function above the transition temperature hence
is essential. Indeed, in all cases, one always finds the develop-
ment of the static susceptibility function as decreasing the tem-
perature (see solid lines in figure 2). For the temperature close
to the critical value, the susceptibility function sharply enlarges
and then diverges at T = Tc, Tc is indicated to the excitonic
transition temperature. The accession of the susceptibility as
decreasing temperature illustrates the enhancement of the elec-
tron–hole bound state excitations against the thermal fluctua-
tions. Increasing the electron–phonon coupling also provides
strong evidence for the development of the excitonic fluctua-
tions. Absolutely, in the adiabatic regime, the phonon strongly
mediates the excitonic bound excitation states, the excitonic
fluctuations thus are enhanced in comparison to the case in the
anti-adiabatic regime.

To describe in more detail the effects of the phonon fre-
quency on the formation of the excitonic condensate state in
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the system, we display in figure 3 the ground-state phase dia-
grams in the (U,ω0) plane for different values of the elec-
tron–phonon coupling g at the f -electron one-site energy
ε f = −2.0. Our phase diagrams are constructed by detect-
ing the divergence of the static excitonic susceptibility. We
see that for a given value of g and a fixed ω0, the excitonic
condensation phase is established as the Coulomb interac-
tion is in a range of Uc1 < U < Uc2. For U < Uc1, both the
Coulomb interaction and electron–phonon coupling are not
strong enough to pair electrons and holes, and the system set-
tles in the semimetal state. On the other hand, for U > Uc2, the
band-gap due to the Hartree shift excludes the hybridization
between conduction and valance band, and thus the system is
also out of the order state. The system, instead, settles in the
semiconductor side. As increasing the phonon frequency ω0,
Uc1 increases whereas Uc2 decreases, the condensed region
of excitons, therefore, is depressed. This results the consis-
tency of our findings with that of the experimental observa-
tions on the material Ta2NiSe5 by using Raman spectroscopy
with soft phonon modes [27]. In which, the low-energy optical
phonons play a role in promoting the transition to the exci-
tonic condensation state. Growing electron–phonon interac-
tion, the excitonic condensate window is expanded. Indeed, for
a very small electron–phonon coupling, for instance g = 0.01,
the excitonic condensation state is established in the narrow
region of the Coulomb interaction (see figure 3(a)). When the
electron–phonon interaction increases, Uc1 decreases and Uc2

increases, that makes enlarge the excitonic condensate regime
in the plane [see figures 3(b)–(d)]. In particular, for sufficiently
large g, the excitonic condensation phase can be formed even
for U = 0 at a small phonon frequency. In this case, the con-
densation of excitons in the system is entirely due to the elec-
tron–phonon coupling, which has been discussed in references
[28–31]. In the figure 3, the phonon frequency has illustrated
a significant effect in the excitonic condensate. Indeed, for low
phonon frequency, the dynamic of the phonon is compara-
ble with that of the electrons, thus the electron–phonon cor-
relations become prominent. The excitonic condensate hence
might be stabilized even without the Coulomb interaction. A
slight change of the phonon frequency in this regime also
delivers a significant alteration of the exciton excitations. This
has been demonstrated experimentally in Ta2NiSe5 in which
the structural phase transition from orthorhombic to mono-
clinic structural is driven by the softening of optical phonon
mode [27, 32]. For a large phonon frequency, the phonon level
is far from the Fermi level and thus it might be less impor-
tant to impact the excitonic excitations. Varying the phonon
frequency in this situation is therefore insignificant to the sta-
bility of the excitonic condensation state. The excitonic con-
densate in the anti-adiabatic case thus is primarily driven by
the Coulomb interaction only. Indeed, for infinite phonon fre-
quency, the phase boundary would recover the situation of the
purely electronic systems.

Depending on the strength of the interactions, the excitons
can be stabilized in the either BCS or BEC-type condensa-
tion state if the bound electron–hole pairs are weak or tight.
In the figure 3 both the BCS and BEC-type of the excitonic

Figure 3. Ground-state phase diagrams of the excitonic
condensation state in the (U,ω0) plane for some values of g at
ε f = −2.0. The excitonic condensate being in BCS-type and
BEC-type are indicated by green- and purple-region, respectively.
The semimetal/semiconducting state is pointed out by the
yellow/blue region.

condensate are specified. On the BCS side, the excitonic con-
densation state is driven by the small interactions between
electrons and holes in the semimetal state. The two valance
and conduction bands are overlapped and only the electrons
and holes near the Fermi surface build up the excitons. In this
case, the electron–hole pair distribution 〈c†k+q fk〉 peaks at a
finite Fermi momentum. Otherwise, with the strong interac-
tions in the semiconducting side, the tightly bound excitons
might be formed. They act as a diluted neutral gas and thus
one finds the BEC excitonic condensation state. In this situa-
tion, the Fermi surface plays no role in the formation of the
excitons. The pair distribution thus peaks at zero momentum.
For this feature, the BCS–BEC crossover of the excitonic con-
densation state is addressed. Figure 3 shows us that growing
the electron–phonon coupling moves the BCS–BEC crossover
to the larger Coulomb interaction regime. The effect of the
phonon frequency is also found significantly in the adiabatic
regime for the intermediate electron–phonon interaction.

