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Abstract

In this paper, we propose an analytical approach based on the Laplace transform and Mittag—Leffler functions combining
with linear matrix inequality techniques to study finite-time stability of fractional-order neural networks (FONNs) with
time-varying delay. The concept of finite-time stability is extended to the fractional-order neural networks and the delay
function is assumed to be non-differentiable, but continuous and bounded. We first prove some important lemmas on the
existence of solutions and on estimation of the Caputo derivative of specific quadratic functions. Then, new delay-
dependent sufficient conditions for finite-time stability of FONNs with time-varying delay are derived in terms of a
tractable linear matrix inequality and Mittag—Leffler functions. Finally, a numerical example with simulations is provided
to demonstrate the effectiveness and validity of the theoretical results.

Keywords Fractional derivative - Neural networks - Finite-time stability - Time-varying delay - Laplace transform -

Mittag—Leffler functions

1 Introduction

In the real world, neural networks have been found
everywhere such as in weather forecasting and business
processes because neural networks can create simulations
and predictions for complex systems and relationships
[1-6]. Tt is well-known that fractional-order systems
(FOSs) have attracted much attention due to their important
applications in various areas of applied sciences over the
past decades [7-9]. Fractional analysis has been considered
and developed in the context of neural networks as artificial
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neural networks, Hopfield neural networks, etc. In fact, the
fractional-order derivative provides neurons with a funda-
mental and general computational ability that contributes to
efficient information processing and frequency-indepen-
dent phase shifts in oscillatory neuronal firings [10-16]. So
far, most of the existing literature have concerned with
Lyapunov asymptotic stability, however, in many practical
cases, one concerns the system behavior on finite-time
interval, i.e., finite-time stability (FTS) [17]. The concept
of FTS has been developed to control problems, which
concern the design of a admissible controllers ensuring the
FTS of the closed-loop system. Many valuable results on
finite-time control problems such as finite-time stabiliza-
tion, finite-time optimal control, adaptive fuzzy finite-time
optimal control, etc. have been obtained for this type of
stability, see, [18-21] and the references therein. There-
fore, problem of finite-time stability (FTS) for neural net-
works described by fractional differential equations has
attracted a lot of attention from scientists. It is notable that
most of the results on the stability of FOS neural networks
did not consider time delay. In many practical applications,
time delay is well-known to be unavoidable and it can
cause oscillation or instability of the system.
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Neural Computing and Applications

There are various approaches to studying FTS for FOSs
with delays including Lyapunov function method, Gron-
wall and Holder inequality approach, etc. The authors of
[22-24] studied FTS of linear FOSs by using a generalized
fractional Gronwall inequality lemma. In [25], Yang et al.
studied FTS of fractional-order neural networks (FONN5)
with delay. Chen et al. in [26] used some Holder-type
inequalities to propose new criteria for FTS. Combining the
Holder inequality and Gronwall inequality, Wu et al. [27]
obtained sufficient conditions for FTS of FONNs with
constant delay. Based on this approach the authors of
[28, 29] developed the similar results for the systems with
proportional constant delays. On the other hand, noting that
the Lyapunov—Krasovskii function (LKF) method is one of
the powerful techniques to studying stability of FOSs with
delays, however, the LKF method can not be helpfully
applied for fractional-order time-delay systems. The diffi-
culty lies in the finding LKF to apply the fractional Lya-
punov stability theorem. In [30-33], the authors used
fractional Lyapunov stability theorem to find appropriate
LKEF for FOSs with time-varying delay, however, the proof
of the main theorem provides a gap due to a wrong
application of fractional Lyapunov stability theorem.
Hence, it is worth investigating the stability of FONNs with
time-varying delay. In the paper [34], the authors provided
some sufficient conditions for the FTS of singular frac-
tional-order systems with with time-varying delay. Very
recently, to avoid finding LKF the authors of [35]
employed fractional-order Razumikhin stability theorem to
derive criteria for H,, control of FONNs with time-varying
delay. To our knowledge, problem of FTS for fractional-
order neural networks with time-varying delays has not yet
been fully studied in the literature.

