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ABSTRACT

ARTICLE HISTORY

In this paper, the problem of finite-time observer-based control for linear fractional-order systems
with interval time-varying delay is studied. The delay is assumed to vary within an interval with
known lower and upper bounds. A new proposition on estimating Caputo derivatives of quadratic
functions is given. Based on the proposed result, delay-dependent sufficient conditions for finitetime stability and for designing state feedback controllers and observer gains for observer-based
control problem are established in terms of a tractable linear matrix inequality and Mittag–Leffler
function.
A numerical example with simulation is given to demonstrate the effectiveness of the proposed
method.
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1. Introduction
During the recent years, with the help of fractional calculus, stability and control theory of fractional-order
systems has been studied by many authors due to their
many useful applications in mathematical control theory (L. Chen et al., 2019; Kilbas et al., 2006; Krol, 2011)
. In practice, we are not only interested in asymptotic
Lyapunov stability, but also in the behaviour of the system on finite-time interval called finite-time stability
(FTS) (Amato et al., 2014; Dorato, 1961) . FTS involves
dynamical systems whose solutions do not exceed a
certain bound during the specified time. While Lyapunov stability deals with the behaviour of a system at
infinity time, FTS concerns solution behaviour within
a finite short interval. Study of FTS for fractional-order
systems (FOSs) has important value in practical applications. Many excellent results on the finite-time stability and control for FOSs have been obtained in the
last five years. Based on Lyapunov direct method and
generalised fractional Gronwall inequality, the finitetime stability conditions for FOSs with delays are proposed in S. Liu et al. (2016), L. Liu et al. (2017), Phat
and Thanh (2018), F. Wang et al. (2017), B. Wang
et al. (2016) and Wu et al. (2019). For control problems of FOSs, we can find sufficient conditions for
the state feedback synchronisation of fractional-order
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neural networks with delays in Zhang et al. (2018),
for guaranteed cost control of nonlinear FOSs in Phat
et al. (2019), for sliding mode control of singular FOSs
in Meng et al. (2020) and for adaptive sliding mode
control of nonlinear delay FOSs with uncertainties in
Z. Wang et al. (2020).
On the other hand, problem of constructing
observer-based controllers is very important when we
can not access all the states of the system, or when the
system output measurements do not provide a complete information on the internal system states, and
then, the full-order observer-based control problem
has been investigated with a growing interest in the
past years (Buslowicz, 2016; Huong & Thuan, 2017;
Lazarevic & Spasic, 2009; H. M. Trinh et al., 2010).
It is notable that most of the authors deal with the
problem of FOSs without delays or with constant
delay, few authors investigate this problem of FOSs
with time-varying delay. As shown in Trinh and Fernando (2012), under the practical constraints that not
all of the state variables of the system are available
for feedback control and the unknown time-varying
delay in the full-order observer system can make it
un-realisable to evaluate the observer error states, and
hence the major difficulties in the design of control
observers for LFOSswith delays are their appearance
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of the time-varying delays and disturbances may cause
the un-realizability and instability. Based on the Lyapunov function approach, numerous sufficient conditions have been obtained for the observer-based
control problem of LFOSs with constant delay (Lan
& Zhou, 2013; Li et al., 2014; Mathiyalagan et al., 2015).
By using full-order memory state observer the authors
of J. D. Chen (2007), H. Liu et al. (2012), G. Chen
et al. (2013) and P. Liu (2013) proposed sufficient
conditions for designing feedback controllers and
observer gains for systems subjected to time-varying
delay. However, the results obtained there are not only
strict but also less practicable, since as shown in Trinh
et al. (2012), the observer structure is un-realisable
if the time-varying delay appeared in the full-order
Luenbeger observer system such that we can not evaluate the unknown delayed observer. To overcome these
drawbacks the authors of Yu and Lien (2007) and
Thuan et al. (2012) used full-order memoryless state
observers in the full-order Luenbeger observer system,
i.e. the full-order observer system does not include any
time-varying delay and in this paper, the full-order
observer system containing known constant delay, to
construct state feedback and observer controllers for
LFOSs with time-varying delay. Therefore, to the best
of our knowledge, the observer-based control problem for FOSs with time-varying delay has not been
fully investigated in the literature and it motivates the
research of our paper.
In this paper, the problem of observer-based control is studied for linear FOSs subjected to timevarying delay. Our objective is to design state feedback controllers and observer gains that stabilise the
state observer error system on finite-time interval.
The main contributions of our paper are the following. Firstly, we consider linear FOSs, where the
time-varying delay is a bounded continuous function
belonging finite-time interval. A new proposition on
estimating Caputo derivative of quadratic functions is
proposed to guarantee FTS of the observer error system. Secondly, to avoid the appearance of the unknown
time-varying delay in the observer system, we employ
a memory full-order state observer depending on
the well-known delays to design the state feedback
and observer controllers. Finally, using LMI technique, Laplace transformation and specific properties of Mittag-Leffler functions, delay-dependent sufficient conditions for FTS of the observer error closedloop systems and for constructing state feedback and

