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PHÂN TÍCH TÍNH CHẤT PHÁ HỦY CỦA DẦM BÊ TÔNG 
NỨT MỒI SỬ DỤNG NANO - SILICA KHI CHỊU UỐN: 

THỰC NGHIỆM VÀ MÔ PHỎNG

ON THE ANALYSIS FRACTURE PROPERTIES OF NOTCHED CONCRETE BEAMS 
INCORPORATING NANO-SILICA IN BENDING TEST: 

EXPERIMENTATION AND SIMULATION 

 Phạm Đức Th ọ, Vũ Minh Ngạn, Hoàng Đình Phúc, Ngô Văn Th ức

ABSTRACT:

Applying nano-silica, as cementitious materials in concrete mixes, is expected to be an improving technique, 
from both mechanical properties and durability points of view. Th is study aims to analyse the characteristics of 
fractures in concrete beams incorporating nano - silica in bending tests, such as fracture energy, characteristics 
of crack length, and crack propagation. Experimental results found an increasing nano-silica and of fracture 
energy 37% with incorporation 0.5% nano - silica. A numerical simulation based on nonlinear fracture mechanics 
of the experimental test by using lattice model is carried out in order to determine fracture characteristics and 
the crack propagation. 

KEYWORDS: Concrete Incorporating Nanosilica, Fracture mechanic, Crack propagation, Lattice model.

TÓM TẮT: 

Áp dụng nano - silica, làm vật liệu kết dính trong hỗn hợp bê tông, được kỳ vọng sẽ là một kỹ thuật tiên 
tiến nhằm nâng cao các tính chất cơ học và độ bền. Nghiên cứu này nhằm mục đích phân tích, xác định các 
tính chất phá hủy của dầm bê tông kết hợp nano - silica khi chịu uốn như như năng lượng phá hủy và chiều 
dài đặc trưng nứt. Kết quả thí nghiệm cho thấy sự tăng các tính chất phá hủy theo hàm lượng nano – silica 
và sự gia tăng năng lượng phá hủy 37%. Một mô phỏng số dựa trên cơ học phá hủy phi tuyến để mô phỏng 
thực nghiệm bằng cách sử dụng mô hình lưới được thực hiện để xác định đặc điểm phá hoại và sự lan truyền 
vết nứt.

TỪ KHÓA: Bê tông sử dụng nano - silica, cơ học phá hủy, Lan truyền nứt, Mô hình lưới.
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1. INTRODUCTION

Nanomaterials are materials comprising 
particles with particle sizes between 1–100 nm. Th e 
incorporation of nanomaterials into concrete has 
signifi cantly improved the mechanical properties 
and durability of concrete (Rezania et al., 2019; 
Zhang et al., 2021).

 Nanometer-sized silica materials in concrete 
are considered a new step compared to silica 
fume materials (micrometer sizes). For high-
performance concrete (HPC) with nano - silica 
(NS) added, the mechanical properties such as 
compressive strength, fl exural strength, elastic 
modulus, and stress - deformation characteristics 
are signifi cantly improved (Zhang et al., 2017). 
Said et al. (Said et al., 2012) observed that the 
compressive strength of concrete blended with 
6% of the cement weight of NS was 36% higher 
than the control concrete. 

Fracture properties are extremely important for 
the safety and durability of structures constructed 
with concrete composite. Th e improved pore 
structure of concrete composite by incorporating 
NS particles causes densifi cation of the 
paste - aggregate transition zone, which in turn 
aff ects the fracture properties. Th e infl uence of 
NS on the fracture characteristics of concrete was 
mentioned (Chithra et al., 2016; Khaloo et al., 
2016; Zhang et al., 2021), but there were no 
specifi c studies for evaluation.

In the research (Zhang et al., 2021) for the 
percentage replacement of NS was greater than 
2%, the initial and final crack blow counts of 
concrete began to decline; when the substitution 
rate of NS was 5%, the number of blows at the first 

crack and at the failure of the concrete were both 
reduced to 27%.

Although there have been a large number of 
research on the impact resistance of ordinary 
concrete, and the mechanical properties and 
durability of concretes containing NS, but 
research related to fracture properties for 
nano - silica for concrete is very limited 
in the literature. Th erefore, in this study, 
the eff ects of diff erent NS dosages on 
the fracture energy and characteristic 
length. Th e fracture energy and characteristic 
length will be determined from experimentation 
and simulation by using lattice model.

