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Abstract: The aim of this paper is to study the tail distribution of the CEV model driven by Brownian motion
and fractional Brownian motion. Based on the techniques of Malliavin calculus and a result established
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1. Introduction

t is well known that the CEV model is one of very popular models in finance. The dynamic of this model
is described by the following Itd stochastic differential equation

t t
X; = Xo —i—/ (a —bXs)ds +/ cX%B;, 0<t<T, (1)
0 0

where X, a, b, 0 are positive constants, a € (%, 1) and B = (B¢)o<i<r is a standard Brownian motion.

The solution (X;)o<t<T to the model (1) is a Markov process without memory. However, in the last
few decades, there are many observations showing that an asset price or an interest rate is not always
a Markov process since it has long-range aftereffects. Many studies have pointed out that the dynamics
driven by fractional Brownian motion are a suitable choice to model such objects, see [2] and the references
therein. Hence, it is important to take into account the effect of fractional noise to the model (1). We recall
that a fractional Brownian motion (fBm) of Hurst parameter H € (0,1) is a centered Gaussian process
B = (Bf!)o<;<r with covariance function

Ry(t,s) :=E [BFBH = % ( 2H | 2H _|p s\ZH) .

For H > 1/2, B admits the so-called Volterra representation (see [3] pp. 277-279)
ot
Bl = [ K(t,5)aw,, @
0
where (W;);> is a standard Brownian motion,
1_H t H-3 Hg-1
K(t,s) :=cy s2 /(u—s) 2yt T2du, s<t
S

H(2H-1)

and ch =\ /5o E- 1)’

where £ is the Beta function.
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In this paper, we consider the mixed-fractional CEV model that is defined as the stochastic differential
equations of the form

t t t
X; :X0+/ (a—bXs)ds+/ axgst+/ ouXedBH, 0<t<T, 3)
0 0 0

where the initial condition Xy and 4, b, 0, 0y are positive constants, % <a <1, and BtH is fBm with H > % The
stochastic integral with respect to B is the It integral. Meanwhile, the stochastic integral with respect to B is
interpreted as a pathwise Stieltjes integral, which has been frequently used in the studies related to fBm. We
refer readers to Zahle’s paper [4] for a detailed presentation of this integral.

Recently, the applications in finance of the mixed-fractional CEV model have been extensively discussed,
see [5] and references therein. In the present paper, our aim is to study the tail distribution of solutions to (3).
This problem is important because the probability distribution function is one of the most natural features for
any random variable. In fact, in the last decade, the tail distribution estimates for various random variables
have been investigated by many authors, see e.g. [1,6,7] and references therein. In the present paper, we will
focus on providing explicit estimates for the probability distribution of X;, see Theorem 1 below.

The volatility coefficient of the model (3) violates the Lipschitz continuous condition which is traditionally
imposed in the study of stochastic differential equations. This causes some mathematical difficulties which
make the study of the model (3) particularly interesting. In order to be able to handle such difficulties, our
tools are the techniques of Malliavin calculus and a result established recently in [1].

The rest of the paper is organized as follows: In §2, we recall some fundamental concepts of Malliavin
calculus. The main results of the paper are stated and proved in §3.

2. Preliminaries

This paper is strongly based on techniques of Malliavin calculus. For the reader’s convenience, let us
recall some elements of Malliavin calculus. We refer to [3] for a more complete treatment of this topic. We
assume that two-dimensional Browian motion w = (B, W) is defined in a complete probability space (Q), F, P)
and the o-field F is generated by w. Let us denote by H the Hilbert space L?([0, T];R?), and for any function
h= (B, h") € H we set

T T
w(h) = / 1B (£)dB; + / 1Y (£)dW.
0 0
Let S be the class of smooth and cylindrical random variables of the form

F = f(ZU(hl), . .,w(hn))/

wheren > 1, hy,...,h, € H, and f is an infinitely differentiable function such that together with all its partial
derivatives have at most polynomial growth order. The derivative operator of the random variable F is defined

DPF = f %(w(hﬂ, Jw(ha))} (1),
j=1 ]

DWF — iiC(w(hl),...,w(hn))hW )
=

where ¢t € [0, T]. In this way, we interpret DF as a random variable with values in the Hilbert space H. The
derivative is a closable operator on L?(Q)) with values in L2(Q); H). We denote by D'? the Hilbert spaced
defined as the completion of S with respect to the scalar product

T T
(F,G)1, = E[FG] + E [/0 DtBFDFGdt—i—/O DtWFDtWGdt} .

