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Abstract: This study provides a novel analytical approach to studying the solutions and stability of fractional differential delay
equations without using Lyapunov function method. By applying the properties of Caputo fractional derivatives, the Laplace
transform and the Mittag—Leffler function, the authors first provide an explicit formula and solution bounds for the solutions of
linear fractional differential delay equations. Then, they prove new sufficient conditions for exponential boundedness, asymptotic

stability and finite-time stability of such equations. The results are illustrated by numerical examples.

1 Introduction

During the past decades, stability theory of fractional differential
equations (FDEs) has attracted much attention from
mathematicians and engineers in various sciences such as electrical
engineering, bioengineering, control theory, acoustics, optics,
chemical physics [1-6] etc. In fact, many real-world physical
systems are well characterised by FDEs, i.e. equations involving
non-integer-order derivatives. These new fractional order models
are more accurate than integer-order models and provide an
excellent instrument for the description of memory and hereditary
processes. Since the fractional derivative has the non-local property
and weakly singular kernels, the analysis of stability of FDEs is
more complicated than that of integer-order differential systems.
Also, we cannot directly use algebraic tools for fractional order
systems since for such a system we do not have a characteristic
polynomial, but rather a pseudo-polynomial with a rational power-
multivalued function. On the other hand, time delay has an
important effect on the stability and performance of dynamic
systems. The existence of a time delay may cause undesirable
system transient response, or generally, even an instability. The
unification of differential delay equations and functional
differential equations (DE) is provided by fractional differential
delay equations, involving both the delay and non-integer
derivative terms and disposing great complexity. The
corresponding stability polynomials have infinitely many isolated
zeros and analysis of their location is often a complicated matter.
On the other hand, stability analysis of the linear fractional
differential delay equations (LFDDEs) D%x(¢) = Ax(¢) + Bx(t — h)
is more complicated because asymptotic stability of such systems
is equivalent to asymptotic stability of the corresponding infinite-
dimensional systems of natural order with delays, and due to the
presence of the exponential function ™", this equation has an
infinite number of roots, which makes the analytical stability
analysis of a time-delay system extremely difficult.