observer controllers are established in terms of a
linear matrix inequality and Mittag-Leffler function. A
numerical example is provided to illustrate the effectiveness of the obtained results.
The paper is organised as follows. Preliminaries of
fractional calculus, problem formulation and auxiliary
results are reviewed in Section 2. Section 3 presents
main result on observer-based control of linear timevarying delay FOSs including sufficient conditions for
designing state feedback and observer controllers. In
Section 4, we give a numerical example with simulation and our conclusions in Section 5.
2. Auxiliary results and preliminaries
Throughout this paper we denote by Rn×r the set
of all matrices with dimension (n × r); by λ(P) the
set of all eigenvalues of P. For matrix P, λmax (P) and
λmin (P) denote the maximum and minimum eigenvalues of P, respectively.
P denotes the spectral

norm defined by λmax (P P); by Pk the diagonal
matrix of k × k dimensions: Pk = diag{P, . . . .., P}k ; by
C[0, T] the set of all continuous functions on [0, T];
by C([−h, 0], Rn ) the set of all Rn -valued continuously
functions on [−h, 0]; by [a] the integer part of number
a; by L1 [a, b] the set of all functions integrable on [a, b];
by L2 ([a, b], Rm ) the space of all Rm −valued square
integrable functions on [a, b]; (x, y) = xT y, x =
√
(x, x), |x|2P = (x, Px); by H α [0, T], α ∈ (0, 1), the
standard Holder space consisting of continuous functions x(t) on [0, T] such that
xH α := max |x(t)| +
t∈[0,T]

sup
0≤s<t≤T

|x(t) − x(s)|
< ∞;
(t − s)α

by H0α [0, T], α ∈ (0, 1), the subset of H α [0, T], consisting of functions such that
max |x(t)| +

t∈[0,T]

|x(t) − x(s)|
→ 0,
(t − s)α
0≤s<t≤T, t−s≤ε
sup

as ε → 0.
Some definitions and auxiliary results on fractional
calculus are introduced from Kilbas et al. (2006)
as follows. The Riemann–Liouville integral I α f (t),
the Riemann–Liouville derivative DαR f (t), and the
Caputo fractional derivative DαC f (t) are defined for f ∈
L1 [0, T] as follows, respectively.
 t
f (τ )
1
I α f (t) =
dτ ,
(α) 0 (t − s)1−α
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d 1−α
f (t)],
[I
dt
DαC f (t) = DαR [f (t) − f (0)],
∞
where α ∈ (0, 1), (·) := 0 e−t t s−1 dt, s > 0. The
Mittag–Lefller function is given as
DαR f (t) =

Eα,s (z) =

∞

n=0

zn
,
(nα + s)

α > 0, s > 0.



sup 

t

ξt

0<t≤T


x(t) − x(s) 
ds → 0
(t − s)1+α 

(i) Eα (z) ≥ 1, z ∈ [0, +∞).
(ii) Eα (z) is increasing on [0, +∞).
We define the Laplace transform L[f (t)](s) for
exponentially bounded function f (·) as
 ∞
(s) = L[f (t)](s) =
e−sτ f (τ ) dτ .
0

