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Abstract: Due to its advantages (fast and accurate calculations), the Hyperstatic Reaction Method 

(HRM) was used to calculate the internal forces of circular tunnel linings in former works. This 

paper presents an improved HRM method that is developed to estimate the internal forces induced 

in square and rectangular tunnel linings. Based on the comparison of the internal forces induced in 

these linings obtained from the HRM method and the finite element method (FEM), the improved 

HRM method was validated. An extensive parametric analysis of the tunnel lining and ground pa-

rameters was then carried out using both the HRM and FEM. The results indicated a great influence 

of the lateral earth pressure coefficient K0, and the tunnel lining flexibility ratio F on the internal 

forces induced. Accordingly, the bending moments M, normal forces N, and shear forces T, induced 

in the tunnel lining decrease when the flexibility ratio of tunnel lining F increases. The maximum 

bending moment is observed at the tunnel sides that are perpendicular with the larger principal 

stress direction. 
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1. Introduction 

Nowadays, circular tunnels are commonly used when mechanized tunnelling is 

used. The design of circular tunnels was thoroughly studied by many authors [1–5]. How-

ever, some other tunnel shapes such as rectangular and square tunnels are also used in 

practice. The main advantage of the square and rectangular tunnels compared to the cir-

cular ones is that they have a greater space utilization ratio. Design methods of these tun-

nels were developed and could be categorized in analytical methods [1,6,7] and numerical 

methods [7–17]. Analytical methods are very effective because they can give results 

quickly. However, the drawback of analytical methods lies in their simplified assump-

tions. They consider that the behaviour of the soil and tunnel lining is isotropic and ho-

mogeneous [6,7]. In addition, the interaction of the tunnel lining and the surrounding soil 

was not thoroughly considered. It is mainly modelled on two critical cases of no-slip 

and/or full slip conditions [1]. Meanwhile, numerical methods allow the modelling of all 

the factors that influence on the tunnel behaviour, such as discontinuous linings, soil an-

isotropy and inhomogeneity, and interaction of the tunnel lining-ground [4,5,8,10]. How-

ever, it should be noted that most of the numerical research was conducted using com-

mercial software and they required time to build the numerical model and also to obtain 
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the results. It is therefore interesting to develop free and simple tools that can help users 

to calculate the internal forces induced in rectangular and/or squared tunnels in a short time. 

The Hyperstatic Reaction Method (HRM) is a numerical method that was developed 

based on the finite element method and originally used to design circular tunnels [4,18], 

horseshoe-shaped tunnels [12,19], and sub-rectangular tunnels [17]. In the HRM method, 

the interaction of the soil and tunnel lining is simulated through tangential and normal 

springs assigned at the nodes of the tunnel lining. Based on the advantages of the method 

such as its fast calculation, high accuracy of displacements, and internal forces induced in 

the tunnel lining, the HRM method is appropriate for preliminary tunnel designs. 

The purpose of this study is to develop the HRM method for the lining design of 

square and rectangular tunnels. In previous HRM models, the tunnel lining was divided 

into 360 elements. Each element corresponding to one degree, and therefore the lengths 

of elements were constant for curved tunnel lining parts having the same radius. How-

ever, when applying to square and rectangular tunnels, the length of elements is fixed 

while the angle made by two consecutive nodes is changed depending on the node’s po-

sition of the tunnel boundary. The developed HRM method is validated by comparing 

with results obtained by FEM analysis. The HRM method is then used to investigate the 

effects of different parameters of the tunnel lining and the surrounding soil, including the 

flexibility ratio of the tunnel lining F, and the coefficient of lateral earth pressure K0 on the 

internal forces induced in the tunnel lining. 

2. Methods Calculation 

2.1. Improved (Hyperstatic Reaction Method) HRM Method 

In the HRM method, the tunnel lining is segmented into 1D beam elements. These 

beam elements are linked to each other by nodes assigned at two ends of the beam ele-

ment. The tunnel lining element is linked to the surrounding ground by normal and tan-

gent springs at the defined element nodes. Loads of the surrounding ground are applied 

to the tunnel lining through the springs mentioned above. In the HRM method, when the 

displacements of the nodes on the tunnel lining elements are determined, internal forces 

induced in the tunnel lining can be calculated through the global stiffness matrix of the 

tunnel lining elements. The detail of the HRM method applied to circular tunnels was 

introduced by Oreste [18] and Do et al. [4]. In this paper, some important improvements 

of the HRM method applied in square and rectangular tunnels are proposed. 

