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Abstract

The paper deals with the application of a computer algebraic
approach for linearization of the motion equations for flexible
manipulators. It is used a Taylor series expansion of the
nonlinear equations of motion to obtain the desired basic
motion of the system. Based on the proposed method, the
linearization of motion equations of a rigid-flexible
translation and rotation two-link manipulator (manipulator
T-R) and of a rigid-flexible rotation and rotation two-link
manipulator (manipulator R-R) has been studied.

Keywords: Multibody system, Flexible manipulators,
Linearization, The motion equations, fundamental motion.

1. Introduction

Multibody system dynamics has experienced a
significant growth over the last decades, boosted by
advances in computer architecture and software. The
position of a tree-structured multibody system is most
often represented herein by an array s=[s,s,...s,]” of
generalized coordinates. The velocity of the system is
described as
§=[$, $,...5,]" . The set of generalized coordinates and
generalized velocities can be selected in a multitude of
ways. The equations of motion for a general rigid body
system can usually be written in the following form [1-5]

M(s)S +C(s,8)$ +g(s) =7(¢) €))

In this equation, s,§ and are vectors of

generalized position, velocity, and acceleration variables,

the array of generalized velocities

§

respectively. The differential equations of motion (1) are,
in general, a system of related nonlinear differential
equations.

Using the floating frame of reference approach by the
derivation of motion equations of flexible manipulators
[6], we also get a system of motion differential equations
of the form (1).

Due to the complexity of the system of differential
equations of motion (1), it is very difficult for us to find
the solution by analytical methods. It is common to
determine the solution of system (1) by numerical
methods. Using the numerical methods to solve the
system of the differential equation (1) we need to have 2n
the initial conditions

s(t,) =s,, 8(1,) =8, ()

In this paper, the linearization problem of nonlinear
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motion equations of flexible manipulators in the vicinity
of a fundamental motion is addressed. Taylor series
expansion of nonlinear motion equations around the
desired fundamental motion of the flexible manipulator is
included

The paper is organized as follows: The basis of the
linearization algorithm is presented in Section 2. Sections
3 and 4 present the linearization of motion equations of
the rigid-flexible two-link T-R and R-R around the
fundamental motion. The final part is the conclusion.

2. Derivation of the linearization procedure

Many technical systems mostly work in the vicinity
of a desired movement, which is usually called "program
movement", "basic movement", etc., depending on the
problem.

In the dynamics of robot manipulators with flexible
links, the motion of the flexible manipulator q(#) is
usually in the vicinity of a motion q,(f) of a
corresponding rigid manipulator.

Motion equations of flexible robot manipulators (1)
can be rewritten in the following form

M(s)s =p($,s,7,1) 3)
where

p(s,s,7,1) = 7(1) — C(s,8)s — &(s) “)
By introducing

s(t) =s® () + As(t) =s® () +y(2) . 5)

$(6) = 8" (N + AS(1) =" (D) +y(0) . (6)

() =8% (D) +A8() =8" () +¥(0) . @)

) =1"+A1. 8)

where s®(¢) is the fundamental motion of the robot
manipulator, t°(z) is the torque, in which the elastic
link is considered as rigid

ke A O] oy 0O e A0
0[]0 [0 [0

To simplify the implementation of intermediate
transformations, we introduce the symbols
f(8,8) =M(s)s .
where feR™, peR™.
The following equations are obtained by means of
Taylor series expansion of f(§,s) and p(s,s,,¢) around

the desired fundamental motion s,,$,,5,, A

(10)
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f(s,8)=1(s, +¥.,5, +¥)

o, . (11
V+—| y+nonline. terms,

of,
=f(s J + 1
(Sr-82) 0§ s |,

R

PGS, T.1) = (S, +¥.8, +¥, T  +A1,0) =

=p,(§,.5,,T",¢ +% ‘+% 12)
P, (8,5, ) 2 Hy 2s Ry (
+ % AT +nonlinear terms.

R
Substituting Egs. (11) and (12) into Eq. (3) and
neglecting nonlinear terms, we obtain the linearized

differential equations that describe vibrations of
considered system as follows
M, ()y+C, (Dy+K, (1)y =h, (1) (13)
The matrices in Eq. (13) have the following form
of op
M, (t)=—| C,(1)=—— , 14
(@) &, L) %l (14)
of
K,0-| % -2 |, (15)
Os|, 08|z
h, (t) =p(s;.8,.7",0)—f(8,.5,)+—| At. (16)
at R

3. Linearization of the motion equations of a
rigid-flexible two-link manipulator T-R

3.1. Derivation of equations of motion for flexible
manipulators R-T using the floating frame of the
reference approach

Consider the motion of a two-link rigid-flexible
manipulator T-R shown in Fig.1, where the rigid link AB
assumed to be uniform.