Lemma 2.2 (Kilbas et al., 2006): We have the following properties of Laplace transform:

(DαC x)(t) =

Proposition 2.4: Let x = x(0) + I α v, v ∈ C[0, T], P =
PT > 0. Then, DαC (x(t)T Px(t)) exists and continuous
such that


|x(t)|2P − |x(0)|2P
Pv(0)
(i) lim
= 2 x(0),
,
t→0
tα
(α + 1)
(ii) DαC (|x(t)|2P )(0) = 2 x(0), Pv(0) ,
(iii) DαC (|x(t)|2P ) =

×

t
0

L[t

1
Eα,α (βt )](s) = α
,
s −β
α

> |β|

1/α

|x(t)|2P − |x(0)|2P
α
+
α
t (1 − α)
(1 − α)

|x(t)|2P − |x(s)|2P
ds.
(t − s)α+1

Proof: Since DαC x is continuous we have

(ii)
α−1


1
x(t) − x(0)
(1 − α)
tα

 t
x(t) − x(s)
α
+
ds .
(1 − α) 0 (t − s)1+α

Employing similar idea from Trinh and
Tuan (2018), the following result on estimating the
Caputo derivative of function xT Px is proposed as
follows.

(i) The Laplace transform Caputo fractional derivative
DαC f (t), 0 < α < 1, is given by
L[DαC f (t)](s) = sα L[f (t)](s) − sα−1 f (0),

γ := lim

β > 0, Re(z)

t→0

x(t) − x(0)
v(0)
=
,
α
t
(α + 1)

|x(t)|2P − |x(0)|2P
t→0
tα
lim

,

x(t) − x(0), Pv(t)

(iii) For exponentially bounded integrable functions
t
f (t), g(t), and f ∗ g(t) = 0 f (t − s)g(s) ds, we
have

= lim

+ x(0), P[x(t) − x(0)]

t→0

L[f ∗ g(t)](s) = L[f (t)](s) · L[g(t)](s),

Lemma 2.3 (Vainikko, 2016): For 0 < α < 1, T > 0,
and x ∈ C[0, T], the following conditions are equivalent:
(i) ∃ DαC x is continuous on C[0, T],
(ii)
∃ lim

t→0

x(t) − x(0)
= γ,
tα

when ξ → 1− ;

(iii) For continuous functions x(t), DαC x, we have
(DαC x)(0) = (α + 1)γ , and

Letting s = 1 for Eα (z) := Eα,1 (z).
Lemma 2.1 (Kilbas et al., 2006): The Mittag–Lefller
function has the following properties:

3

tα

= 2(x(0), Pγ ),
which shows (i). It is easy to calculate the following
integral


|x(t)|2P − |x(s)|2P
ds
(t − s)α+1
ξt
 t
(x(t) − x(s), 2Px(t))
ds
=
(t − s)α+1
ξt
t
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−

(x(t) − x(s), P[x(t) − x(s)])
ds
(t − s)α+1

t

ξt

= I1 (t, ξ ) − I2 (t, ξ ),


 t


−α−1
2
2

(|x(t)|P − |x(s)|P ) ds ,
sup  (t − s)

0<t≤T

we derive from Lemma 2.3 that
 t



−α−1

(t−τ )
(x(t)−x(τ )) dτ , 2Px(t) 
|I1 (t, ξ )| = 
ξt

 t


−α−1
(x(t) − x(τ )) dτ  2|Px(t)|
≤  (t − τ )
ξt


 t


−α−1

(x(t) − x(τ )) dτ  2
≤ sup  (t − τ )
ξt

0<t≤T

and hence

× sup |Px(t)|,

ξt

which goes to 0, when ξ → 1− , which shows (iii).
The proof is then completed by using the assertions of
Lemma 2.3.