Over the past years, the solutions and stability analysis of
LFDDEs have attracted attention of many mathematicians and
engineers [7—15]. There are two main approaches in studying the
solutions and stability of FDDEs. One of them is the Hale
analytical approach based on Lyapunov function method for
functional DEs [16]. The other is based on the fractional derivative
calculus (Caputo fractional derivatives, the Laplace transform and
the Mittag—Lefller function [17]). Ye et al. [7] and Lazarevi and
Spasi [8] studied asymptotic stability of LFDDEs by using a
Gronwall inequality approach. In [9], Deng et al studied
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asymptotic stability of LFDDEs by using the final-value theorem
of the Laplace transform. Johnson [10] considered stability and
instability of Korteweg and de Vries equation by using non-local
Floquet-like theory and spectral perturbation theory. On the basis
of Lambert function approach, an analytical stability bound was
derived in [11] for a class of LFDDEs. In [12], robust stability of
LFDDEs by means of fixed point theory was considered. A survey
on the stability of LFDDEs was presented in [13]. On the basis of
the algebraic approach and numerical methods, Cermak et al. [14]
and Kaslik and Sivasundaram [15] proposed some criteria for
asymptotic stability of singular LFDDEs. For the fractional
systems without delays, using the analytical approach Li et al. [18]
constructed Lyapunov functional to study asymptotic stability of
linear FDEs without delays. Then, the authors of [19-24] extended
the method of [18] to LFDDEs and proposed Lyapunov—Krasovskii
and Razumikhin stability theorems. Designing a positive Lyapunov
function is a key problem of these methods. However, it is usually
very difficult to construct a positive function according to the
provided fractional systems, especially for fractional time-delay
systems. Furthermore, in many cases, the use of the trace of
matrices inside the Lyapunov functions can be useful in proving
the stability of ordinary DEs (ODEs), but there is no well
established result for LFDDESs, even there does not exist such
Lyapunov functions. Other disadvantage of the Lyapunov function
method is the computational difficulty in solving linear matrix
inequality (LMI) conditions. To the best of the authors' knowledge,
up to now, how to analyse the stability LFDDEs is still an open and
challenging problem. Moreover, as noted by many authors (see,
e.g. [6, 9, 11]), the existing stability conditions for LFDDEs do not
provide effective algebraic criteria or algorithms for testing the
stability of LFDDEs and they are difficult to use in practise. In
addition, a strong motivation for investigating the stability analysis
of LFDDEs is an explicit expression of their solutions. Some
analytical properties of the solutions of LFDDEs were proposed
using the Laplace transform via eigenvalues of the system matrix
and their location in a specific area of the complex plane can be
found in [25-28]. In [25, 28], the authors proposed an explicit
formula of the solutions to a special linear FDE (A = 0) and based
on this formula some sufficient conditions for the asymptotic
stability, finite-time stability (FTS) were derived under some
restricted assumptions. However, to the best of our knowledge, no
explicit formulas of solutions of LFDDE:s exist in the literature.
Motivated by the above discussion, this paper is devoted to
study the solutions and stability analysis of LFDDEs by a newly
proposed method which is a combination of the analytical Hale's
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approach and the fractional derivative calculus. The main
contribution of this paper has two points. First, based on the
proposed approach we provide an explicit form of the solutions of
linear LFDDEs. Using this solution formula, we estimate more
precisely exponential bounds of the solution via the roots of the
characteristic equations. Second, we derive new sufficient
conditions for the asymptotic stability and FTS of such equations
neither using the Lyapunov method nor LMI technique. This paper
is organised as follows. In Section 2, we present some basic
definitions and some well-known technical propositions, which are
needed for the proof of the main results. Main results on explicit
formula of solutions, exponential bounds of the solutions and
applications of the results to asymptotic stability, FTS of LFDDEs
are presented in Section 3 with numerical examples. Finally,
Section 4 concludes this paper.

2 Problem formulation and preliminaries

The following notations will be used throughout this paper. N*
denotes the set of all positive integer numbers; C denotes the
complex space; R* denotes the set of all real positive numbers; R"
denotes the n- dimensional space; R"*" denotes the space of all
(n X r)- matrices; the notation i = 1, p means i = 1,2,..., p; A(A)
denotes the set of all eigenvalues of 4
A (A) = max{Re(1): 1 € 1(A)}; 4,.(A) =min{Re(1): 1 € 1(A)};

C([ — h,0],R") denotes the set of all R"-valued continuously
functions on [—=h,0] with the norm
loll = supye _pno Il @@ |5 OCs) denotes the infinitesimal
function of higher order with respect to (w.r.t.) s; the spectrum set
of A,B W.I.t. a>0 is denoted by

o‘j{y’l’; = {s € C: det(s*I — A — ¢”*"B) = 0}. D* denotes the Caputo

fractional derivative of order a for the function f™(r) € L'[0, T]
defined as

d’f@ _ 1 ARG
d* Tw-a ), ¢-r* !

Df(t) =

where 0 <n—1<a<n,neN"and I'(z) is the Gamma function
defined by I'(z) = [Pe™r*~'dt, z € C.

Proposition 1 [1, 3]: The Gamma function satisfies condition

I 1 d+il
=— 1i st _
C(p+1) ~ 2z Am L—iT Sy ds, p> -1

where the integration is done along the vertical line Re(s) = d > 0.