To describe the kinematics, the position of point P on
the flexible beam is given as, in which w(x,?) is the
transverse deformation of the beam DE

Xp =1l +(r+x)cosq,, —wsing,,. 17)
Yp=q, +(r+x)sing,, + wcosq,, (18)
Differentiation of Eq. (18) yields
Vi = X5+ 35 =44 + W +[(r+x)’ +w' g,
+2(r + x)Wq,, + 2r+x)q,,4,, cosq,,
+2q,,weosq,, —2wq,,q,,sing,, . (19)

The Euler-Bernoulli beam theory and Ritz-Galerkin
method are applied to the flexible manipulator with
assuming that the deformation in the longitudinal
negligibly Let the
deformation of the beam be written as

direction is small. transverse

WD) = 2K, (g, (0, w; = DX, ()4, (). 20)

where g, (f) denotes the modal coordinates of transverse
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deformation, X, (x)
deformation of a clamped- free beam. The mode shapes
are given as [7]

X, (x) = cos(B.x) —cosh(f,x)

| cos Bl +cosh Bl
sin B/ +sinh g/

the mode shapes of transverse

(=sin(B.x) +sinh(Bx)) (1)

Fig. 1. Two-link rigid-flexible manipulator T-R
The kinetic energy of the flexible manipulator shown

in Fig. 1 is given by
T=1+T,+T,

(20)

Where 7, is the expression of kinetic energy of
solid link 1, 7,is the expression of kinetic energy of

elastic link DE, T is the kinetic energy of the disc B.

1 -2
T = Emlfhh . (2D
1
T, = E,uj.[gjl W [+ x) W ]qaj
0
+2(r+x)Wg,, +2(r+x)q,,4,, €0sq,, (22)
+24,Wweosq,, —2wq, 4, sing,, Jdx
1 . 2 1 - 2
Ty =—mydy +—J35q,, (23)

2 2
Thus, the expression for the kinetic energy of the
manipulator has the form

1 « 2 l 2 l + 2 ] +2
T zzmlq;I +5"”3‘1’Jl +§JRQJ: +Efu‘!ﬂ;|

3
a1 s
+lﬂ(r212 +rl +li)q;1 +—u2rl, +1)4,,4,, cosq,,
2 3772 T : - 24)

1 % 5. .5 .
+5y.[[w' +wq,, +2(r+x)wg,,
0
+2q,,Wwceosq,, —2wq,,q,,8Inq,, Jdx

By substituting m, = ul, into Eq. (24), we have
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:—(m1+m2+m3)q +( S +;m2r +

al

1 1 " ..
+5m2rlz + gmzlz2 ). +{:-’”:“1 +myr)q,1q,, €084,

IRy .
+5,u.[[w‘ +w g, +2(r +x)hg,,
0

+2q,Wweosq,, —2wq,.q,, sing,, Jdx

The elastic potential energy of the beam DE to
transverse bending is calculated by the formula [8]

R

Where EI is the beam flexural rigidity. Calculating
the gravity potential energy, we have

I =(m, +m, +my)gq, +m2g(r+l—2)sin 9a2

(27)
1 o*w

+;1gcosqazj'wdx+2E1.[( ] dx

Using the expressions (18) and (19), the expression
for kinetic energy (24) and the expression for potential
energy (27) have the following form

1 - 1 1
=E(m1 +m, +my,)q,, +(5J3 +5mzr2

1 1 5 1 )
+5m2rl2 +gm2122)cj;| +(— m,l, +m,r)g,.q,, cosq,,

1 N N
M2 2 mdady 4 M, >3 4.4, (28)

i=l j=1 i=l j=1

N N
+urg,, Z Cgo+ 14, ). D,
i=1

i=

N N
+/Uq‘,| Ccosq,, Z qum - PG".-,]'?aZ sin 953 z Ciqei

i=1 i=1

L. .
IT=(m, +m, +my)gq, +m2g(r+—2)sm 9a2

(29)
+mgcosqaZZqu, > ) Elzzhﬂex%
i=l j=1
where
13 L h
C :J'Xl_dx ) =IxXidx; n, = IXX dx (30)
0 0 0
b
hy = [ XX dx €2y
0

The generalized forces Q; are determined by the
following expressions

Q;l F,—Fy; Q M, Q; =0. (32)
where

Fy=aq,. M =auq,, (33)

The Lagrange equations have the following form [4, 5]

or |\ or M 5 icia.n. ()
di\oq, | oq, oq,

where g, are the generalized coordinates which
include rigid body coordinate g, as well as elastic
modal ¢,,,and Q] are generalized forces.

Substitution of Egs. (28), (29) and (32) into Eq. (34)
yields the equations of motion of the considered system
as follows

.. 1 .
E,+(m +my+m)g, + (— ml, +m,r)g,, cosq,,

al

( myl, +m,r)q., sing,, + 1cosq, ZC%

i=1

v (35)
_2#‘?:!1 Sin q(r}? Z C."(jm' - tl'“ia 2 Sl n q(rl Z Ciqei
i=1 i=1
-2 N
—H4,, €054, Z Cq, =—(m +my+my)g+F,
-1
M,, + [( myl, +m,rycosq,, — using,, z Cq.:1d.
i=1
N N
+(J, +m2r +m,ri, + )q“ + U, zz 1,99,
N . i=l j=1 (36)
Y G + 13 Dy + 20, S 1y,
i=1 izl i=l j=l
=-m,g(r+ —) C08q,, +ugsing,, ZC G+ T
i=l
N
/UZ mg/‘:jw' +ur§,,C +uDg,, + 1#Cg,, cosq,,
Jj=1 (37)