In the case of square and rectangular tunnels, the length of tunnel lining elements 

was recalculated according to the corresponding coordinates of these elements. The tun-

nel lining is divided into 360 elements. The lengths of elements are fixed while the angle 

made by two consecutive nodes and the centre of the tunnel, i.e., point O in Figure 1, is 

changed depending on the node’s position on the tunnel boundary. On the cross-section 

of the square and rectangular tunnel lining, tunnel lining was divided into 6 regions spec-

ified by points Aj (j counted from 0 to 6) (see Figure 1). 



Appl. Sci. 2022, 12, 2050 3 of 14 
 

 

Figure 1. Diagram of the square tunnel in the HRM method. 

The tunnel lining beam element “i” has two nodes, with Li is the length of the beam 

element. Bending (ElJ) and normal stiffness of tunnel lining (ElA) (see Figure 2). 

 

Figure 2. Beam-type finite element in the tunnel lining with reference to the local Cartesian coordi-

nates (i is initial node; i + 1 is final node; Li is element length). 

The Ground-Support Interaction Impact 

In the HRM method, the interaction between the tunnel lining and the surrounding 

soil is considered through the active vertical load and the horizontal load applied at all 

sides of the tunnel. Springs at the element nodes are specified by their normal stiffnesses 

(kn) and shear stiffnesses (ks), (Figure 1) [4,18]. The global stiffness matrix of the tunnel 

lining element is defined as follows: 
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(1) 

where i is the number of the generic node; kn,i is the stiffness of the normal spring linked 

to node i; ks,i is the stiffness of the tangential spring linked to node i; αi and αi+1 is the angle 

between the local and global reference systems, of element i and element (i + 1). 

The reaction pressure p of the surrounding ground is represented by a nonlinear re-

lationship (hyperbolic) with the tunnel lining deformation   (Figure 3). 
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Figure 3. Relationship between the reaction pressure p caused by the surrounding soil and the tun-

nel lining deformation δ. 

The parameters representing the soil properties surrounding the tunnel are pre-

sented through the following equations [4,18]: 
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where η* is the apparent stiffness of the surrounding ground (N/m3); plim is the maximum 

reaction pressure (MPa); η0 is the initial stiffness of the surrounding ground (N/m3); ηn,0 is 

the initial normal ground stiffness (N/m3); νs is the Poisson’s ratio of the surrounding 

ground; E is Young’s modulus of ground (MPa); Ri is the distance from the centre of the 

square that is the cross-section tunnel to the element “i” of the tunnel lining (m); pn,lim is 

the maximum normal reaction pressure (MPa); ps,lim is the maximum shear reaction pres-

sure (MPa); c is the ground cohesion (MPa); φ is the surrounding ground friction angle 

(degrees); Δδp is the confining pressure (MPa); and β is a dimensionless factor. 

The β value was assessed by researchers to vary depending on the parameters of the 

tunnel lining and the surrounding soil. β could be equal to 1 [8–10,19–21] or 2 [4]. In this 

study, β = 2 is adopted based on the fitting of the results obtained by using the finite ele-

ment method Plaxis2D. 

The stiffnesses kn,i and ks,i of each spring are given by the formula: 
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 (8) 
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Active Loads in the HRM Method 

The vertical load σv is estimated depending on the tunnel depth. When the tunnel is 

shallow: 

(i) hi i     (10) 

where hi is the depth measured from the soil surface to the lining point (m); γi is the soil 

density (MN/m3). 

In the deep tunnel case, the vertical loads could be calculated using Terzaghi’s for-

mula [19,22]: 
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where γ is the ground density surrounding the tunnel (MN/m3); φ is the soil internal fric-

tion angle (degrees); D and Ht are the width and height of the tunnel, respectively, (m); H 

is the distance from the surface ground to the tunnel crown (m); P0 is the overload on the 

ground surface (MPa); and K0 is the coefficient of lateral earth pressure. 