In that manner, we show in figure 4 the ground-state phase
diagrams of the excitonic condensate in the (U, ε f ) plane for
different phonon frequencies ω0 at a given electron–phonon
coupling g = 0.6. Due to the choice with εc = 0, the onsite
energy ε f represents the overlap between the f - and the c-
bands, measuring the possible coupling between the electrons
and the holes to form the excitons caused by the external pres-
sure [9, 33]. At a given phonon frequency, we always find
the excitonic condensation state for small |ε f |. Two f - and
c-bands, in this case, are strongly overlapped and the system
settles in the BCS-type excitonic condensate. That type of the
condensation is depressed in the case of small Coulomb inter-
action in anti-adiabatic regime [see figures 4(c) and (d)]. In that
situation, the contribution of the phonons becomes less impor-
tant and if the Coulomb interaction is not sufficiently large,
electrons and holes would not be bound to form a pair and
one finds only the semimetal state. In the adiabatic regime,
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Figure 4. Ground-state phase diagrams of the excitonic
condensation state in the (U, ε f ) plane for different phonon
frequencies ω0 at g = 0.6. The excitonic condensate being in
BCS-type and BEC-type are indicated by green- and purple-region,
respectively. The semimetal/semiconducting state is pointed out by
the yellow/blue region.

Figure 5. Phase diagrams of the excitonic condensation state in the
(U, T) plane for some ω0 at ε f = −2.0 and g = 0.6. The excitonic
condensate being in BCS-type and BEC-type that are indicated by
green- and purple-region, respectively. The semimetal/
semiconducting state is pointed out by the yellow/blue region.

otherwise, the condensation state can be found even with-
out the Coulomb interaction. That condensation state might
be driven barely by the electron–phonon coupling when the
entanglement between electrons and phonons is significant
[see figures 4(a) and (b)]. In the whole regime of the phonon
frequency, the BEC excitonic condensate is always stabilized
for large Coulomb interaction.

To address the thermal fluctuations affecting the complex
phase structure in the systems, in figure 5 we show the phase
diagrams in the (U, T) plane for different phonon frequen-

cies ω0 at the given set of parameters ε f = −2.0 and g = 0.6.
The boundary shape of the condensation state seems to be
unchanged for all phonon frequenciesω0. However, the ampli-
tude of the transition temperature is rapidly suppressed once
the system enters the anti-adiabatic regime. For an appropriate
Coulomb interaction, one always finds the excitonic condensa-
tion state at low temperature. Enlarging temperature, the ther-
mal fluctuations might destroy the bound excitonic condensate
and the system settles in either the semimetal or the semicon-
ducting state depending on the Coulomb interaction is small
or large. The BCS–BEC crossover of the excitonic condensa-
tion state slightly deviates from the semimetal–semiconductor
transition. The BCS-excitonic condensate thus attributes the
simultaneous formation and condensation of the loosen elec-
tron–hole pairs found in the vicinity of the Fermi surface if
the temperature is smaller than a critical value. Otherwise,
one finds the BEC-excitonic condensate such as a conden-
sation state of the preformed excitons in the semiconducting
side by lowering the temperature. In the adiabatic regime,
the contribution of the phonon modes has enhanced the elec-
tron–hole constraint. The excitonic transition temperature thus
is enlarged as lowering the phonon frequency. In the oppo-
site case with large phonon frequency, the assistance of the
phonon becomes less important and the situation returns the
purely electronic cases [6, 7, 25, 34].

6. Conclusion

To conclude, in this paper, we have analysed the static exci-
tonic susceptibility function for the EFKM involving the
electron–phonon interaction by adapting the random phase
approximation. The excitonic condensate and its fluctuations
in the semimetal/semiconducting materials are then discussed.
Our results have illustrated the complex phase structure occur-
ring in the systems. In the ground state, one finds a signifi-
cant of the adiabatic phonon contribution in the formations
and condensation of the excitons. In this adiabatic regime,
the excitonic condensate might be found even without the
Coulomb interaction. The excitonic condensation region sud-
denly expands as lowering the phonon frequency or enlarging
the electron–phonon coupling. However, in the anti-adiabatic
regime with large phonon frequency (in the comparison with
the conduction electron hopping), the contribution of phonon
becomes less important and the system exhibits a pure
electronic situation. BCS–BEC crossover of the excitonic con-
densation state is also addressed. As increasing the electron–
phonon coupling or decreasing the phonon frequency in the
adiabatic regime, the primary contribution of phonon shifts the
crossover to greater values of the Coulomb attraction. Con-
sidering more meticulously dynamic properties and fluctuated
natures of the excitonic condensate via analyzing the optical
conductivity or dynamical excitonic susceptibility function for
the extended models or designing an experimental setup to ver-
ify the results would be our worthwhile investigations in the
future.
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