A random variable F is said to be Malliavin differentiable if it belongs to D2, We have the following general
estimate for tail probabilities.
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Lemma 1. Let Z be a centered random variable in DV2. Assume there exists a non-random constant L such that
T 2 T 2
B w <12
/0 (£[pPzi7)) dr—i—/o (E[prz17]) dr <12 as @)
Then following estimate for tail probabilities holds
P(Z>x)<e 22, x>0. ®)
Proof. The proof is similar to that of Lemma 2.2 in [1]. By Clark-Ocone formula we have
T B T w
7 - /O E[DPz|F,|dB, + /0 E[DMZ| 7] aw,.

Hence, for any A € R, we obtain
T T
Ee —Eexp (A/ E [szm} dB, + A/ E [D,Wzm] dw,>
0 0

T AZ T 2 )\2 T 2
— B A B A B
—Eexp (A/O E[D7| %] dB, 2/0 (E[pPzI7]) ar+ 2/ (E[ptz17]) dr)
T /\2 T 2
w W A2 W

x Eexp (/\/O E[D Z|]-",} dB, — 2/0 (E [D, Z|}'r dr+ / D sz dr)

2
<eTMEN,

where (N});¢(o 7] is a stochastic process defined by

2

t t A2 gt 2 2
— B W _N B B

Ni = exp (A/O E[DP7|F] B, + A/O E[DNz|F] aw, - = /O <(E [pEz)7]) + (E[DEZIF]) > dr) .
By using It6 formula, we obtain

_ T B T w

NT—1+/\ 0 N;'E DTZ|‘7:7 dBr"’/\ 0 N;'E DT Z‘.Fr dWr,
which implies that ENT = 1. Thus we get
EeM < egLZENT = eng.

This, together with Markov’s inequality, gives us

P(sz):P(e)‘Zze’\x>< “MOA>0,x€R

When x > 0, we choose A = x/L?%, and we get

So we can finish the proof of Lemma. [

3. The main results

We first show that the equation (3) has a unique solution. Following the method used in [8], we consider
the following equation

2

AV = (1 —«) (on1 C— bV — 0;;) dt +o(1 —a)dB; + oy (1 —a)dBH, t >0, (6)
t

the initial value Vp := Xj~* > 0. We put
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B 2
() = (1—a) (axw—bx—"‘;;), cs0,

and rewrite the Equation (6) as follows
t

Vi=W +/ g(Ve)ds +0(1—a)Bs +og(1—a)B, t>0.
0

Lemma 2. We have % D
an (20 — =L
M:=supe(x)= ——Zx1* —p(1—a), 7
1

. )
where xg € (0,00) such that x,™* =~ = m

Proof. We have
¢'(x) = —anxTE — b(l—a)+
and

¢ (x) = xTa ] (151_““ —a(l-— zx)azx11a2> .

We note that ; < a < 1and so ;= — 2 > 0. Hence, it is easy to see that g"(xp) = 0 and su}g ¢ (x) = ¢'(xp). We
x>
thus obtain the relation (7). [

Proposition 1. The Equation (6) admits a unique positive solution. Moreover, V; > 0 a.s. for any t > 0.

Proof. We observe that the function g(x) = (1 — «) (axl%' —bx — %) is Lipschitz continuous on the

neighborhood of V) > 0. Hence, there exists a local solution V; on the interval [0, 7], where T is the stopping
time such that T = inf {t > 0: V; = 0} . Assume that T < co.
Forallt € [0, T), we have

0=V, =V, +/trg(Vs)ds+a(1 — &)(Br — By) + op(1— ) (Bf - BF) . ®)

We note that

X o 2ua-1

g(x)xT7 = (1—a) (a—bxﬁ —HoxTE )

20—1
1—a

Because % < a < 1wehave ﬁ > 0 and > 0. Therefore,

lim g(x)xT% =a(l—a) > 0.
x—0*

Hence, there exists ¢ > 0 such that

~—

a(l—«a

g(x) > , Vx € (0,¢).

2xT-«a

Since V; is continuous, and V; = 0, there exists ty such that V; € (0,¢), Vt € [to, T) which implies that
a(l —uw
g(Vt) > (7L)’ Vt € [to, T). (9)
2th—zx

Recall that the paths of Brownian motion are p-Holder continuous for any f < 1 and the paths of fBm are

B-Holder continuous for any 8 < H. So, fixed B < % then there exists a finite random variable Cg(w) such that

o(1 - a)(Br — By) + op(1 — a) (BE - Bﬁ) ‘ < Cylw) [t —tP.
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This, combined with (8), gives us

0<Vi=— /tTg(Vs)ds — (1 —a)(Br — By) — oy(1 — ) (BE - BtH)
< ’0(1 — ) (B — B) +ou(1 - ) (BY —BF)‘
< Cp(w) (t—t)P, Vvt € [to, T),

and .
0< / g(Va)ds < Cy(w)(t — 1), Wt € [to, 7).
t

As a consequence, it follows from (9) that

T T — T —
Clg(w)(‘t—t)ﬁ>/ g(Vs)ds>/ a1 a“)ds>/ =0 s vie [k, 1).
t tooyle t2[Cplw) (T —s)P]T=
Therefore, it holds that
Cplw)(t— 1) > al-a) (t— )1~ T%, Vi € [to, 1), (10)

2 [Cp(w)] T

or equivalently

2 [Ch(w)] T > (T— )R, Vi€ Jto, T).

a(l—a)

We choose $ such that % >p>1—athenl— % < 0. We get a contradiction beacause the right hand side of
(10) tends to co as t — 7. We conclude that T = co. Thus, the Equation (6) exists global solution with V > 0.