Motivated the above discussion, in this paper, we
investigate problem of FTS for a class of FONNs with
time-varying delay. Especially, the time-varying delay
considered in the FONNSs is only required to be continuous
and interval bounded. The contribution of this paper is
twofold. First, considering FONNs with interval time-
varying delay, we propose some auxiliary lemmas on the
existence of solutions and on estimating the Caputo
derivative of some specific quadratic functions. Second,
using a proposed analytical approach based on the factional
calculus combining with LMI technique, we provide suf-
ficient conditions for FTS. The conditions are established
in terms of a tractable LMI and Mittag—Leffler functions. It
should be noted that the proposed approach of Laplace
transforms and inf-sup method has not yet seen in the field
of FONNs with time-varying delay, and the stability con-
ditions obtained in this paper are delay-dependent and
novel.

The article is structured as follows. Section 2 presents
formulation of the problem and some auxiliary technical

@ Springer

lemmas. In Sect. 3, the main result on FTS is presented
with an illustrative example and its simulation.

Notations. R™ denotes the set of all real positive num-
bers; R" denotes the Euclidean n— dimensional space with
its scalar product xPy; R"™" denotes the space of all
(n x r)-matrices; A" denotes the transpose of A; matrix A
is positive semi-definite (A > 0) if x'Ax >0, for all x € R";
A is positive definite (A > 0) if x"Ax > 0 for all x # 0;
A>B means A — B>0; C([—7,0],R") denotes the set of
vector valued continuous functions from [—1,0] to R";

2 Preliminaries

We first recall from [7] basic concepts of fractional cal-
culus and some auxiliary results for the use in next section.

Definition 1 [7] For o € (0,1) and f € L'[0, T}, the frac-
tional integral I%f(¢), the Riemann derivative D}f(z) and
the Caputo derivative D%af(¢) of order o,, respectively, as

P = 55 [ =9 )as,
Dif(1) = S (1), DR (1) = Di(7(0) — £ (0)).

where I'(s) = [ e 't~ 'dt,s >0, t €[0,T] is the Gamma
function. 0

The function
o0 Zn
E,3(2) = ——z7z€C, >0, >0

denotes Mittag—Leffler function. The Laplace transform of
the integrable function g(.) is defined by

LIg(0)](s) = fwgmm.

Lemma 1 [7] Assume that fi(.),f>(.) are exponentially
bounded integrable functions on RT, and 0<o<1,f > 0.
Then

(1) LIDEAW]) = L)) - £(0),
@) LI En(FO)) = 5

Smfl

LIEBONS) = .
3 L <L) = L)) - L)),

t

where fi(1) * f2(t) == [fi(t — D)fa(0)dr.

0

Consider a FONNs with time-varying delay:
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D (1) = =mex(e) + S asf(oe(0) + by o — (1),
J= =
x,-(9) = ¢l(9)7 Oe [_dZaO]7 i= 17”7
(1)

or in the matrix form:
Dex(t) = =Mx(t) + Ff (x(1)) + Gg(x(z — d(1))), (2)
where x(r) = (x;(t), ..., x,(t)) " is the state; the delay d(r)
satisfies 0<d; <d(t) <dy, Vt>0; (1) =
(¢;(1), ..., $,(t))" is the initial condition with the norm
Il = o \/Z |:(0

the variation functions

FE) =) fa() s g(x) = (81(01))s-s8a(x0))

satisfy f(0)=0, g(0)=0, and for all {,y€R,i=1,n:

Al > 0 (8 — fi(m)| < L€ —n|, (3)
3ki > 0:|gi(&) — &M < kil& —nl;
M = diag(mlam27 .. '7mn); F = (aij)nxn’ G = (bij)ﬂX” are

the connections of the j” neuron to the i”* neuron at time ¢.

Definition 2 Let c¢y,c;,7 be given positive numbers.
System (1) is FTS with respect to (cy, ¢z, T) if

I$I* <er = XD <eay  1€10,7).

Lemma 2 If ¢ € C([—d»,0],R") and the condition (3)
holds, then system (1) has a unique solution
x € C([-d», T),R").

Proof From Volterra integral form of system (2) we have

x(t) = x(0) + I*[=Mx(t) + Ff (x(1)) + Gg(x(t — d(1)))],
and consider the function
[ #(0) + I*[vy(1)] if >0,
noo ={ "L o
where

vy (1) = =My(t) + Ff(y(1)) + Gg(y(r — d(1))).