2. MATERIALS AND METHODS

2.1. Experimental method

HPC contains NS is designed with typical 
intensity of 70MPa calculated by the ACI 
method (ACI 201.2R-08, n.d.). HPC's composition 
with 0% and 0.5% ratios were used for the 
fracture characterization test. Th e percentage of 
superplasticizer is selected according to the 
manufacturer's recommendations and is adjusted 
in practice to ensure the workability of the 
concrete mixture. 

Th e cement used was Ordinary Portland 
classifi ed according to ASTM standards. Th e 
aggregate used for concrete experiments is 
macadam. Th e content of Cl- ion in aggregate 
must not exceed 0.01% of alkali-silica reaction 
ability for large aggregates as specifi ed with 
small aggregates. Th e sand used to manufacture 
experimental concrete is raw sand, exploited 
on Hong River (Viet Tri mine). Th e sand is 
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analyzed for grain composition according to 
ASTM C33. Water for concrete construction 
(aggregate washing, concrete mixing, and 
maintenance) is taken from the tap water of 
the domestic water supply system. Quality 
assurance of impurities that aff ect the properties 
of concrete and no side eff ects with additives. 
NS used is silicon Fusil 200 nano product of 
Chinese Fuchang chemical company. Th e 
mixture design is shown in Table 1.

tessellations (Peter Grassl, 2009; Pham et al., 
2020) of the domain shown in Figure 2.

Figure 2. Lattice model for fracture analysis

(2)

(3)

(4)

Table 1. Mixture design for concrete 
incorporating nano-silica 

Composition NS0.0 NS0.5
Ciment (kg) 544.21 541.34
Sand (kg) 674.68 673.68
Aggregate (kg) 1049.75 1049.75
Silica fume (kg) 28.64 28.64
Nano-silica (%) 0% 0.5%
Superplasticizer (l) 5.44 6.53
Water (l) 154.67 154.67

A series of notched beam specimens with size 
of 100x100x500 mm were prepared to determine 
the fracture properties. Th e beam specimen was 
sawed from the span centre of the lower surface to 
produce a pre-cutting crack with depth of 2 mm. 
All notches are cut on a surface perpendicular to 
the top of the sample during casting. Test beams 
aft er 28 days shall be made the notch on the 21st 
day. Aft er that, the samples are cured until the day 
of testing. Th e shape and set up a test of the beam 
specimen are provided in Figure 1.

Figure 1. Th ree-point bending test of HPC beam 
notched incorporating nano - silica

2.2. Modelling by lattice model

Th e spatial arrangement of the lattice 
elements and their cross-sectional properties in 
the lattice model is based on Delaunay and Voronoi 

Each node of mechanical element has three 
degrees of freedom that are two translations u 
and v and a rotation . Th e displacement jump at 
the centroid C of the element’s mid cross-section 
relates to the nodal unknowns as follows: 

uc = Bue    (1)
where

Th e cross-section is determined by A=let 
where le is length of mid-section, t is the out - plan 

thickness                 and is the moment of inertia. Th e 

displacement uc is replaced by deformation 

= uc/he, with he is the length of the mechanical 
element. Th e rigid matrix of lattice element in the 
local coordinate system is determined by:

 where De is the elastic stiff ness. 
Th e stress-strain relation in the damaged 

mechanic  framework reads

 
Extensometer 

1

2
3
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C
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where  is the damage variable;                                                            

the stress vector;                                                  b the

Biot’s coeffi  cient. For the plane stress condition,     

modulus and Poisson ratio. Th e variable  
is a function of a history variable , which is 
determined by the loading function: 

condition were shown in fi gure 3.
 Th e depth notched will vary from 10 mm to 

60 mm, then fracture energy and characteristic 
length will be determined.

(5)

(6)

(7)

(8)

(9)

(11)

(10)

with  E and  are Young’s

Th e equivalent strain eq is defi ned as

where s = fs/ft, c = fc/ft, ft = Eε0 is the tensile 
strength, fs is the shear strength, fc is the 
compressive strength and ε0 is the model 
parameters.