The horizontal load acting on the sidewall of the square or rectangular tunnel is de-

termined through the equation: 

0h vK     (14) 

It should be mentioned that the necessary time for each calculation using the HRM 

method is very short and more less equal to 5 s. This allows the HRM method to be useful 

for parametric analyses. 

2.2. FEM Calculation 

In this study, ground parameters of the 3rd line Nhon—Kim Ma belonging to the 

Hanoi metro system are used as a reference case [23–26]. The size of the square tunnel 

cross-section is 5.5 m. The rectangular tunnel is 6.0m in width and 5.0m in height. The 

tunnel is located 20 m below the ground surface. The tunnel is assumed to be supported 

by a continuous lining. The other parameters of the tunnel lining and the surrounding 

ground are shown in Table 1. 

Table 1. Parameters of the soil and tunnel lining. 

Parameters Unit Value 

Parameters of tunnel lining   

Young’s modulus, El MPa 35,000 

Poisson’s ratio, νl - 0.15 

Tunnel lining thickness, t m 0.35 

Overburden, H m 20 

Parameters of soil   

Young’s modulus, E MPa 10 

Poisson’s ratio, ν - 0.34 

The unit weight, γ kN/m3 18.1 
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Lateral earth pressure factor, K0 - 0.5 

Cohesion, c kPa 22.5 

Internal friction angle, φ degrees 33 

Square and rectangular tunnels are simulated using the plain strain FEM model. 

While Mohr Coulomb’s constitutive model is adopted for the ground, the behaviour of 

the tunnel lining is assumed to be linear elastic. The ground surrounding the tunnel is 

simulated using a 15 nodes element. Plate elements are used to model the tunnel lining. 

An interface is also modelled to simulate the interaction between the tunnel lining and the 

surrounding ground [27–30]. 

The dimensions of the model built in FEM are 100 m in wide and 40 m in height. The 

model includes 33,185 nodes and 4092 zones (see Figure 4). While the top of the model is 

free, the bottom of the model was fixed in the horizontal direction and the vertical sides 

of the model were fixed in the vertical direction. The influence of groundwater is not taken 

into consideration. 

 

Figure 4. Geometry of the FEM model. 

The construction process is divided into the following phases: 

Phase 1—Setup the model: build up the model’s mesh and set up the boundary con-

ditions and initial stress state; 

Phase 2—Construction phase: the soil in the tunnel area is removed; 

Phase 3—Setting of the tunnel lining: the tunnel lining was installed on the tunnel 

periphery. It should be mentioned that the relaxation process induced in the ground sur-

rounding the tunnel after the excavation and before the tunnel lining installation is not 

considered in this study. This case means the worst situation of active loads applied on 

the tunnel lining. 

2.3. Validation of the HRM Method 

The application of the HRM method in the case of square and rectangular tunnels is 

verified by comparing the results of internal forces (bending moment M, normal force N, 

and shear force T) induced in the tunnel lining obtained in this method with those deter-

mined by a FEM using Plaxis2D. In this paper, the ground and tunnel lining parameters of 

the Hanoi metro system (3rd line Nhon—Kim Ma) are used as input data of the HRM 

method and FEM. The parameters of the tunnel lining and the soil surrounding the tunnel, 

i.e., the tunnel lining thickness t = 0.35 m, Young’s modulus of soil E = 10 MPa, and the 

coefficient of lateral earth pressure K0 = 0.5 were adopted. 

From the results in Figure 5 and Table 2, in the case of the square tunnel, the following 

comments can be made: the internal forces in the square tunnel lining calculated by the 

improved HRM method are in good agreement with results obtained in the FEM. The 
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differences of the maximum bending moment Mmax and the minimum bending moment 

Mmin between the two methods are 2.03% and 0.24%, respectively. Meanwhile, the 

differences of the maximum normal force Nmax and minimum normal force Nmin by the 

HRM method and FEM are correspondingly 0.55% and 7.89%. Those of the maximum 

shear force Tmax and minimum normal shear force Tmin are 1.91%. 

  

(a) (b) 

 

(c) 

Figure 5. Internal forces in the square tunnel lining: (a) Bending moments M; (b) Normal forces N; 

(c) Shear forces T. 