N N
—uqs, y mq, =—ngC, cosq,, —ELY hq,
=l j=t
If we choose N = 1, the differential equations of the
two-link rigid-flexible manipulator T-R have the

following form

E, +(m +my+my)i, +ucosq,,Cd,

1 . .
+[(E myl, +m,rycosq,, — #Cq,, 804,14,

1 (38)
_(E ml, + mz’”)‘?f: sing,, —2uq,,Cq,, sing,,
_ﬂ‘i"jzclqc'l C08q,, =—(m +m, +my)g+F,
myl, . s
M, +[ —uCq,sing,, 14,
m, z

+(Jy +myr? +myrl, +—22+ un

( M uqel)qh (39)

+(urC + uD) G, +2un,4,,4,.49.,

l .
=-m,g(r+ é) cosq,, + ugsing,,Cq, +1,,
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4G, cosq,, +(urC + ub)g,, + un,g,, — /uq.j!”]lqcl

—ugC, cosq,, — Elh,q,, . (40)

3.2. Fundamental motion of the flexible manipulator

We consider the case of the manipulator shown in Fig.

1, that consists of the two rigid links, the fundamental
motion of the corresponding flexible manipulator is the
virtual rigid link motion of the link DE. From the virtual
rigid link motion, the position of the point P on the link
BE is given as

{xp =1 +(r+x)cosqg, @D

Vp =g, +(r+x)sing’,’

The kinetic energy of the manipulator is given by

T=T+T,+T, (42)
where
1 =2
T =-mq, 43)
2
1 ry2 | SR 42
Ty ==my(G,) +=J,(q,,) . (44)
2 2
=N - | L. =
T, = lm2 (qfI Y H(=rt =+ =1 )m:(qf:)‘
2 2 2 6 (45)

l .-
+ (32 +r )mszfl Q.f: ‘303‘:’:(1

By substituting Eqgs. (43)-(45) into Eq. (42), we have

1 LRA2 =1, s
T= E(ml +m, +mB)(Qf| ) +(%+m‘,r)qfqu3005qrf3

1

1 1 1 YR 2
+(§ m2r2 +5m2rl2 +gm2122 +EJB )(qf,_ ) (46)

Select the origin at O, the potential energy of the
system such as

l .
= (m, +m, +m8)gq:] +ng(52+”)schljz . (47

Expressions for generalizing forces have the
following form

O =F' =My o Qp =7"-M, “8)

Using the Lagrange equations, the differential

equations of the manipulator are determined as follows

m,l
=R 272 gl oo R
E, +(m +my+my)g, +(—2 +m,r)g,, cosq,,

; (49)
—(m; 2+ myr)(gl,) sing’, = —(m, +m, +my)g+F"
1 R R 2
M, + (5 myl, +m,r)g,, co8q,, +(mr~ +myrl,
(50)

1 /
+ 5’"2122 +J,)gk = —ng(é +r)cosg® +1°
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We assume that the motion rule of the drive has the
following form

-t = 0.02500s(m‘—%) (m) 1)

a5 :%cos(m—%) (rad) (52)

By differentiating Eqgs. (51) and (52) and then
substituting the obtained results into Egs. (49) and (50)
we have the force F* and the torque z*. Then we
obtain the fundamental motion of the manipulator with
virtual rigid links

A G {qf (1 )}
t)= = . 53
“o{dia " >
and the force and the torque
o =[F* (54)

3.3. Linearization of the motion equations about the
fundamental motion

In this section, we focus on the linearization of
motion equations of flexible manipulator based on
inverse dynamics of the virtual rigid motion of flexible
link. The differential equations of motion of the two-link
rigid-flexible manipulator T-R can be expressed in the
compact matrix form [4, 5]

M(q)4 +C(q,9)q +g(q) = () (55)
where ¢,q and { are the generalized coordinates,
velocities, and accelerations, respectively. If we choose
N=1,
accelerations of the rigid-flexible two-link manipulator
T-R have the following form

the generalized coordinates, velocities, and

a4=[9.9..-9.] (56)

() = [0, (0),7,, (1), 7, ()] = [, (1), 7,(0),0] (57)

Let Agq,, Aq,and Agq, are the difference between
the real motion q(¢)and the fundamental motion q*(¢),

we have
1O =0,(0=430: 7.0 =0,0-450. 5o
y3(0)=q.(0)

where y,, v, and y, are called the perturbed motion.

Similarly, it follows that

() = [F(0), 2(t), 7,(0)] =[F(t),7(2),0]" (59)
The elements ¢~ (1),¢%(¢) are given in Egs.(51) and
(52).