Th e loading-unloading condition is ensured by 

Th e soft ening curve is controlled by the 
fracture energies of pure compression Gfc and 
of pure tension Gft  for compressive and tensile 
conditions as follows

with i = c (compression) or t (tension); i = 
Gfi /fi;                  is the equivalent crack opening; e is 
the crack opening vector defi ned by

To determinate the fracture energy, the 
simulation of the notched beam was carried out. To 
analysis, fi nite element code with object oriented 
architecture OOFEM will be used for meshing and 
calculating. Th e geometry, mesh, and boundary 

Figure 3. Geometry, mesh, and boundary condition

Table 2. Parameters for lattice model

Mix 
code

Model parameter
f ’c 

(MPa)
f ’t 

(MPa)
E 

(GPa) Gf

NS0.0 82 5.4 45.5 Depend on a
NS0.5 84 5.8 47.6 Depend on a

3. RESULTS AND DISCUSSION

3.1. Fracture energy

Fracture energy Gf, by RILEM (Bažant and 
Xiang, 1997; Karihaloo, 1995) may be as the 
average of the local fracture energy function 
over the initial un-cracked ligament area. Th e 
relationship between all the associated variables 
is given by:

Where  is defl exion of beam, B is width of the 
specimen, W is the hight of the specimen  and a is 
depth of notch.

Th e relationship between the load and 
defl ection (P-δ) of high-performance concrete for 
experiment and simulation by lattice model with 
additional NS = 0.5% is shown in Figure 4. Th e 
lattice model based  on Mazard model reproduce 
a good agreement with experimental results.

Figure 5 shows the load – defl ection curves  for 
simulation, it can be observed that the mix with 
NS0.5, the Pmax increases 14% vs mix without NS.
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energy can be due to the additional pozzola-
nic reaction of nano-silica which consumes 
portlandite present in the hydration product. Th e 
addition C-S-H gel enhances the pore structure 
of concrete by bridging the nano level crack. 
In this experiment, only one test was carried 
out with the notch depth is 25mm, so the notch 
to depth ratio is 0.25. It can be noted that the 
lattice model is reasonably predicting the 
fracture energy.

3.2. Characteristic length

Basing on the characteristic length of the 
fracture process zone to evaluate the brittleness 
of concrete mixes with the change of NS content. 
Th is parameter was determined based on the 
energy parameters of Gf, tensile strength, and 
elastic modulus. Characteristic length is follow 
((Jan G.M. van Mier, 2013; Karihaloo, 1995)):

(12)

Figure 4. Load – Defl ection for NS0.5

Figure 5. Load – Defl ection simulation NS 0.0 
and NS0.5

Figure 7. Characteristic length vs notch to depth ratioFigure 6. Fracture energy vs notch to depth ratio

Figure 6 shows signifi cant improvement 
in size dependent fracture energy for the con-
trol mix without and with nano-silica for the 
experiment and simulation results.  In general, 
fracture energy decreases linearly with the notch 
depth, and the incorporation 0.5% nano-silica 
increases the fracture energy is about 37% for 
the mix without NS. Th e improved fracture 

Figure 7 show that the notch-to-depth ratio 
aff ecting the level of characteristic length for 
the experiment and sumulation results, where 
the characteristic length  decreasesas the notch 
to depth ratio increases. It can be noted that the 
lattice model is reasonably predicting the 
Characteristic length in function of notch to 
depth ratio.
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Finally, the crack propagation during the 
bending test for experiment and simulation 
is shown in fi gure 8. It can be observed the 
crack propagation started at the notch tip and 
propagated to the loading point. Th e crack 
propagated as the fl exural tensile cracks increases.

Figure 8. Crack propagation: 
a) Experiment, b) Simulation
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a) b)

4. CONCLUSIONS

Th is study presents the experimental approach 
and mechanical lattice modeling to determine 
the fracture properties of concrete with and 
without NS. Th e following conclusions were drawn:

- Th e incorporation of nano-silica 0.5% by 
cement weight in convention normal strength 
concrete exhibits improvement in fracture 
properties like fracture energy and characteristic 
length about 37%.

- Th e specifi c fracture energy Gf and 
characteristic length measured using the RILEM 
work-of-fracture procedure is found dependent 
linearly on the notch to depth ratio.
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