Note that the function v,(¢) is continuous on [0, 7] if y €

[t1 — 2] <6 = |vy(t1) —vy(n2)| <e,

hence
3
HO) @) = HO)e) < 15
‘/xlds_’_Lsuph) |’/ylds
(OC s€[0,7T] ’
e T* 1 T
< ———+—=— sup |v(s 2 _ Ly
ORI CI AR P

which also shows the continuity of H(y)(r) on [—da,T].
Next, for 1 € [0,7], y,z € C([—da, T], R") :

vy(2) = () < IM|[y(1) = 2(0)] + |FIIf (v(1)) = f(2(0))]
—d(1))) — gzt — d(1))

+[Gllg(y(z )|
< (M| + |F|maxl + \G\maxk)

sup |y(s) — z(s)1;
s€[—d>.T)

which leads to

nt*
H(y)(t) — H(z)(1)| < sup |y(s) — z(s)],
HO)0) = HEOIS L sup ) - <6)
where 7y, = \M|—|—|F|maxl —|—|G|maxk Similarly, by

induction, we have for m = 1,2...

mo

[H"(0)(1) = H" () (O] <1 sup |y(s) — z(s)],

m s€[—d,,T]
s H0)() — Q)

T
< ——— sup |y(s) —z(s)|.
Tlmo & 1)SGHLT}I (s) — z(s)|

Besides, the space C([—d,,T], R") with the norm ||y|| =

sup |y(s)| is a Banach space. Hence,
SE[*dz,T]

H"(-) : C([-dp, T],R") — C([—da, T], R")

is a contraction map with this sup norm as m enough large.
Applying the fixed-point theorem, we derive the existence
of a unique solution x € C([—d,, T], R"). O

Lemma 3 [34] For d >0 and N >0, if function S:
[~d,N] — R* is non-decreasing and satisfies

S(¢) <aS(0) + bS(t —d),a > 1,b>0,t >0,

C([—d, T],R"). So we can see that function H(-) maps then
C([~dz, T),R") into C([—d,T],R"). In fact from the /)41
uniform continuity of v, (¢) on [0, 7], there is a ¢ > 0 such S(1) < S(0)a Z b, Ve [0, N].
that for all #1,#, € [0,T], © <t, and =
@ Springer
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3 Main result

This section provides new conditions for FTS of system (1)
in term of a tractable LMI and Mittag—Leffler condition.
Before proving the theorem, let us denote [d] by the integer
part of d and

y :%zxkiz’ I, = diag{l,...,1} € R™",
Ey = —2PM — dyP + [ max 1,,E1, = PF, Ey
= [PF]", E;3 = PG,
E3 =[PG]", Exy = —Pl,, Ex3 = —)P, Esg =1, — P,

Ess =P — 21, all the others Ej; = 0.

Theorem 1 Let cy, ¢y, T be given positive numbers. System
(1) is FTS with respect to (c1,ca, T) if there exist a number
B > 0 and a symmetric matrix P > 0O such that

Eyw Epn . . Ejs
x FE . . FE
2 25 <0 (4)
* * . E55
(P [T/d\]+1
—()Ex(dzT“) > (EldaT?) —1)f<—. (5)
/lmin(P) =0

Proof Let us consider the following non-negative quad-

ratic functional V(x(z)) = x(¢)" Px(r). Since the solution
x(f) may not be non-differentiable, we propose the fol-
lowing result on estimating Caputo derivative of V(x(¢)). (I

Lemma 4 For the solution x(t) € C([—da, T],R"), the
Caputo derivative DE.(V(x(t))) € C([0,T],R") exists and
DEV(x(1))] < 2x(1) PDEa(1), 120,

To prove the lemma, we note that x(¢) € C([—dz, T], R")
(by Lemma 2), the function

u(t) = —Mx(1) + Ff (x(1)) + Gg(x(z —

is continuous on [0, T]. Hence, we get

d(1))),

Ofo—s)“—'(u(s)—u(o»ds
T (o) ‘
jt’(t—s)“flds

u(s)—u(O)HOtaW’

x(t)—x(0) ’ :‘
* [(x+1)

< sup
s€[0,1]

sup |u(s)—u(0) ’ —0,

F(“Jr 1)xe[0,t]

as t— 0. In the other words,

@ Springer

Yo i= }ggx(t) ;x(o) - F(’;(?r)l). (6)
Consequently,

. V(x(2)) — V(x(0)) Pu(0)

W =2(x0). 75,5 75): )

It is easy to calculate the following integral

[ eV, [ 2R
¢ ¢

: (t_s)wl . (t_s)oc-H
[ 0= P) =D
& ([ _ S)rx+l
= 1(,8) ~ B(1,2).