The Mittag—Leffler function is defined by
k
Ea(z)z a—oo—l‘(alf+l)’a>0'

Proposition 2 [17]: For 0<a<?2, larg(z)l < 0.5azx, the
Mittag—Leffler function E (z) satisfies the condition

E(2) = %exp {z"*} +0(z"), forz— o

The Laplace transform of Caputo fractional derivative
D?f(t), 0 < a < 1, is given by

ZIDfD)(s) = s“ZLf(D] = 5" £(0)

where Z[f(¢)](s) is the Laplace transform of function f(¢) defined
as

LIFONs) = f e dn sec

Proposition 3 [16]: If the function x(f) is exponentially
bounded, i.e. da,b € R: 1x(0)Il < ae”, ¥t > 0, then the Laplace
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transformation of x(r) is well-defined and analytic on
{s:Re(s) > b}.
Consider the following LFDDE

D%x(t) = Ax(f) + Bx(t — h), t > 0, 1)
x(0) = (@), 0 € [—h,0]

where the state x(f) eR"; h>0; 0<a <1, A€ R"*",Be R""

are given constant matrices; ¢(f) € C([ — h,0],R") is the given
initial function.

Definition 1: A continuous function x(2): [0, c0) — R" satisfying
the equation

x() = x(0) + %/t(t —0)* '[Ax(7) + Bx(t — h)]dz, t > 0,

x(0) = ¢®), 0 € [—h,0]
2

is called a mild solution of (1).

Proposition 4 [29, 30]: Assume that the initial function
@(t) € C([ — h,0],R"), then the LFDDE (1) has a unique mild
solution.

Definition 2 (Lyapunov stability): The system (1) is said to be
(i) stable if for every € >0 there exists 6 >0 such that
|| x(#,9) || < e provided || ¢ || < &; (ii) asymptotically stable if it
is stable and lim, _, , || x(z,¢) || =0.

Definition 3 (FTS): Given positive numbers c,,c,, T, where
¢, <c,. The system (1) is said to be finite-time stable w.r.t.
(cpcp D), if || @ || <c, implies || x(t,9) || <c,, forallt € [0,T].

Remark 1: Different from Lyapunov stability, FTS deals with
systems whose operation is limited to a fixed finite interval of time.
From practical considerations, FTS seems to be more appropriate
for systems whose variables must lie within specific bounds. The
problem of FTS of fractional-order systems with time delay was
considered in [8, 28, 31-33].

Proposition 5: Assume that matrices {C,}, C € C"*" are
invertible and lim,, |,  I1C,, — CIl = 0. We have

lim 11C,' Il =11C"ll,
m — oo
lim 11C, |1 =1ICll,
nm — oo
lim [1C, —C'l1=0
m — oo

Proof: Using the identity
c'-c'=c'(c-c,)c, 3)
gives

e, 1 —1c'n| <, -c'<iic
—c, licci

Since C,,C are invertible, we have I1C,'I111C'Il # 0, which
gives

/NG =1/11C' 1] < 11C=C, 11 >0 as m— oo

and hence, lim,,  _ 11C,'l1 = IIC'I|. Therefore, there exists a
number M > 0 such that
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max { sup I1C,I1, 11IC'llf <M < + 0
m

Then
||C;nl —c'li=11c e - C)l |C;nl||
Slel(C—Cm)ll -0
as m — oo. Therefore, lim, _ _ I1C,'—C'Il =0. Finally, the
inequality [lc, i =1ci|<iic,—ci leads to
lim,, , . I1C, 11 = IICIl. This completes the proof . o

Proposition 6: For given a € (0, 1), the following conditions
hold:

i. For given oc€R, there exists T,>0 such that
det(s”— A —e™"B) #£ 0, Vs = 6 +iT, IT| > T, and

@1 T—A—e*"By "1

< L
s = 11AI1 = ¢ 11BI|

b)Y (" I—A—e"B)' = la + O(S)%,
N S

HAll + e 1Bl
ITI® = 11AIl — e "I 1BII
i If detsI—-A—e*"B)#0 at s,&(—c0,0], then
(s°I — A — e™"B)" is analytic at s, .