By substituting Egs. (58) and (59) into Eq. (55) and
using Taylor series expansion [9, 10] around fundamental
motion, then neglecting nonlinear terms, we obtain the
system of linear differential equations with time-varying
coefficients for the two-link rigid-flexible manipulator
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T-R as follows
ML(1)35+CLU)}"+KL(-’}Y=hL(f) . (60)

The matrices M, (¢), C,(?), K, () and vector h,(¢) of

the linear differential equations according to Eq. (55) has
elements given by:

my, = m A+ m, A+ my,my, =J, +my(r + 1, + é)
(L, +2r
My =My = %005‘?:{: My = iy (61)
my, = my, = pC, cosq,,m,, =m,, = urC, + puD,
€ =, Cpy = 0y, gy = —(myl, + 2:11:!')(}:_‘:‘ sing”, )
) =€y =Cp =33 =0,0, =—2C g, singy,
kyy = kyy = kyy = 0,kyy = Elhy —M(d )",y
[ wR s R y2
kyy = m:(; tr)d,: sing;, +(4,,)" cosqyy ],
ki = —1C G, singy, +(4,,)" cos g, ], (63)
1 s .
ky, = [Em:!: Fmyr) (Gl + g)sing’,,
by, = kyy = —pC (dy +8)sing,,
— h? — 0:
hl i R R " - lp (64)
hy = —pgC, cosq,, —pnCg, cosq,, — prC +pb; g,
h
h,(6)=| b, |+AT. (65)
h3

4. Linearization of the motion equations of a
rigid-flexible two-link manipulator R-R with
a moving payload mass

4.1. Derivation of equations of motion for flexible
manipulators R-R using the floating frame of the
reference approach

Let us consider now the vertical-planar motion of a
two-link rigid-flexible manipulator R-R shown in Fig. 2.

Fig 2. Two-link rigid-flexible manipulator R-R
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Rigid link OB (link 1) is assumed to be uniform.
Flexible link DE (link 2) is clamped to the rigid moving
base and assumed to be thin, uniform, and satisfies the
Euler-Bernoulli beam assumptions of small shear and
rotary inertia effects. Both links are connected by disc B
which moves on the plane. The payload mass at the free
end of link 2 can move without friction relative to the link
using a force actuator. Using the floating frame of
reference approach [6], the motion equations of the
two-link rigid-flexible manipulator are derived.

Using the floating frame of reference approach [6],
the motion equations of the two-link rigid-flexible
manipulator R-R (Fig. 2) are derived as described below.
For kinematics analysis, the position of point P on the
flexible beam is given as

x, =1lcos(q, )+ (r+x)cos(q,, +q,,)

—w(x,t)sin(q,, +4,,) (©0)

yp =lsin(g, )+ (r +x)sin(q,, +4,,)

(67)
+w(x,t)cos(q,, +4,,)

Differentiation of Egs. (66) and (67) yields
V12° = le(jjl +H(r+x)" +w Gy +4d., )
+ W+ 20 (r+2)q,, (4, +4,,)c08(q,,) (68)
+2(r+x)W(q,, +4,,)+21,q,weos(q,,)
-2Lwq, (4, +4,,)sin(q,,)
It follows that
ijs = 12‘;’j| +(r+1, )’ +“’i-‘]{‘;7.-r| +4,, )i
+ ‘-‘".%: +20(r+1,)4,,(4,, +4q,,)c08(q,,)
+2(r+L)we (g

(69)
+q,,)+24,,W.co8(q,,)

al

_2ZIWE(}{JI ((}ul + f}ul)sin{(ﬂyl)

The Euler-Bernoulli beam theory and Ritz-Galerkin
method are then applied to the flexible manipulator with
assuming that the deformation in the longitudinal
negligibly Let the
deformation of the beam be written as

wx 1) = D" X, (x)q, (1), wy = D" X,(1,)q,. (1), (70)
where g, (¢) derfdtes the modal coordihates of transverse
deformation, X,(x) the mode shapes of transverse
deformation of a clamped- free beam. The mode shapes
are given as [7]

X, (x) = cos(f,x)—cosh(S,x)
o8 B.1+cosh Bl
sin £,/ +sinh S/

direction is small. transverse

(—sin B.x+sinh B x) D

The kinetic energy of the flexible manipulator shown
in Fig. 2 is given by
T=T,p+T,+T, +T;
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1 2 1 3.2 1 5 g 2
T =EJ1‘?<:| +5”?Hil_qr:l "'EJH(“-L” +4,,)
(72)

3
+ % m,v; +%J.pAv12,dx
0

where J, is the mass moment of inertia of link 1
(including the motor) with respect to the point O, m, and
J, are the mass and the mass moment of inertia of disc
B respectively, m, is the mass of point E, pA4 is the
mass per unit length of the beam. Substituting Eqgs. (68 -
71) into Eq. (72), the kinetic energy of the manipulator
can be written as

1 1 1 1 1
T:[5J1+5"B+z(mz+”’3”5 g kgt

+%m5112 +[(myrl, + %mzlllz )+mgl (r+1,)]cos(q,,)

1 1 . ul
+gm2122 + Emb (r+1, ) - m,l sin(q,, )Z X.(1,)q.
i=1

1 N N
+5mEZZ

i=l j

5 1 1
Xi(lz)Xj(lz)qeiqq-:|qu| +]:EJ3 +5m2r2

=1
1 N N

1 1
+Em2rlz +EmEZZXi(12)Xj(12)qeiqq' +gm2122

i=l j=1

+%mﬁ(r+lz)2}g]rj1 +[Jﬁ +m2r2 +m,rl, +§mzlz2

+(myrl, + %mzlllz )cos(q,,) +mgl (r+1,)cos(q,,)
N

N
+mEZZXi(12)Xj(ZZ)qeiqq' +mg(r +lz)2

i=1 j=1

N
—m,l, sin(q,, )Z X,(1,)q., :| Gz

i=l

N
+pAlLG,c08(q,,)) C4.,
i=1
N
+m;lq,,co8(q,, }Z X.()g,
i=1

N N
oy 3 X)X, ()i,

1
e (73)