Figure 6 and Table 2 show the comparative results in the case of the rectangular tun-

nel. The maximum bending moment Mmax and the minimum bending moment Mmin ob-

tained in the HRM method are 0.85% and 1.33% different from the corresponding values 

of FEM. In the HRM method, the maximum normal force Nmax and minimum normal force 

Nmin are 1.95% and 12.74%, respectively, smaller than those of the FEM model. The differ-

ences of maximum shear force Tmax and minimum normal shear force Tmin between the 

HRM method and FEM are both 2.93%. 
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(a) (b) 

 

(c) 

Figure 6. Internal forces in the rectangular tunnel lining: (a) Bending moments M; (b) Normal forces 

N; (c) Shear forces T. 

The internal forces differences induced in square and rectangular tunnel linings in 

the HRM method and the FEM could be explained by the fact that the internal forces and 

deformations of the tunnel lining in the HRM method are mainly affected by the active 

loads and the soil-lining interaction. These factors are considered through the springs stiff-

nesses between the ground and the tunnel lining (normal and tangential springs) assigned 

at the lining beam nodes. In FEM, the ground–structure interaction is taken into account 

through the interface embedded between the lining and the ground elements. In this 

study, when using the FEM to simulate square and rectangular tunnels, without an inter-

face between the tunnel lining and the ground elements, the structure and the soil are tied 

together. It means that no relative displacements (slipping/gapping) are possible between 

the structure and soil [27]. 

Based on the above comparison and analysis, it is reasonable to conclude that the 

HRM method can be effectively used to estimate the internal forces induced in linings of 

square and rectangular tunnels. 

Table 2. Comparison of the internal forces by the HRM method and FEM. 
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Value 
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HRM Max 0.657 0.998 0.985 

 Min −0.701 0.474 −0.985 

Difference (%) 
Max 2.03 0.55 1.91 

Min 0.24 7.89 1.91 

Case 2- rectangular tunnel     

FEM 
Max 0.781 1.073 1.071 

Min −0.764 0.391 −1.071 

HRM Max 0.788 1.052 1.040 

 Min −0.754 0.441 −1.040 

Difference (%) 
Max 0.85 1.95 2.93 

Min 1.33 12.74 2.93 

3. Parametric Study 

In this part, a parametric investigation using both the HRM method and FEM is con-

ducted to highlight the effects of the flexibility ratio (F) of the lining and the coefficient of 

lateral earth pressure (K0) on the behaviour of the tunnel. The square tunnel with dimen-

sions of 5.5 × 5.5 m was adopted. The other parameters of the tunnel lining and the soil 

are shown in Table 1. 

Influence of the flexibility ratio of the tunnel lining (F) 

For investigation purposes, the coefficient of lateral earth pressure K0 is kept as con-

stant, K0 = 0.5 and the thickness of the square tunnel lining t changes from 0.35 m to 0.5 m. 

It is assumed that Young’s modulus of the ground E is changed in the range from 10 MPa 

to 100 MPa. The flexibility ratio of the tunnel lining F is determined by the following equa-

tion [6,7]: 

2 2

24

m

l w l R

F
G H W HW

E I E I


 
  
 

 (15) 

where El is Young’s modulus of the tunnel lining (MPa); Gm is the shear modulus of 

ground (MPa); Iw is inertia moment of lining at the sidewall (m4); IR is inertia moment of 

lining at the lining roof (m4); W is the tunnel lining width (m); and H is tunnel height (m). 

The lining internal forces calculated by the HRM method and FEM were presented 

in Figure 7 and Table 3. It is reasonable to conclude that: 

- The internal forces, including, bending moments M, normal forces N, and shear 

forces T, induced in the tunnel lining decrease when the flexibility ratio of tunnel 

lining F increases. This could be explained by the fact that a larger F value means a 

more flexible or softer lining and/or a stronger ground. As a consequence, a smaller 

yielded ground zone that causes active loads acting on the tunnel lining could be 

predicted. In addition, due to the higher flexibility of the lining, which implies a 

larger movement/deformation possibility of the lining, a greater relaxation process is 

induced in the ground surrounding the tunnel and therefore a decrease in active 

pressure applied in the tunnel. Internal forces induced in the tunnel lining are de-

creased as mentioned above. 