Hos) I <

Proof:

. We choose T,> 0 such that T¢ > I1All + ¢ *"1BIl. Hence,
forIT| > T,, we have

517 = (6" + T > T > 1Al + "1 1BI|
=11A+ "Bl

Note that if 11Cl1 < 1, then (I = €)' = Y3, C", which shows
the existence of (s — A — e™*"B)™" defined as

e (A + e "B)
(%I — A — e B)™! 2 T
Then, we have
T — A — Bl < & (1Al + e "Bl
(S - -¢ ) Z Ia(k+1)
B 1
IsI* = [HAIl — ™" Bl
and
N T—A—e"B)'II < 1
ITI® = 11AIl —e " 1Bl

The condition (b) is similarly proved.
ii. This condition is easily derived by using Proposition 5 and the
identity (3).

This completes the proof .

]
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Proposition 7 (Generalised Gronwall inequality [7]): Suppose
that a > 0, a(r) is a non-negative function locally integrable on
[0,T), g(¢) is a non-negative, non-decreasing continuous function
defined on [0, T), u(?) is a non-negative locally integrable function
on [0, T) satisfying the inequality

u(t) < a(t) + g(t)ft(t -0 'u(t)ydr, 0<t<T

then

u(t) < a(r) + f [ z (g(;)(i(a))

0<t<T

— )" la(r)|dr,

Moreover, if a(?) is a non-decreasing function on [0, T, then

u(t) < a(E (g (a)”), t>0

3 Main results

In this section, we first prove the exponential boundedness of
solutions and then we give an explicit formula of the solution,
exponential estimates of the solution of system (1). On the basis of
this estimation, we will derive new conditions for the Lyapunov
stability and FTS of the system.

Theorem 1: The mild solution x(¢) of (1) is exponentially bounded.
Proof: In view of the expression of the solution (2), we have

Hx@) 1 < Tx(O)1
+ﬁ[t(t—1)”"[llAlllIx(T)II + 1Bl llx(z = k)l l]dz

which implies

t
Il x() | < gl +ﬁ[ (t— o) THAIL+ HBIlx ] de

where sup; ¢ (_p 4 Il X(s) || := || x, ||. After some calculations, we
have
Il SI|¢||+”A”FZrI)”B”/(r D Mlx lldr, >0

Using the generalised Gronwall inequality, Proposition 7, gives
Hx 1 < H@llE([(ITAII+ 1IBI%), >0 O]

Note that if x € R*, then arg (x)
for the case 0 < a < 1, to get

=0, we can apply Proposition 2

E (x)= %exp {(x"*} +0(x™") forx — o0
Thus, there is a number # > 0 such that
E 0 < Texp (x"), x20 (%)
Therefore, we have
Hx@®I < [ x, ||

< %I lpllexp {(11A11 + [IBI1)"}

which gives
Hx()Il <ae”, >0
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Fig. 1 Boundary 9

where a = (7/a)l ll1,b = (I11All + 11BI11)"*. This completes the
proof of Theorem 1. |

Our next theorem gives an explicit formula of the solution x(#)
of system (1), the proof of which is based on the idea of [[16],
Theorem 5.2]. Let us denote

Ris= sup{Re(s); se C’Z',h }’
A (A, B) = (s*T—A— e_ShB)"
8,(8) = As,h(A’B)[gl(S) + X(O)sa‘l],

h
g,(s) = / e *"Bp(t — h)dr
0

K(d, 1) = / €'g,(d + io)ido

o)

Theorem 2: Assume that R} 5 < d,.

i. If d,<0, then for all d € [d,,0] the mild solution of (1) is
given by

1 0 e "t _in —im o6t v in i
x(0) =2_7rif [e% '"7g(ce™ ) — e t1Tg (ce™)]d
d
(6)
L &
+2m.e K, 1)

ii. Ifd, > 0, then for all d > d, the mild solution of (1) is given by

X(0) = 5=e"K(d, 0, 120 )