+my (r+5)(q,, +4,, )ZXI ()4,
=
NN

1 . o o
+EpA(qa| + qa: )_Zznifq"iqef

i=l j=1

N
-pAlq, (4, +q,,)sin(q,, )Z Cq,

i=1

where
b L 1,

C =[Xdx: D =|xXdx; n=[XXadx (74)
0 0 0

The expression of the bending deformation of the
flexible link has the following form [8§]

1 L 52W ’
m, =§EIIO [ﬁ) dx, (75)

where EI is the beam flexural rigidity. By substituting
Egs. (70), (71) into Eq. (75) and adding the gravitational
potential energy, we obtain

Il =[ma, + m.l, +m, +m,l ]gsin(qg,,)

1 .
Hm,(r+1,)+ mzr+5m212]g sin(q,, +¢,,)

1 N N . N (76)
+3 EIY. > k4.4, +pAgcos(q, +q,, )Z}: Cq.,

=1 j=l
N

+m,gcos(q, +9,, )Z X, (1,)q,
i=1

where

1,
ky = [ XIX dx (77)
0

Lagrange equations have the following form [4, 5]

d (3Tj_a_T__a_H+Qj,j:1,2,...,n,

—l = = (78)
dt ag.x aq-’ aq.f

where ¢, are the generalized coordinates which
include rigid body coordinate g, as well as elastic
modal ¢, , and Qt are generalized forces. In this paper
Q: =1,+M,,in which M ,is damping force which has
the following form

M, =aq,. M, =04 (79)

al *

Substitution of Egs. (71), (74) and (77) into Eq. (76)
yields the equations of motion of the considered system
as follows

{Jl +J, +(my +mp)l} +myr” +myrl, + % my L2 +m
N N

+(2myrl, +myl 1, ) cos(q,,) + pAY D n,q,4,
i=1 j=1

v
—2myl, sin (qaz)in (1)q,; +2mgl (r+1,)c08(q,,)

i=1

N N N
+mEszi (O )X, (O )qeiqc{/ —2pAl, Sin(qu2)zciqei
i=1

i=1 j=1
+my (r+1) i, + [JR +myr? +myrl, +§m2122
+Hm,rl, +%mzlll2 +mpl (r+1L)+mg(r+1, )Z]COS(qaZ)
NN N N
+PAY D 10y +me YD X (L)X (h)d.4,
i=l j=1 i=l j=1

N N
—mgl, sin (qaz)in (1)q, — pAl, Sin(qaZ)zCiqci:|éu3 +
i i=l
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[[mE (r+5L)+mgl cos(qaz)]ZX )+ pArZC

i=1

+pAz D, + pAllcosqaZZC[}c‘j”. —[m,l,(2r +1,)sing,,

i=1 i=1

N N
H2m,l Y X, (1))q,, +2pAl]cosq,, Y Cq,, +
i=1 i=1

+2mygl (r +1,)sing,, ] GuGu — |:(mzrll + % myll,)sing ,+

N
+ml, (r +1,)sing,, + mlcos(q,, )z X,(h)q,

i=1

LS X)X (L),

i=1 j=1
j| H|Q1'|'

+2{mEZZX (L)X, (,)q, —m,l sin(q,,) ZX €)

i=l j=1
:| G2,

=1, —[ma, + myl ++(m, +my)l 1gcos(q,)

N
+pAlcosq,, Z €414, +2 {m

NN

+pAY D nq, l[mEZX(Z )+pA]smqaZZC

i=l j=1

NN

+pAY D niq,—pAl, sm(quz)ZC

i=1 j=I

1
—{my (r +1,)+myr +Emzl2 lgcos(q,, +q,)—M,

N N
+HpAg) Cq,+m.gY X,(1,)q,]sin(q,, +q,,)

i=1 i=1

(80)
{] +mrt +mrl, + = mzl +my ZZX L)X, ())q.4,
=1 =1
Hm,rl, + %mzlll2 Y+myl (r+1,)]cosq,, +m,(r +1,)°
—ml, sin qasz (1), + pAZIZ;n,,qe,qe,
=l
—pAl sin qaZ;Ciqei:|q‘ul +[JH +m,r? +myrl, + %mzlz2

N N N N
+PAY D 1 4q, +mp ) D X ()X, (L)4,4,

i=1 j=1 i=1 j=1

+m, (r+1)" )4, J{mb(wl )ZX(Z )+pArZC

i=1

+pAZDl.

i=1

N N
+mylcosq,, Z X, (L,)q,; +pAlcos(q,, )z G4,

i=1 i=1
+{

}q} + {mgl1 [+ %lz Ising,, + m;l,(r +1,)sing,,
:|C;Fu|qrr

NN

Xi(lz)Xj (lz)qq- + PAzzn,yqq

i=1 j=1

mEﬁi

=1 j=1
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N, N N N
+2|:pAzznijqe/ +mEszi (1,)X,()q,

i=1 j=1 i=l j=1

:| c}h’:‘.‘}ﬂ.