For 0 < α < 1, we consider a linear fractionalorder system with time-varying delay of the form
DαC x(t) = Ax(t) + Ad x(t − τ (t)) + Bu(t),
y(t) = Cx(t),
x(t) = φ(t),

t∈[0,T]

which gives I1 (t, ξ ) → 0 when ξ → 1− . Moreover, we
have
x = x(0) + γ t −α + x0 , x0 ∈ H0α [0, T],

t ∈ (0, T],

1−α

≤ γ α[1/ξ − 1]



 x0 (t)−x0 (s) 


+
sup
 (t − s)α 
0≤s<t≤T,|t−s|≤T(1−ξ )

= h(ξ ),
for ξ t ≤ s < t ≤ T, ξ ∈ (0, 1], c ∈ (s, t). Further, we
see that function h(ξ ) is independent on s, t and goes
to 0 when ξ → 1− , because of |t − s| ≤ |t − tξ | ≤
T(1 − ξ ), c ≥ s ≥ ξ t, and x0 ∈ H0α [0, T]. Thus, we get

|I2 (t, ξ )| =

≤

t

ξt
t

ξt
t


=
=

ξt

(x(t) − x(s), P[x(t) − x(s)])
ds
(t − s)α+1
(t − s)2α
dsPh(ξ )2
(t − s)α+1
(t − s)

α−1

ds Ph(ξ )

2

(t − tξ )α
T α (1 − ξ )α
Ph(ξ )2 ≤
α
α
2
× Ph(ξ ) ,

t ∈ [−h2 , 0],

where 0 < α < 1, x ∈ Rn is state vector, u ∈ Rm is
control vector, y(t) ∈ Rk is measure output vector,
A; Ad ∈ Rn×n ; B ∈ Rn×m are given constant matrices,
the initial function φ is continuous; the control u(t) ∈
L2 ([0, T], Rm ); function τ (t) is continuous and satisfies

which implies
 
 


 x(t) − x(s)   t α − τ α   x0 (t) − x0 (s) 
 ≤ γ
+


 (t − s)α   (t − s)α   (t − s)α 


(t − s)αcα−1  x0 (t) − x0 (s) 
≤γ
+
,
(t − s)α
(t − s)α 

(1)

0 < h1 ≤ τ (t) ≤ h2 .
Associated with the observer control system (1) we
consider the following full-order Luenbeger observer
system
DαC x̂(t) = Ax̂(t) + Ad x̂(t − h2 ) + Bu(t)
+ L(y(t) − ŷ(t)),
ŷ(t) = Cx̂(t),
x̂(θ ) = φ(θ ),

(2)

θ ∈ [−h2 , 0],

and the control law will be defined by
u(t) = F x̂(t),

(3)

where x̂(t) ∈ Rn is the observer vector, F and L are the
state feedback and observer matrices with appropriate dimensions, respectively. Defining the difference
between the real state x(t) and the estimated state vector x̂(t) : e(t) = x(t) − x̂(t), we consider the following
estimated observer system:
DαC e(t) = [A − LC]e(t) + Ad e(t − h2 )
+ Ad x(t − τ (t)) − Ad x(t − h2 ),
DαC x(t) = [A + BF]x(t) + Ad x(t − τ (t)) − BFe(t),
e(θ ) = 0,

x(θ ) = φ(θ ),

θ ∈ [−h2 , 0],
(4)
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or in the following form
DαC z(t) = Āz(t) + Ād z(t − τ (t)) + C̄z(t − h2 ), (5)
where
z(t) =

e(t)
,
x(t)

Ād =

0 Ad
,
0 Ad

Ā =
C̄ =

A − LC
−BF
Ad
0

−Ad
.
0

t
0

|z(t) − z(τ )|2P
dτ ≤ 0.
(t − τ )α+1

3. Design of feedback and observer controllers

Remark 2.2: It is worth noting that for system (1) with
time-varying delay, the associated full-order observer
system (2) is dependent on the bounds of the delay. In
our case, the time-varying delay is interval bounded:
h1 ≤ τ (t) ≤ h2 , the full-order observer system (2) can
be defined by the upper and lower bound h1 , h2 . In this
case, the estimated error system (5) dependent on two
delays z(t − h1 ), z(t − h2 ) can be considered as a system with multiple delays, and the stability of the system
is proved similarly.
Definition 2.5 (Amato et al., 2014): For given positive numbers c1 , c2 , T, system (5) is finite-time stable
w.r.t. (c1 , c2 , T) if the following relation holds
φ(ξ )T φ(ξ ) ≤ c1 ⇒ z(t)T z(t) ≤ c2 , t ∈ [0, T].