Proof: Since the solution x(¢) is, by Theorem 1, exponentially
bounded, the Laplace transformation X(s) of the solution x(r) exists
and is analytic on {s: Re(s) > b} by Proposition 3. The Laplace
transformation applied to each term in equation (2) gives

h
I — A—e"B)X(s) = f e *'Bo(t — h) dt + x(0)s* ™"
0

such that for some fixed ¢ > max {0, b, d}, Re(s) > ¢, the mild
solution of (1) is given by

c—1

B ) 1 c+iT o 3 ) 1 o
X = Tlmzooﬁf L Cals)ds= Tlm:wm/yf &
(®)
(s)ds

wherey, = {s=c+ic: —T<o<T}

i. Let dy<0 and we consider the integration of the function

e'g,(s) around the closed boundary of the domain

IET Control Theory Appl., 2017, Vol. 11 Iss. 7, pp. 1006-1015
© The Institution of Engineering and Technology 2017

v

D = U,7= o7; (see Fig. 1) in the complex plane in the direction
indicated

Vo={s=0+iT:d<oc<c}, ys={s=0—-iT:d<o<c},

vn={s=d+ic:r<e6<T}, y;={s=d-ic:r<oc<T},

v,={s=0+irid<c<0}, y,={s=0-irid<oc<0},

Since €%g,(s) is analytic in the domain & and has no zeros in

this domain, it follows that the integral around its boundary is
Zero

¢‘ g (s)ds =0 9)
2

Step 1: Estimation of [e"g,(s)ds over y, and ys as T — oo:
Using Proposition 2, for given c¢ there is a number 7, > 0 such
that for s = ¢ +iT, IT| > T, the condition (i) in Proposition 6
holds, and hence we have for all 6 € [d, c]

” f e"'g,(s)ds || < f le“+DIIA, (A, B
70 7o ’

)H[1g, )1+ Hx(0)1 1151~ ]1dsl

_ he™1IBI gl 1+ Hx(O)IT* o=

dle
T~ 1Al — e 1B

g, < [Me DB gt — )l 1dt
< he ™ 1Bl Igll.
Therefore, we have

because of

Aim ” /e"gz(s)ds ” =0 (10)
7o

Similarly, we can get

Aim ” /esrgz(s)ds ” =0 (11)
76

Step 2: Estimation of [e"g,(s)ds over y, as r | 0: We first note
that

lim s =0, where s = re", s*
rl0, —(x/2) <v<(nl2)

= r(leIV(l

From Proposition 2 it follows that

lim (s“I—-A—e"B)'=(-A
rl0, —(x/2) <v<(n/2)

_ B)*l

On the other hand, we see that

H /eStgz(s)ds H 5‘/mer’lIAl‘,‘h(A,B)II[hIIBII
73 —7/2

gl r+ Hx(0)1174|dv

which  gives lim, |, ” Ji ySestgz(s) ds H =0, because of
g, <hlIBIgll.
Step 3: Estimation of f e"g,(s)ds overy,andy,as r | 0: Since
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| fesms

< fe"’l 1A, (A, B 111g,(s)!| do

7

+/e”’| A, (A, B)ITx(O)I 1517 do

72
if we let r | 0, and use the following inequalities (see equation

below) we get (see (12)) Similarly, we can get the estimation
of the integral of e*g,(s) over y, as

tiny | /e”gz(s)ds | <s1BI. Hglle R q)

(13)
. ﬂ2||x(0)|||dla
a

where f,:1= sup, ¢ 4 ) |1(1o17€™ 1 — A —¢"™B)"Il. Next,

we prove that
0 B
lim [ ") ds = f g (o ™)d(oe™)
12 d

0
=/ o'e t+tﬂg (ae”')do'
d

In fact, for each £ > 0, we separate / Yze""gz(s) ds as follows:

/ g (s)ds = / g (s)ds + f g (s)ds
75 $€Y0202b seyyd<o<b,

where the number b, € (d,0) is chosen such that

ﬁlllx(O)II
a

(14)