The uniqueness of the solutions can be verified as follows. Let V; and V;* be two solutions of (6) with the
same initial condition Vj. We have

ViV = [ gV —g(V))ds, 01 <T,

and hence,
(= ViR =2 [ (Vo= Vi) (V) — g(Vi)]ds, #2 0
By using Lagrange’s theorem, there exists a random variable 6 lying between 0 and 1 such that
(= ViR =2 [ (Vb 00V = Va)) (Vi = V)2, £20
By Lemma 2, we deduce
(Vi— V)2 < 2M/0t (Vs — V*)2ds < e+2M/Ot(VS — V)P ds, Ve > 0.

We use Gronwall’s lemma to get

(Ve — Vt*)2 < ge?Mt < o2MT it >, Ve > 0.

The right hand converges to 0 as ¢ — 0, hence, V; = V¥, Vt € [0, T|. The proof of Proposition is complete. [J

L
Proposition 2. The Equation (3) has a unique solution given by X; = V,'*, 0 < t < T, where V; is the solution of
(6).

Proof. The proof is similar to that of Theorem 2.1 in [8]. So we omit it. [
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Next, we will prove the solution V; of (6) is Malliavin differentiable. By Volterra expression of fBm, we
can rewrite (6) by the following equation

t t
Vi= 1 +/0 @(Ve)ds + (1 — a)By + oy (1 — zx)/o K(t,s)dWs. (1)

Proposition 3. Let (V;)o<i<t be the solution of the Equation (6). Then, for each t € (0, T|, the random variable V; is
Malliavin differentiable. Moreover, we have

DIVi = o(1—a)exp (/:g’(Vr)dr) To1(s)
DYV; = oy (1 —a) /StKl(U,s) exp (/Ut g’(Vr)dr) ol (s)

where K1 (v,5) = ZK(v,5) = cy(v —s

; )"

11
vH—3p2-H,

Proof. Fix t € (0, T]. Let us compute the directional derivative (D® Vi, h) 21 1) with b € L[0, T] :

dvE
<DBVt, h>L2[0,T] = T; |€=0/

where Vf solves the following equation
Vi=Vo+ /Otg (V&) ds+o(1—w) <Bt —|—£/Ot hsds) +og(1—a)dBf,t €[0,T],e € (0,1).
By using Lagrange’s theorem, we get
Vi Vi= [ (Veot (Ve = Va)) (Vi = Vads (1 e [ s (12
for some random variables ¢ lying between 0 and 1. The solution of (12) is given by
VE— Vi =o(1— a)s/ot he (exp /Stg/ (Vy + &(VE— V) dr) ds, t € [0, T],
which implies that

Vi Vi
S

—o(1—a) /Ot h (exp /Stg' (V, + & (VE - Vr))dr) ds.

We recall that g'(x) < M < oo, Vx > 0. Hence, by the dominated convergence theorem, we obtain

e _ t t
gli%i y =0o(l— uc)/o hs exp (/S g’(Vr)dr> ds
T t
=0(1- zx)/o hs exp (/s g/(Vr)dr> Ljo,nds
f /
= <h,a(1 — ) exp (/S g (Vr)dr> ]I[O’t]>L2[O T],t €[0,T],

where the limit holds in L?(Q)). According to the results of Sugita [9], we can conclude that V; is Malliavin
differentiable with respect to B and its derivative is given by

t
DBV, =¢(1 — &) exp (/ g’(Vr)dr> Lio,5(s)-
S
0
In a same way, we compute the directional derivative (DVV;, h) = ddlgf |lo—o, where V! satisfies

ot t S
Ve = V0-|-/O g(Vf) ds+(7(1—1x)Bt—|-(7H(1—tx)/O K(t,s)d <WS+9/O hudu>
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t t
=Vy+ / g (Vf) ds+o0(1—a)By+oy(l—a) / K(t,s) (AWs + 6hgds) ,t € [0, T],0 € [0,1).
JO 0
Using Lagrange’s theorem again, we have
t t
VeV, = /0 g (vt (V=) (V0= vi)ds +ou(1- vc)@/o K(t, )hsds, (13)

where (s is a random variable between 0 and 1. The solution of (13) is represented by

Ve — Vi = 0oy (1 —a) /Ot </OS Kl(s,u)hudu> exp (/stg' (Vr +r (V,e - Vr)) dr) ds.