- In the range of the small flexibility ratio of tunnel lining (F ≤ 1) (i.e., the thicker tunnel 

lining and the smaller Young’s modulus of soil E), the deviation of the internal forces 

obtained using the improved HRM method and FEM is small. For F > 1, an increase 

in the F value is followed by a larger difference in the results of the two methods. 

While the absolute bending moments obtained by the HRM method are always 

greater than the ones of the FEM model, the absolute normal forces and shear forces 

observed in the HRM results are smaller than those determined in the FEM model. It 

means that the internal forces estimated in the HRM lead to a more unstable situation 

of the tunnel lining, which can be acceptable in terms of the tunnel design. The ob-
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served larger deviation at the greater flexibility ratio of tunnel lining F could be con-

cerned with the difference in the simulation of soil–lining interaction of the two meth-

ods as mentioned above. 

  

(a) (b) 

 

(c) 

Figure 7. Effect of flexibility ratios F on internal forces in the square tunnel: (a) Extreme bending 

moments M; (b) Extreme normal forces N; (c) Extreme shear forces T. 

Table 3. Analysis of the effect of the flexibility ratio of tunnel lining F on the internal forces. 

The 

Flexibility 

Ratio F 

Values 

M (MNm/m) N (MN/m) T (MN/m) 

HRM FEM 
Difference 

(%) 
HRM FEM 

Difference 

(%) 
HRM FEM 

Difference 

(%) 

F = 0.14 
Max 0.691 0.690 −0.116 1.022 1.029 0.624 1.010 1.031 2.056 

Min −0.712 −0.719 0.902 0.468 0.446 −5.136 −1.010 −1.031 2.063 

F = 0.28 
Max 0.672 0.664 −1.148 1.008 1.017 0.890 0.996 1.018 2.182 

Min −0.706 −0.710 0.626 0.472 0.443 −6.606 −0.996 −1.018 2.190 

F = 0.41 
Max 0.657 0.703 −2.077 0.998 1.004 −6.167 0.986 1.005 1.880 

Min −0.701 −0.0586 0.239 0.045 0.437 0.553 −0.986 −1.005 1.887 

F = 0.82 
Max 0.612 0.681 −4.516 0.965 0.979 −8.573 0.953 0.976 2.394 

Min −0.684 −0.626 −0.417 0.481 0.429 1.392 −0.953 −0.976 2.399 

F = 1.45 
Max 0.556 0.517 −7.595 0.922 0.948 −11.91 0.910 0.941 3.301 

Min −0.660 −0.651 −1.357 0.484 0.417 19.101 −0.910 −0.941 3.305 

F = 2.04 
Max 0.514 0.467 −10.004 0.889 0.928 2.775 0.876 0.915 4.190 

Min −0.639 −0.626 −1.129 0.483 0.405 −16.139 −0.876 −0.915 4.192 

F = 2.73 
Max 0.471 0.419 −12.346 0.853 0.907 4.216 0.840 0.888 5.354 

Min −0.614 −0.597 −2.961 0.478 0.391 −19.313 −0.840 −0.888 5.354 
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F = 3.06 
Max 0.457 0.402 −13.541 0.841 0.899 5.946 0.829 0.879 5.704 

Min −0.606 −0.587 −3.234 0.477 0.386 −22.412 −0.829 −0.879 5.703 

F = 4.08 
Max 0.413 0.354 −16.600 0.802 0.877 6.483 0.790 0.851 7.142 

Min −0.577 −0.555 −4.098 0.468 0.369 −23.574 −0.790 −0.851 7.142 

Influence of the coefficient of lateral earth pressure K0 

The coefficient of lateral earth pressure K0 is varied from 0.5 to 2.0. The ground defor-

mation modulus E = 10 MPa, the tunnel lining thickness t = 0.35 m, and the flexibility ratio 

of the tunnel lining F = 0.41 are adopted. Figure 8 illustrates the distribution of internal 

forces along the square tunnel periphery. Figure 9 and Table 4 indicate the dependency of 

the extreme internal forces in the tunnel lining obtained by the HRM method and FEM on 

the K0 value. Some following observations can be given: 

- In most investigated cases of K0 values, the HRM gives internal forces results that are 

in good agreement with those of the FEM model. The deviation is always smaller 

than 5%; 