-hRS

BBl glle " **1b| + ————1b,|* < &/2. By the same

argument of the proof of (12), we have

St
S€Y0202

H f P ’gz(ae’”)d(ae’”) H <el2
bl

Moreover, from  Proposition 6 it follows that

i, o [y aeo e €2:8)ds = [1e g, (e d(oe™

Therefore,
Il tim, | /, e"gi(s)ds — [oe” g (0eMd(ce™) || < e, which

gives (14). Similarly, we can show (14) for the integral of
e"g,(s) overy, as

o
}i% / g, (s)ds = — ‘/d‘ e’ g (oe M do (15)
74

Step 4: Estimation of f e"g,(s)ds over y, and vy as
rl 0, T — + oo: From (8)-(11), (14) and (15), it follows the
existence of the integral lim, |7, ;o ( / " + / 75)esrg2(s) ds,

and hence the existence of the function K(d, ) as (see (16))
Finally, using steps 1- 4 and the derived conditions (8)—(16),
we can give an explicit form of the solution x(r) as follows.
From (9) it follows that

7
. 1 st
rlO,ITlIE +002_717iz _/e gz(S)dS

k=07,

= rlO,ITi'IE + o0 éengz(s) ds=0

hence, using formula (8) we have (see equation below)
Assume that d,>0. We consider the closed contour

D" =y,Uy, Uy, Uy, (see Fig. 2) where
={s=0+iT:d<o<c}, ys={s=0—-iT:d<o<c},

v,={s=c+ic: —T<oc<T}, y,={s=d+ic: —T<o

Since e"g,(s) is analytic in 9", we have § g*e“"gz(s) ds=0.
Combining the equality, (8), (10) and (11) gives

x(1) e”gz(s) ds

Tln-l}oo 2ri

- — f ¢'g,(s)ds = —ed’K(d )

T—> +oo

This completes the proof of theorem.
o

Remark 2: Note that the solution (6) can be rewritten in the

following explicit form (see equation below) where (see equation
below)

Remark 3: For the case of non-delayed linear FDEs, i.e. B =0,

we can verify that the formula (7) implies the standard solution of
linear FDEs

llg,(s)I1 <11BIgle ™ < 1Bl 1glle™

lim [ sup 114, (A, B)I] < )

sEY, ce

H(lo1%e™ ] — A — e B) "I :=

o 0
hm H /e 2,(s)ds HSﬂlllBIIII(pllethA’BIdl+l lo1*~" do, 11 x(0) 11

=B,11BIIple "™ 5141 +

(12)

ﬁlllx(o)llldl"
a

rlo,lrirll . [[ + []es’gz(s) ds = —e¥ lO im / / e"”gz(d+ io)ido
1 5

— _edrf
-0

1010

(16)

(d+io)ido = —e"K(d,1)
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Fig. 2 Boundary &*

D%x(1) = Ax(1), x(0) = x, as x(t) = E_(At")x,

In fact, using Propositions 1 and (7), we have

x(0) = %ed’K(d, 0

1 d+ico
— 2_/ est[sa
Tl Ja-ico

1 d +ico O Ak

St -1
— e E s ds x,
ak+1 0
= 2ni dico ) s7kD

00 d +ico 1

Z f e dsA*x
ak+1 0

= d s

ico

— A]'s* s x,

) ak
Z F(ak + 1)
The proof of Theorem 2 does not only provide an explicit
formula of the solution x(z), but also a method to estimate the
solution via the roots of the characteristic equations aA’g Next

x, = E (At%)x,

theorem gives an exponential bound for the solution of system (1).
Before proving next theorem, we define some notations for
simplicity

B,= sup |l(lol"e™—A—e "By,
6 € [d,,0]
= sup (ol ™ - A—e"B)II,
o € [dy, 0]
+ +5 -
k—ﬂl ﬁzll k ﬂl ﬁz hRAB“B”
o 2
Bid) = o S<UP<T I Agsio (A B IS
05037
= [211A11 +2¢ " 11BI] " + 1R 1,
Tp(dh g
@ =
2B 4 14 ne 41 Ty
maTy o

+2—1ﬂ_(ﬂ' — 2tan” (T

@+

Theorem 3: Assume that R} , < d, < 0. Then for all d € [d,, 0]
the solution of system (1) satisfies the following condition:

Hx@®)!] < (k,1d] + k1dI* + k@De™) |||, >0 (17)