1
T, —[my(r+1)+myr+ 5 myl,]gcos(q,, +4,,)

+[pAgZch, +mEgZX (1)q,;1sin(q,, +q,,)—M,,

i=1
81)
[m,(r+1L,)X.(,)+(m X, (l,)+ pAlC,)cosq,, + pAD,
+pArC, g, +[m (r+ L)X () + pArC, + pAD,]§ .

N N
+Hm, X, (1, )Z X,()+ pAZ n; 14, +mgl X, (1,)sing,,

-m, X, (I, )ZX (4)q, — PAZ”U%, + pAIlC, smqaz]%I

Jj=1

H-m X, )Z X;(h)g, = PAZ 1,9,1d0

Jj=1 j=1

N N
+[ - ZmEXi (12 )Z X,' (lz )qu - ZPAZ n;4q, ]qHanE

J=1 J=1

=—m;gX,(1,)c08(q, +4,,) — pAZC; cos(q, +9,)
N
-EIY kq,. i=12,.N

=1
(82)
If we choose N = 1, the differential equations of
motion of the rigid-flexible two-link manipulator have the
following form
[+ myrly +my L} +%m2122 +(m, X2 (L)+ pAn, )
+m, (r+ 1) +[2myrl, + myl L, +2m,l, (r +1,)]cosq,,

+(m, + m3)112 + mz”2 -21g,[pAC, +myX,(l,)]sin qa2:|é:a|

+[JB +myr” +m,rl, +%m2122 +(myrl, +%mzlll2 )cosq,,

+m (r+L) +m, X7 (1,)q’ +myl (r+1,)cosq,,

m 1, X, (1)g, +pALC g, Tsing,, + pAn, g i,

+[my, (r+ L)X, (1) +[m X, (1,) + pAL,C,Jcosq,, + pAD,
+pArC, )G, —| [2m,rl, + L1, +2m,1,(r +1,)]sing,,
H2m X, (1,)q,, + ZpAllClqel]cosqaz]c}alirjr”2

—[[mzrl1 + % myl\ L, +ml (r +1,)]sing , +[m [, X,(l,)q,,

+pAlLCq, ]Cosqaz]q’:: +2 [”’EXlz (1,)q,, +pAn,q,,
—m [ X,(,)+ pALC sing,, ]]‘}ul‘}‘-l +2 [mEXlz ,)q.,
—mg X,(l,)+ pAlC ]sing,, +pAn11qe1]qaz‘L|

+Hm,gX,(,)q,, + p4gCq,1sin(q, +4q,,)

T, —[ma, +mgl +(m, +my)l 1g cosq,,

1 )
—[mE(r+lz)+m2r+5m212]gcos(qal +4.,)— 44,

(83)
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[JB + m2r2 +myrl, +§m2122 +mEX12 ¢, )qf1 + ,DAn“qf1

Hml (r+1L,)+myrl + % myl,1, Jcosq,, +m, (r +1,)’
Amp X, (1)q, + pALC g, 1sin g, ]G, +[ my (7 +7L,)
+J, +%m2122 +my (r+ L) +mp X7 (1)gl +pAn g’ i,
Hm, (r+1,) X,(L,) + pArC, + pAD, 1§, + [(mzrl1

+ % myll,)sing ,+ml (v +1,)sing , + (m X, (1,)q,,

+pAl, Clqel)cosqaZ] +[2m, X (1,)g,, +2p4n,q,14,4.,

+[2mEX1 (h,)q., +2pAn,q,14,.4.,

T, —[m,(r+1)+m,r+ % m,l,]gcos(q,, +q,,)
HmpgX,(1,)q, + pAgCiq,,1sin(q,, +4,,) = 24,

(84)
[m, (r +1,)X,(L,) +[m 1, X,(I,) + pAL,C,]cosq,, + pAD,
+pArC, |G, +[mg(r+1,) X,(,)+ pArC, + pAD,1j,,
Hm, X} (L) + pAn N, +] —m XD ()q,, - pAmyg,,
+Hmyl, X, (L) + pALC))sing,, ., +[-m X} (1,)q.,
—pAM G145, +[=2m X (1)q, = 2pAM,9,14,4,.
= —[m,gX,(,) - pAgC,Jcos(q, +4,,) — Elk\q,,
(85)

4.2. Fundamental motion of the flexible manipulator

We consider the case of the manipulator shown in Fig.

2, that consists of the two rigid links, the fundamental
motion of the corresponding flexible manipulator is the
virtual rigid link motion of the link DE. From the virtual
rigid link motion, the position of the point E is given as

xp =1 cos(gy)+(r+1,)cos(qs +qL)

R . R - R R (86)
g =4 Sln(qa1)+(r+lz )SIn(qal +4,)
The kinetic energy of the system is given by
T=T,+T,+T, +T, (87)
where
1 - 1 aiiiain ; i
Ty ==, (QfI Y Iy = _mﬂ"f(qr?l )+, (‘r’.fl + Q‘fI )" (88)
2 2 2
T, = lmEVIZ;' = lmE[ll2 (Cj'kl ) +(r+1, )g{qﬁt +‘i‘=-n1 }2
2 2 ¢ - ¢ “ (89)
+20r+1,)4, (‘j"fl o+ f}fz )Cosqf:]
ool i l 5
Ty =m,[ = 5 +L r—2+é+ll(r+—2)cosqu]@j)‘
2
+m [r +7l, + 2] (r+—)cosqa2]q“|q" (90)