(8)

From Theorem 2.2 of [36] it follows that Dfx =u €
C([0,T],R"), and when & — 1~, we have

I1(,2) =)(/%d 2P4(1))|

dr
1
0<I<T‘/ x+

when ¢ — 17, and

2 sup |Px(r)] — 0,
1€[0,T]

©)

x = x(0) + yot* + x0, xo € H}[0,T], t € (0,T].

Hence, for 0< &r<t<t<T, £ € (0, 1], we obtain that

‘%‘SI%Q—— +’ t——rx)O()’
_ (t—t)ac™ 1 1 x0(t) — xo(7)
7 (t—1)" ‘ (r—1)* T

<k(E) = pou[1 /¢ = 1)

+ sup
0<t<t<T,|t—1|<T(1-¢)

)

‘ X()(l‘) - X()(‘E)
(r—1)*

where ¢ € (t,1). Thus, as £ — 17, we get

(.9 = [ HOE LR
& (10)

-y
o

T

I1P|Ik(&)* — 0,

because k(&) is independent on t,f, and xo € H}[0,7].
From (8), (9), (10), as £ — 1,
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t

sup | [t )7 (Vi) = Vixto))e] — 0. 1)
0<t<T %
Using Theorem 2.2 of [36] and (7), (11) gives
3dDZV(x(t)) € C[0,T] and
DE(V(x(1)))(0) = 2(x(0), P¥(0) )
% _ V(@) = V(x(0))
DV(s(0) = .
+r(1a_a) / V(x((?)_:)‘:g(r) )dn 1€ (0,T].
0
Besides we have D{x € C[0,T] and
’ _ u©)
" _ 1
(DCX)(t) _F(l _ O{)
W) —x(0) o [x(t)—x(x)
(O [0
(13)

The identities (12) and (13) lead to D%(V(x(1))) —
2(x(¢), PD¢x(t)) = 0, =0 and for ¢ € (0,7] to

DE(V(X(1)) = 2x(1), PDEa(r)
V() = x(0) / V() —x()

PT(1 — o) Il —a) J (t—7)**"!

T

<0

)

which completes the proof of Lemma 4.
To finish the theorem’s proof, denoting

U(t) = D2V(x(1)) — dsV(x(1)), 1> 0. (15)

Using the Laplace transform (by Lemma 1-(i)) to the both
sides of (15) gives

LIUM](s) = S"LIV(x(0)])(s) = " V(x(0))
— LIV (x(1)))(s),
equivalently
LIV(x(@)](s) = (5" = d2)~'s* 'V (x(0))
+(s* — da) " LIU ()] ().
Applying Lemma 1 -(ii), (iii), we obtain that
E[V(X(O))Ea(dzt“)](S) =(s" = d>)"'s" ' V(x(0))
L [t“’lEm(dzt“) x U(1)](s) =(s* — dz)flﬁ[U(t)](s),

hence

LIV(x(1))](s)
= L|V((0)Ex(dot”) + 7 Exaldar®) « U(D)](5).
Taking the inverse Laplace transform to the derived
equation gives

V(x(t)) = V(x(0))Ex(dat”)

t

v o
+O/(IS)MEM,1((12@ 1¥)ds.

Using (14) and the inequality [, <P <2[,, we have

U(t) <yg(-)"Pg(-) <2y8(-)"g(-)

n

<2pmaxfil® Y (e — d(n))?
i=1

<dox(t — d(1)) ' Px(t — d(1)) = d,V(x(t — d(1))),

then

E(r) = (1), £0), 8O () = Fx(@), 8(-) = glx(r — d(1))),

we obtain, by using Lemma 4, that
DLV (x(1)) <2x(t) " PD%x(1)
=24(0)" P~ Mx(t) + Ef (x(1)) + Gg ("))
<2x(1)" (= Mx()+ Ff (x(1)) + Gg () )
B () S()=78() Pe()+ pmaxx(t) 'x(r) - (14)
—dox(1) " Px(t) +doV (x(1)) +78(-) " Pe (")
=&(1) "[Eglaé(0) +daV (x(1) +7() " Pg ()
<dyV(x(1) +78() " Pg(-),
because of [|[f(+)[|* < maxZ ||x(¢)||*, and [Ej];, ; <O (by the
condition (4)). Let

sup U(s)<h, sup
s€[0,1] 0c|—dy,1—d]

V(x(0)). (17)

From (16) and (17) it gives

V(x(1)) < V(x(0))Eq(dat”) + P U(s)