Hence,

V4 Vs t s t
91361+ f 3 L= op(1— oc)/o (/0 Kl(s,u)hudu) exp </S g (Vr)dr) ds.
t t
— (hou(1=a) [ Ko, ) exp ( [ ¢/ (V) doliog ), -

Thus V; is Malliavin differentiable with respect to W and we have

t

DYV, = oy(1 — ) /StKl(v,s) exp (/v g’(Vr)dr> ol (s).-

The proof of Proposition is complete. [

We now are in a position to state and prove the main result of this paper.

Theorem 1. Let (X;)o<¢<T be the unique solution of the Equation (3). Then, for each t € (0, T}, the tail distribution of
X satisfies
2
(xlfoc _ ’u}ﬂx)

20(1_\2
2 (0 (21M'X) (Mt —1) 402 (1 w)? eZMttZH)

P(X; > x) < exp , X > U,

where yy == E[X¢] and M is defined by (7).
Proof. Recalling Proposition 3 we get
0 < DBV, < o(1 — a)eMt),
t t
0< D"V, = oy(1—a) / K4 (v, r)e<fv8 V) 4,
Jr
't
<oy(l—a) (K(t,r) + M/ K(v,r)eM(t_U)dv) ,0<r<t<T.
r
Because the function v — K(v,r) is non-decreasing, this implies
t
DVV; < op(1—a) (K(t,r) + MK(t,r)/ eM(t_U)dv>
r
=oy(1—wa)K(t, r)eM(t*r), 0<r<t<T.

We have

[ (e[opwiz] ) ar= [ (e [opuiz])
< /Ot ((7(1 - tx)eM(t_r)>2dr

_ ‘72(;]\—4“)2 (eth _ 1)
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and

/OT (£ [pr'vilF]) / D} Vt|]-}D2dr
J; (e

2
< (1—a)K(t, r)eM<f—r>) dr
= oh(1 -0 [ Kt ar
JO
t
<of(1- “)Zem/ K2(t,r)dr, 0 <r<t<T.
0

Since fot K2(t,s)ds = E|Bl'|> = #?H we have
T 2 .
/0 (E [D}NVA}}D dr < o(1 — a)2e®Mt2H,

Fixed t € (0,T], put F = V; — E[V}] then EF = 0 and DF = DBV;, DVF = DV;. We obtain the following
estimate

[ (e [pri]) s+ [ (£ [peiE]) as= [ ([pbvitr]) s+ [ ( [piviz]) as

0'2 A 2
(1 ) 2Mt 2 2 2Mt,2H
< - — —+ — .
M (e 1) UH(l 0() e t

We observe that, by Lyapunov’s inequality, E [th_‘"} < (E[X:])'™* = ul~*. Hence, by applying Lemma 1 to
F, we obtain

P(Xi > x) =P (V> 17)
=P (Vt —E[V]>x"""-E [Vt])
=P (F>x""—E[x7])
<P(F>x"t— i)

sexp | — 2 2 ;X > Pt
1—
) (a (A2 (2Mt 1) 4 02 (1 — “)2€2Mtt2H)

The proof of Theorem is complete. [

Remark 1. In [5], Araneda obtained an analytical expression for the transition probability density function
of solutions to the Equation (3). However, the stochastic integral with respect to B considered there is
interpreted as a Wick-Ito integral. This integral is different from the pathwise Stieltjes integral using in our
work (the relation between two integrals can be found in §5.6 of [10]). In particular, unlike the Wick-It6
integral, the pathwise Stieltjes integral has non-zero expectation. We therefore think that it is not easy to extend
the method developed in [5] to the setting of pathwise Stieltjes integrals. That is why we have to employ a
different method to investigate the tail distributions as in Theorem 1.

Remark 2. The transition probability density and tail distribution can be used to compute the price of
options. In the setting of the mixed-fractional CEV model using pathwise Stieltjes integrals, to the best of
our knowledge, the option pricing formula is still an open problem. Solving this problem is beyond the scope
of the present paper. However, if such a formula exists then the tail distribution estimates obtained in Theorem
1 will be useful to provide an upper bound for the price of options.

4. Conclusion

In this paper, we used the techniques of Malliavin calculus to estimate the tail distribution of the
mixed-frational CEV model. Our contribution is that we are able to obtain an explicit estimate for the tail
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distributions. Our work provides one more fundamental property of CEV models. In this sense, we partly
enrich the knowledge of CEV models.
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