Proposition 2.6: Let α ∈ (0, 1), P = PT > 0, and let
z(t) be a continuous solution of system (5). Then,
DαC [z(t)T Pz(t)] ≤ 2z(t)T PDαC z(t),

Theorem 3.1: For given positive numbers c1 , c2 , T, system (5) is finite-time stable w.r.t. (c1 , c2 , T) if there exist
a symmetric matrix P > 0, a matrix Q such that
⎛
⎞
. . .
11
12
16
⎜ ∗
. . .
22
26 ⎟
⎜
⎟ < 0,
(6)
⎝ .
.
. . .
. ⎠
∗

∗

.

. .

66

[T/h
1 ]+1

λmax (P−1 )
c2
α
(Eα (h2 T α ) − 1)j ≤ .
Eα (h2 T )
−1
λmin (P )
c1
j=0

(7)
Moreover, the feedback control matrix is F = QP−1 , the
observer gain matrix is L = 0.5PCT , where
11

= AP + PAT + BQ + (BQ)T − h2 P,

14

= −QP,

12

= Ad P,

13

=

15

=

22

=

55

=

66

= −0.5h2 P,

44

= AP + PAT + λmin (CT C)(I − 2P) − h2 P,

24

= PATd ,

33

=

34

= −PATd ,

16

= 0,

46

= Ad P.

Proof: Setting P = P−1 , we consider the quadratic
function

Taking the derivative of V(·) and using Proposition 2.6
gives
DαC V(t) ≤ 2x(t)T P Dα x(t) + 2e(t)T P Dα e(t)

a(t) ∈ C[0, ∞),

where a(t) = Āz(t) + Ād z(t − τ (t)) + C̄z(t − h2 ).
Using Proposition 2.4, we have
DαC (|z(t)|2P ) − 2(z(t), PDαC z(t)) = 0, at t = 0,

In this section, we will give sufficient conditions for
designing feedback control matrix F and observer gain
L for system (5).

V(t) := V(t, z(t)) = x(t)T P x(t) + e(t)T P e(t).

t ≥ 0.

Proof: By Remark 2.1, solution z(t) is defined by
z(t) = z(0) + I α a(t),





Remark 2.1: It is known from Krol (2011), Kilbas and
Marzan (2014) that under initial continuous condition
φ(t), system (5) has a unique continuous solution z(t)
on [0, ∞), which is defined as

z(t) = z(0)+I α Āz(t)+ Ād z(t − τ (t))+ C̄z(t − h2 ) .

sup

α
−
(1 − α)

|z(t) − z(0)|2P
t α (1 − α)

0
,
A + BF

The objective is to construct the feedback controller F
and the observer gain L in order to finite-time stabilises
system (5) in following sense.

ξ ∈[−h2 ,0]

DαC (|z(t)|2P ) − 2(z(t), PDαC z(t)) = −

5

and

= 2x(t)T P ([A+BF]x(t)+Ad xτ (t)−BFe(t))
+ 2e(t)T P ([A − LC]e(t) + Ad e(t − h2 )
+ Ad xτ (t) − Ad x(t − h2 ))

6
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= 2x(t)T P ([A + BQP ]x(t) + Ad xτ (t))

and hence

− BQP e(t))

sup N(s) ≤ h2

0≤s≤t

+ 2e(t)T P ([A − 1/2PCT C]e(t)
+ Ad e(t − h2 ) + Ad xτ (t)) − Ad x(t − h2 ))
1
1
− h2 xτ (t)T P xτ (t) + h2 xτ (t)T P xτ (t)
2
2
1
− h2 eτ (t)T P eτ (t)
2
− h2 x(t)T P x(t) − h2 e(t)T P e(t)

where η(t) =
e(t − h2 )T ]T ,
e(t − τ (t)) and

)T

xτ
x(t − h2
xτ (t) := x(t − τ (t)),

we obtain that
sα V (s) − V(0)sα−1 = h2 V (s) + N (s),

(t − s)α−1 Eα,α (h2 (t − s)α ) ≥ 0,


e(t)T

(8)
(t)T

eτ
eτ (t) :=

(9)