/Em(dz(t =)
0 (1=s)"™
<V(x(0)Ex(dar®) + (Ey(dat?) — 1)

sup  V(x(6)),
0€[—da,t—d))

Moreover, we have
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Fig. 1 Time history of [|x(¢)|* 4 T T T o,=a T T T : .
of the system with o = 0.5 ————— [IX(O]12
3.5 c,=1,c,=4| 7
3r -
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Fig. 2 Time history of [|x(¢)|* 4 c,=4
of the system with o = 0.6 e IOl
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, s[ug ]V(x(H)) <E,(drT*)V(x(0)) ( ) (1) su[;l) ) V(x(9))
€l—da it 2
o (18) )P < n <
+[Ey(d, T*) — 1] el S;lp u V(x(0)). ) Aomin min
€l—dz,t—a, \ /L P
Applying Lemma 3 with S(z) = sup V(x(0)),a= mm( ) mm(P)

0€|—da.1]
E,(d,T*), b = E,(d,T*) — 1, and from (18) it follows that

sup V(x(0))<q sup V(x(6)) < gZna(P)| ],

0<[—d 1| 0€|—d,,0]
(19)
[T/d]+1 .
, where g =E,(d,T*) > (E,(d2T*)—1). For t€
=0

[0, T], the conditions (5) and (19) show that

@ Springer

which shows that system (1) is FTS with respect to

(Cl,Cz,T).

Remark 1 Note that the numbers ¢y, ¢, do not involve in
the LMI (4), we find the solutions P, f§ by solving LMI (4)

and the condition (5) can be easily verified.

Remark 2 Theorem 1 proposed delay-dependent sufficient
conditions for finite-time stability of FONNs with interval
time-varying delay, which is a non-differentiable function,
extends some existing results obtained in [23, 30-33],
where the time delay is assumed to be differentiable.
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Moreover, for the case fractional derivative order oo = 1,
system (1) is reduced to normal fractional-order neural
networks with time-varying delay and some existing results
on FTS of such systems obtained in [4, 34, 37-39] can be
derived from Theorem 1.

Remark 3 1t should be pointed out that the advantage of
our paper was proposing an approach based on the Laplace
transform combining with the inf-sup method to study
stability of FONNs with interval time-varying delay with-
out using the fractional Lyapunov stability theorem.

Example 1 Consider FONNSs (1) with the following system

parameters
«=0.5, d(t) = 0.1 +0.05| sin*(7)|,
1 0 1 -1 1 0
M= A= , B= :
0 1 0 1 1 1
the neuron activation functions f, g : R> — R? defined by
F@) =(fix), L))", k) = (g1(x1),820x)",
t
t) =f(t) = g1(t) = g2(t) = 0.08 ——
Ni(t) =h(1) = g1(1) = 82(1) el

for all 1 € R, (x1,x) € R%

It can be shown that 0<d; = 0.1 <d(t) <d, = 0.15,
f(0) =g(0) =0, and the neuron activation functions
satisfying the Lipschitz conditions (3) with [y =, = k; =
ky = 0.1. Since the delay function d(¢) is non-differen-
tiable, the method used in [20, 30-33] cannot be applied.
We use the LMI algorithm in MATLAB [40] to find
solutions of (4) as

B {1.7413 0.1105

, B=5.8115.
0.1105 1.7544

In this case, it can be computed that
=175, Zpax(P) = 1.8586, Apin(P) = 1.6371.

For ¢y =1, ¢; =4, T =10, we can check the condition
(5) as

) [T/d]+1 . e (P) -
E(d,T*) Y (E (drT*) 1)J7i '(P)c1_3.9939<4

j=0
Hence, by Theorem 1, the system (1) is FTS with respect to
(1, 4, 10). Figure 1 and Figure 2 demonstrate the time
history ||x(r)||* of the system with initial condition ¢(r) =
[0.65,0.65], t € [-0.15, 0] and o =0.5, and o = 0.6,
respectively.

4 Conclusions

In this paper, the finite-time stability problem for a class of
FONNs with interval time-varying delay has been addres-
sed. Based on a novel analytical approach, delay-dependent
sufficient conditions for FTS are proposed. The conditions
are presented in the form of a tractable LMI and Mittag—
Leffler functions. Finite-time stability analysis of FONNs
with unbounded time-varying delay may be interesting
topics to study in the future, and an extension of this study
to non-autonomous FONNs with delays is an open
problem.
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