Proof: From the solution form (6) and using the derived
estimations (12), (13) and (16), we can obtain the following
estimation:

a1 <k Idl [ @ || +hk1dl || o || +21—”||K(d,z)||edf

Thus, to obtain (17), we will estimate the value || K(d,?) | .
Denoting s = d + ic, we decompose the integral K(d, ) as

K(d, 1) = f €'A, (A, B)g (s)ido + /

0o -0

e'A, (A B

)s* i dox(0)

We will estimate the first integral: J = [*®eA (A, B)g,(s)ido.
Integrating of g,(s) by part gives (see equation below) hence for all
s=d+io, d € [RY . 0] (see (18)) We now decompose the integral
Jas

s.h

6
R T
M0 =, lim 2m'ff s ds= = lm 2m‘k;)_/y;e 8s)ds

_ 1 0 e~ Tt —in —im et +in in 1 dr
2_711"/01 [e g,(ce™”) =€ 8,(ce™)] d6+2—m.e K, 1)

h
x(H) = X,()p(0) + / f X(t,7,0)B¢p(r — h)drdo
d 0

oo h
+/ f X,(t,7,0)B¢p(t — h)drdo

d . —ir, . .
Xl([) — ZLm/‘ [erie i lIEA e h(A’ B)(Ge—m)a—l — % t+mAae[”'h(A’ B)(Gem)a_ l] do
0

+% VN, (A BYd + ic)ido
—-00
Xt 1,0) = 5™ A (A B) = e A (AL B)]
X(t,7,0) = 11 @riot=op, . (A,B)
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Ty +00 -Ty
= [ [T [ mna,
=Ty T, -0

From (18) and the continuity of A ,(A,B) wrt o on
[-T, O] and [0, T,], it follows that

Ty
s, 1< / I Ay (A B) Il 8,(d +io) || do < 2T,f5(d
-T,
—-R% gh
YIBI gl he **

Using the condition (18) and Proposition 2 gives

-R
W< IBI Hollle ™™ +1+he AB]/

ol® |6|
7, lol

211 B || [ 4 1 4 he Far

a
aTly

do =

ol

because of lol* > T¢ > 211All + 2¢ 4 gy, Similarly, we have

RS h —-R% oh
A+ 1+ he 4P

a
aTy

21 Bllle

750 < ol

Therefore (see (19)) We now are in position to estimate the second
integral

J= / €A, (A, B)s”'idox(0)

Similar to the estimation of integral J, we decompose the integral J
into J,J, and J, over the intervals [ —T,,T,], [T,, + c0) and
(— o0, — T, respectively. Setting s = d + io, we have

T(J
I, 11 < By(@) 1l x(O) || f lo1”"" do = 24,(d) || x(0)
,TO

a (20)
0
=
Applying Proposition 6 gives
oo eim
J, = —idox(0) + / (21)
r, S T,

_TO

Ty ot X
J, = / eTidax(O)+ / e"”O(s)%x(O)ida 22)
-0 -0 N

Using Proposition 6 again, the following inequalities hold:

I fm €0 0yido | <fmwd"
T(] o

< (1Al + e 1BIN || x(0) |

(T" HAI = e 1Bl )aT® (23)
T5/2 I | x(O) Il _ Il x(0) |
-T2 aTy aTy

I f g "’;()+(ls)x(0) do || £ /“ O(S)Iulaulx(()) ” do

< (ATl +e™1BI) || x(0) || (24)

(T"—IIAII e Bl )aT®
T3/2 x| _ Il x(O) ||
—-T52 Ty aT§

because the function u/(T — u) is increasing w.r.t u,0 < u < T5/2
and 0<I1All +e 1Bl | < T9/2. We now will estimate the

integral [ T @/s)ido+ [0 (e"” /)i do. We first note that

© iot ‘TO iot [
< ido+ f $ido=i / cos(ond
T, S —o S r, d+0

0 0 (25)
©sin(o1)20
+ ———d
AO d+c ’
Then, we have
. cos(at)2d
li ﬁ ol
T, +0
“lcos(or)121dl
< ———F—d
* 2ld| i To
S»/T‘o Tio dG—ﬂ' 2tan” (m)
f 31112(0t)220 o
T, d +o
O k+Dm _:
sin(u)2u
= (-1 T 2
kz%zﬂ w  Gdy i @7