0

t ≥ 0, s ∈ [0, t],
h2 > 0,

t

− s)α )

Eα,α (h2 (t
(t − s)1−α

ds =

1
[Eα (h2 t α ) − 1].
h2

Applying the inverse Laplace transform to the inequality (9), we obtain for all t ≥ 0 that
 t
V(t) = V(0)Eα (h2 t α ) +
N(s)(t − s)α−1
0

α

¯ 11 = P A + AT P + P [BQ + (BQ)T ]P − h2 P ,
¯ 44 = P A + AT P − CT C − h2 P ,

¯ 22 = ¯ 33 = ¯ 55 = ¯ 66 = −0.5h2 P ,
¯ 13 = ¯ 15 = ¯ 16 = 0,
¯ 36 = ¯ 45 = ¯ 56 = 0,

¯ 14 = −P [BQ]P ,

¯ 34 = −AT P ,
d

× Eα,α (h2 (t − s) ) ds
≤ V(0)Eα (h2 t α ) + sup N(s)



0≤s≤t

0

t

(t − s)α−1

α

× Eα,α (h2 (t − s) ) ds
≤ V(0)Eα (h2 t α ) + Eα (h2 t α ) − 1

¯ 23 = ¯ 25 = ¯ 26 = ¯ 35 = 0,
¯ 24 = AT P ,
d

DαC V(t) = h2 V(t) + N(t),

In the sequel, the following inequalities will be used in
the estimation of V(t) :

¯ = ( ¯ ij )6×6 ,
¯ 12 = P Ad ,

because of −h2 ≤ s − τ (s) ≤ t − h1 , ∀ s ∈ [0, t].
Applying the Laplace transform for the equation

V (s) = (sα − h2 )−1 V(0)sα−1 + N (s) .

1
1
+ h2 V(t − τ (t)) + h2 V(t − h2 ),
2
2
(t)T

V(s),

where V (s) = L[V(t)](s), N (s) = L[N(t)](s), and we
get

1
+ h2 eτ (t)T P eτ (t)
2
1
+ h2 V(t) + h2 V(t − h2 )
2
1
− h2 xT (t − h2 )P x(t − h2 )
2
1
− h2 e(t − h2 )T P e(t − h2 )
2
= η(t)T ¯ η(t) + h2 V(t)

[x(t)T

sup

−h2 ≤s≤t−h1

¯ 46 = P Ad .

Using condition (6), we get P6 ¯ P6 ≤ 0, which leads to
¯ ≤ 0. Moreover, from (8) it follows that
1
1
DαC V(t) ≤ h2 V(t)+ h2 V(t − τ (t))+ h2 V(t − h2 ).
2
2
Letting N(t) = DαC (V(t)) − h2 V(t), we see that
1
1
N(t) ≤ h2 V(t − τ (t)) + h2 V(t − h2 )),
2
2

×

sup

−h2 ≤s≤t−h1

V(s).

By Lemma 2.1, the function Eα (h2 t α ) on [0, T] is
increasing. Hence, we have
V(s) ≤

sup

ξ ∈[−h2 ,0]

φ(ξ )T P φ(ξ )Eα (h2 t α ),

for −h2 ≤ s ≤ 0, and
V(s) ≤

sup

ξ ∈[−h2 ,0]

φ(ξ )T P φ(ξ )Eα (h2 t α )

+ Eα (h2 t α ) − 1

sup

−h2 ≤ξ ≤t−h1

V(ξ ),
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differentiability of the delay function τ (t). Then, we
do not need to employ the fractional Lyapunov stability theorem for FOSs with delay, where the Lyapunov
function is necessary to be positive definite (S. Liu
et al., 2017; Wen et al., 2008).

for 0 ≤ s ≤ t, which leads to
sup V(s) ≤

−h2 ≤s≤t

sup

ξ ∈[−h2 ,0]

+ Eα (h2 t α ) − 1

φ(ξ )T P φ(ξ )Eα (h2 t α )
sup

−h2 ≤ξ ≤t−h1

V(ξ ).