- An increase in the K0 value is followed by a decrease in the bending moments at the 

top and tunnel bottom but an increase in the bending moment at the sidewalls (Fig-

ure 8a). In other words, the maximum bending moment is observed at the tunnel 

sides that are perpendicular with the larger principal stress direction, i.e., at angles 

of 90 and 270 degrees when K0 is smaller than unity and at angles of 0 and 180 degrees 

when K0 is larger than unity; 

- The smallest maximum bending moments are seen for the K0 value of unity. The 

smaller and larger K0 values cause an increase in the maximum bending moments 

(Figure 9a). It could be explained by the fact that for a K0 value of unity, the deviation 

between the vertical and lateral active loads that are the origin of the bending mo-

ments induced in the tunnel lining is the smallest; 

- The change in the K0 value mainly causes the variation of normal forces at the top 

and bottom parts of the lining. Its influence on the normal forces at the tunnel side-

walls is negligible. An increase in the K0 value causes a corresponding increase in the 

normal forces at the top and bottom of the lining (see Figure 8b). It is related to the 

larger lateral active load applied from the surrounding ground on the sidewall and 

then transferring to the top and bottom lining parts when the K0 value increases. Gen-

erally, the greater the K0 value, the higher the maximum normal forces induced in 

the tunnel lining (see Figure 9b); 

- The value of maximum shear force Tmax and the minimum shear force Tmin do not 

change when K0 is smaller than one. When the K0 is greater than one, the absolute 

extreme shear force is increased rapidly (Figure 9c). 

  

(a)  (b)  
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(c)  

Figure 8. Internal forces in the squared tunnel lining with different coefficients of lateral earth pres-

sure (a) Bending moments M; (b) Normal forces N; (c) Shear forces T. 

   

(a) (b) 

 

(c) 

Figure 9. Effect of K0 on the internal forces in the squared tunnel lining: (a) Extreme bending mo-

ments M; (b) Extreme normal forces N; (c) Extreme shear forces T. 
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Table 4. Influence of the coefficient of lateral earth pressure K0 on the internal forces. 

The Lateral 

Earth Pres-

sure Coeffi-

cient K0 

Values 

M (MNm/m) N (MN/m) T (MN/m) 

HRM FEM Difference (%) HRM FEM Difference (%) HRM FEM Difference (%) 

K0 = 0.5 
Max 0.657 0.644 −2.018 0.998 1.004 0.597 0.986 1.005 1.890 

Min −0.701 −0.703 0.284 0.457 0.437 −4.576 −0.986 −1.005 1.890 

K0 = 1 
Max 0.468 0.465 −0.645 1.034 1.051 1.617 1.022 1.047 2.483 

Min −0.926 −0.930 0.430 0.920 0.900 −2.222 −1.021 −1.047 2.483 

K0 = 1.5 
Max 0.850 0.840 −1.190 1.527 1.557 1.926 1.509 1.542 2.204 

Min −1.151 −1.154 0.256 0.965 0.918 −5.119 −1.508 −1.542 2.269 

K0 = 2.0 
Max 1.261 1.238 −1.857 2.021 2.068 2.272 1.996 2.037 2.061 

Min −1.376 −1.375 −0.072 0.984 0.919 −7.072 −1.994 −2.037 2.110 

4. Conclusions 

In this research, the HRM method was developed and improved to be applied to 

square and rectangular tunnels. The comparison of the internal forces induced in the tun-

nel lining when using the HRM method and FEM model indicated that the HRM method 

can be effectively used to calculate internal forces for square and rectangular tunnels. The 

influences of the flexibility ratio of the tunnel lining F and the coefficient of lateral earth 

pressure K0 on the square tunnel behaviour were then investigated. Based on the obtained 

results, the following conclusions can be drawn: 

- The internal forces, including bending moments M, normal forces N, and shear forces 

T, induced in the tunnel lining decrease when the flexibility ratio of tunnel lining F 

increases; 

- The maximum bending moment is observed at the tunnel sides that are perpendicu-

lar with the larger principal stress direction. The smallest maximum bending mo-

ment is seen for the K0 value equal to unity. The smaller and larger K0 values cause 

an increase in the maximum bending moment; 

- The change in the K0 value mainly causes a normal forces variation at the top and 

bottom parts of the lining. Its influence on the normal forces at the tunnel sidewalls 

is negligible. 
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