1 1 ml;  n s
+ (E m2r2 +Em2rl2 +%)(‘if1 )y

21

From Egs. (88), (89) and (90), the kinetic energy of the
system has the following form

12

1
T= 2[J + Ty A2+ myl? +mpl? + myr® +myrl, +
2 12 R =Ry 2
+my(r+1,) +[zmzll(r+E)+2’”511(’”+lz)]005qa2](qﬁ|)

2

1
1, g o, + 222 e m (e + 1)1 )

2
HJp +m2r +m,rl, +m +mE(r+l)

+m,l, (r+—)COSqaZ +mgl (r+1, )COSqHZ]Q‘{JIq.J

Oon
The potential energy of the system can be expressed in
the form

M=(m-=+ +m:’ +myl, +mgl)g :lnqa

92)

+[m, (r 4 EJ) Fmg(r +1)]gsin(g’ +g%)

The use of Lagrange equation leads to the differential
equations of motion as
rﬁ:[JI +Jy +myl’ +mylt +m L’ +myr +m(r+1,)

2

I ;
il + 222 2l (r + 32) 2m ], (r+1,)]cosq® 15"

2
+[J3 +m, (7l, +%+r2)+ll[m2(r+%2)+mE(r+lz)]cosqf2
+m, (r+1,) :I G* =20 [m, (r + %2} +m, (r+1,)1g% g% sing”,
—{m,l,(r + %2) +mgl (r+1, )](q(fl ) Sinf)'fz
l

+Hm, (r + 32) +mg(r+l, )]gcos(q:l + qufz)

o / +ME
+(7+m2 +my+mg) lgcosqal d1

93)

= [JB +myr’ +myrl, +ll[mz(r+%)+mE(r+lz)]cosqu

a

2

2
g (r+ 1) 18 mh

0 [J +myrt +mg (r+1) +—2%

]1 . " .2
+myrl, |G +[m,l, (r+§)smqrf3 +ml, (r+1,)sing" 14,
l
Hmy (424 my (r+ 1 Ygeos(q; + 43 My,

%4
We assume that the motion rule of the drive has the
following form

a8 (6 = §+ %sin(Qt) (95)
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0 =§cos(nr) (96)

It should be noted that the fundamental motion of the
manipulator is described by q*(¢) and 7°(r) , where
q"(¢) are the generalized coordinates of the manipulator
and t*(¢) the torques

' 0=[q" 0 ¢“0 0] =[d'0 40 o] 7

=[5 & ] =[5 & of (98)
where ¢*(#) denotes the elastic generalized coordinate
and t%(¢) is the elastic torque of the virtual rigid link.
The torques can be determined by differentiating Egs.
(95), (96) and then substituting the results into Egs. (93)
and (94).

4.3. Linearization of the motion equations about the
fundamental motion

In this section, we focus on the linearization of
motion equations of flexible manipulator based on
inverse dynamics of the virtual rigid motion of flexible
link. The differential equations of motion of the two-link
rigid-flexible manipulator R-R can be written in matrix
form as follows [1-5]
M(q)q +C(q.9)q +g(q) = T(1) 99)

Where q, q and q are the generalized coordinates,
velocities, and accelerations, respectively. If we choose
N=1, the generalized coordinates, velocities, and
accelerations of the rigid-flexible two-link manipulator
have the following form

9=[¢.19.2-9.] (100)

Let Agq,, Ag,,and g, are the difference between the
real motion q(¢)and the fundamental motion q*(¢), we
have

()= Aq,, (£) = 4, () —qu (0,
Y, (6) = Mg, (1) = G (1) — 45 (0), 3 (6) = g, ()

where y,,y, and y, are called the perturbed motion.

(101)

Similarly, it follows that
(1) = [2, (0, 7,,(0,7, (0] =[7,1()7,,0),0]

The elements ¢~ (¢), 4%, (¢) are given by Egs. (92) and (93)
By substituting Egs. (101) into Eq. (99) and using Taylor
series expansion [9, 10] around fundamental motion, then

(102)

neglecting nonlinear terms, we obtain the system of linear
differential equations with time-varying coefficients for
the two-link rigid - flexible manipulator R-R as follows

M,y +C,()y+K, ()y =h, (1) (103)

The matrices M, (¢), C, (¢), K, (#) and vector h, () of the
linear differential equations according to Eq. (99) have
the following forms:

my o my, o my €1 G G

M, (@) =|m, my my |,C(D)=|cy ¢y oy (104)
my My M G G Gy
ky ky o ks

K, () =|ky ky kyl|h, ()= [hl h, h3]T (105)
ky ks ok

Elements of the coefficient matrices in Eqs. (104)
and (105) have the following forms

my, =J, +J,+(m, +m5,)l,2 +m2(r2 +rl, +§122)+m51,2
+[2myrl, + myLl, +2ml (r +1,)]cosq’, + my (r +1,)

my, =m, =J, +m,rl, +(m,rl +%mzlll2 )Cosqf2
+m2r2 +§mzlz2 +mE(r+lz)2 +ml (r+1, )cosqf2

myy = my, = mg (r+1,) X, (1) +mgl, X, (I,)cosq,,
+pArC, + pAD, + p Al,C,cosq”,

1
— 2 2 2
my, =Jz +mr” +myrl, +§m212 +m,(r+1,)