Setting R(t) = sup−h2 ≤s≤t V(s), for t ∈ [0, T] we have
R(t) ≤ Eα (h2 T α )R(0) + Eα (h2 T α ) − 1 R(t − h1 ).
Note that R(t) is an increasing function and Eα (h2 T α )
> 1, by induction we can easily derive the following
condition
α

R(t) ≤ R(0)Eα (h2 T )

[T/h
1 ]+1


4. A numerical example
In this section, an illustrative example is given to
demonstrate the validity and effectiveness of the proposed method.
Example 4.1: Consider system (1), where α = 12 , the
time-varying delay τ (t) = 0.1| sin(t)| + 0.8, and

j

Eα (h2 T α ) − 1 ,

A=

j=0

and hence

−2 0
,
0 1

Ad =
λmin (P )z(t)2 ≤ R(t) ≤ R(0)q
≤

sup

φ(s)T P−1 φ(s)q,

s∈[−h2 ,0]

where
q = Eα (h2 T α )
Moreover, since

[T/h1 ]+1
i=0

(Eα (h2 T α ) − 1)i .

φ(s)T P φ(s) ≤ λmax (P )φ(s)2 ≤ λmax (P )c1 ,
from condition (7) it follows that
z(t)2 ≤

λmax (P )
qc1 ≤ c2 ,
λmin (P )

The proof is completed.
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t ∈ [0, T].


Remark 3.1: It is well known that the stability of linear FOSs can be proved using the second Lyapunov
function approach proposed in Camacho et al. (2014),
where the authors introduced a new property on
Caputo fractional derivatives of differentiable function x2 (Lemma 1, p. 2953). However, for FOSs
with delay, this method can not be applicable since
its solutions of the system with delay are, in general,
not differentiable. Therefore, Proposition 2.6 related to
the estimation of the Caputo fractional derivative of
quadratic functions is effectively introduced for studying the stability of linear FOSs with delay, where its
solution x(t) is continuous.
Remark 3.2: Note that in the proof of Theorem 3.1,
we use a simple delay-independent Lyapunov function V(x(t)), which allows us to avoid the use of the

B=

1 0
,
0.1 1

1 0.1
,
0 1

C=

4 0
,
0.1 3

Note that the delay function τ (t) is continuous and
not differentiable. Therefore, the observer control
design methods proposed in J. D. Chen (2007), H. Liu
et al. (2012), G. Chen et al. (2013), and P. Liu (2013) are
not applicable to this system. For h1 = 0.8, h2 = 0.9,
the LMI (6) is feasible with the following solutions
P=

2.4559 −0.0702
,
−0.0702 2.9061

Q=

−1.6351
0.8923
.
−0.0723 −10.8698

The feedback control matrix F and the observer gain
matrix L are defined as
F = QP−1 =
L = 0.5PCT =

−0.6575 0.2912
−0.1365 −3.7437
4.9117 0.0174
.
−0.1405 4.3556

Besides, for c1 = 0.01, c2 = 2.7, T = 1.5, we have
[T/h
1 ]+1

λmax (P )
α
(Eα (h2 T α ) − 1)j
Eα (h2 T )
λmin (P )
j=0

× c1 = 2.6472 < c2 = 2.7.
Therefore, by Theorem 3.1, the error system (5) is
finite-time stable w.r.t. (0.01, 2.7, 1.5).
Figures 1–3 show the state response of z(t)2 ,
x(t)2 and e(t)2 with the initial condition φ(θ ) =
[0.09, 0]T , θ ∈ [−0.9, 0], respectively.
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Figure 1. The state response of z(t)2 .

time-varying delay. To derive the main result, we have
proved a new result on Caputo fractional derivative of
some quadratic function. Improved delay-dependent
conditions for finite-time stability of the observer
closed-loop systems are established in terms of a linear matrix inequality and the Mittag–Leffler function.
The obtained stability conditions are applied to construct full-order observer and feedback controllers. An
example is provided to illustrate the theoretical result.
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