My, =my, =my(r+15,)X,(l,)+ pArC, + pAD,
myy =my X7 (1) + pAny,

¢, = o —[2myrl, + myl L, +2m, 0 (r +1,)1(4L, )sing ",

R
al

¢, =—[2myrl, +mL L +2m, L (r +1)1(G" + ¢, )sing”,
¢, =—[2myl X, (L) +2pA41C 1G5 + ¢t )singl,

¢y, =[2(m,rl + % myl L)+ 2ml (r+1,)]g 5 sing”,

Cyy =030y = 0505, =065, =0

¢, =[2m X (1) +2pAlC 14" sing”,

k, =-Ima, +m +(m, +m,)l 1gsing"

1 .
—[me(r+1,) +m,r +§mzlz]gsm(qfl +4,)

ky, =[=2myrl, —m, L L, —2m,l (r +1,)]i " sing”,

=[2m,rl, = m, 11, =2m,l, (r +1, )]Qﬁ ‘)I".:RECOS‘J'L

—[myrl, + % myl\l, +m,l (r +1, )](cj.rf1 )2 cosqu

1 ,
oy ==Ly (L) 4 mor -+ =l Jgsinq; +4.7)
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k, =[2pAlC,—2m X (, )]q'fI sin qu +[-m [ X,(l,)
-pAlC, ]éf}f: sin Qf.t =21 [m.X,(1,)+2pAC, ]c}flfjflt‘osqf:
—m;l X, (, )COS‘]fz + pAllClCOSQfZ](qu )’

-pAgC Sin(qfl + sz) -m,gX,(l,) Sin(qfl + qu)

sing,,

al

1 .
ky, =[-m,rl, — E myl\l, —myl (r+1, )]qR
1 & 7
+H(myrl, + 5 m,l,1,)cosq’, +myl (r +1,)cosql, 1(g5 )’
1 )
~[my (r+15,)+myr+ E m,l, ]gsm(qffl + qu

al

kyy =[-m L, X,(l,)— pAlC, 1% sin qr’; +[m X, (1) +
PALC1(4,) cosqly —[m, X, (L) + pAC, ]gsin(qy, +4q.,)
by =—mgX, (1,)sin(q,, +q,,) — pAgC sin(q, +45,)

keyy = [~myl X, (1) — pALC, )i  sing”, +[m 1 X, (L,)+
PALC1(qy) cosqy, —[m, X, (L) + pAC,]gsin(qy; +4q,,)
kyy ==[m X2 (1) + pAn, (45 + 42 + EIk;,

b= 8+ [2myrl, + myl L+ 2myl (r +1,)]g5 ¢ sing
Hmyrl, + % myl L, +m,l (r+1,)1(g",) sing”,

—[ma, +m,l, +(m, +my, )ll]gcosqf1 —[m,(r+1,)

+m,r +%mzl2 ]g(:os(qf1 + qu) —[J,+Jp +(m, + m3)112

+myr +m,r, +§mzlz2 +mll +m,(r+1,)
+(2myrl, + myl L, ) cosq, +2m, L (r +1,)cosqt, 1"
—{J; + m2r2 +m,rl, +§m2122 + (m,rl, + % myl 1, )cosqf2
+m, (r+1,)" +m,l (r+1,)cosq®, 1G5,
1 -

h, = sz +[=m,r, _EmZZIZZ —mygl (r+1, )](Q’fl ) S"“sz

2 | 1 R
—{J, +mr” +m,rl, + ngIZ + (m,rl, + EmZIIZZ )cosq,,,
+my (r+1,)" +mgl (r+1,)cosq g —[m, (r+1,)

1

+m,r+ Emzl2 lgeos(qh + %) ~[J, +mr’* +m,rl,
bl g (LY i
hy =[-mg X () _PAllcl](gfl )’ sin ‘?fz
~[pArC + pAD, +my(r+1,) X,(,) +m.1, X, (I,)cosq,,

+PA11C1005‘]52 ]élifl —[m(r+1,) X, (l,)+ pA(rC, + D, ]](;ff:
—pAgcos(q® +q~)C, —m,gcos(qt +q*) X, (1)

23

5. Conclusions

In the present paper, the linearization problem of
nonlinear motion equations of flexible manipulators in
the vicinity of a fundamental motion is addressed. For
this, Taylor series expansion of nonlinear motion
equations around the desired fundamental motion of the
system is included.

The computational algorithm has been implemented
and applied to the motion equations of a rigid-flexible
two-link manipulator R-R with a moving payload mass
and to the motion equations of a rigid-flexible two-link
manipulator T-R. After the linearization process, we
obtain a system of linear differential equations with
coefficient of variation

M, Oy +C, (Oy+K, ()y =h, ().

If the matrices M(t), C(t) and K(t) are constant
matrices or periodic matrices, we can use analytical
methods to find the solution of a linerized system.
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