kg+Dm .
4 f s1n(2u)2u2 du
T, (td)y +u

where £k, satisfies kg <1T,< (k,+ 1)z. By some simple
calculations of Dirichlet complex integral and T, > IR} gl > ldl,

we can estimate the integral (27) as follows: (see equation below)
which gives

h —sr h -st
g(s) = / “"Bo(z — hydr = & —Bo(r— W[} / ¢ h)de
0 0
—R% .h -R _R* h
Ise) 1< 1B Holl e + 1+ h ™, g < 1B o | he ™ (18)
" _RZ,Bh _Rz,Bh
1Tl < 2Tp@ I B Nl gl he ™oy 2MBULe 77 +1the P71, (19)
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f s1n(at)2a
I t+o
Hence, from the conditions (20)—(28), it follows that (see (29))

Owing to the derive conditions (19) and (29), we obtain
NKE, DI < | T + | Il <27k,(d) || ¢ || . which finally gives

k=ky+1

Hx(D1] < (k,Id] + k,1dI* + ky(d)e™) || ¢ ||
The proof of the theorem is completed. o

Remark 4: If o =1, we can use the similar argument of the
proof of Theorem 2 for the case 9° to obtain
x(t) = (1/27ri)ed’K(d, N |l ¢ |l - Then, according to [34], we have

Hx(Ol < Ne“ [l @I, 20

which implies that the linear DE is exponentially stable in the
Lyapunov sense due to d < 0.

In the sequel, we apply the obtained result to derive Lyapunov
stability condition of linear FDDEs (1).

Theorem 4: If R} 5 < 0, then the system (1) is asymptotically
stable.

Proof: Since R} 5 < 0, there is d, such that R} , < d, <0, we
can apply Theorem 3 to get the exponential estimate (17), which
immediately shows the Lyapunov stability of the system. It suffices
to prove that lim, |,  x(#) = 0. Indeed, by Theorem 3 the following

estimation holds for all d € [d,, 0):
Hx()I < (k,1d] + k,|dI* +k3(d)ed’) lel, >0

Note that the numbers &, k, do not depend on d, for every € > 0,
we can choose d, € (d,, 0) such that

o €
kld gl +kld el <5

On the other hand, since d, < 0, there exists 7 > 0 such that

&€

k@) gl <5, Vi>T

Therefore, for all £ > T we obtain || x(¢) | < &, which implies that
lim, _,  x(t) = 0. This completes the proof of the theorem.

m]

Remark 5: For the case A = 0, similar stability conditions were
given in [12-14] by using singular value decomposition of the
characteristic equations. Moreover, it is worth noting that the
asymptotic stability of the LFDDEs (1) can be verified by the
Lyapunov stability theorem (Theorem 4.1 in [19] or Theorem 4 in
[22]) using Lyapunov function method. However, the solution
leads to solving LMIs depending either on the trace of the system
matrices or on the positive definite matrix solution, which is not

easy to solve and to verify the Lyapunov stability conditions (see,
e.g. Example 1).

Next theorem gives a sufficient condition on the FTS of system
(1), which is less restrictive than the condition obtained in [28, 31—
33].

Theorem 5: The system (1) is finite-time stable w.r.t (¢, c,, T) if
Ea([IIAII+IIBII]T“)§% (30)
1

Proof: As in the proof of Theorem 1, we have derived the
condition (4) as

Hx@OI < |l x| < H@lE (A + 11BIITY

Therefore, if || ¢ || < ¢, and due to the assumption (30) we then
have

lx®) Il <c,, Vtel[0,T]
This completes the proof of the theorem. O

Remark 6: We note that by using the estimation (5) on the
function E (r), the sufficient condition (30) can be relaxed by the

following condition:
In > 0:

E 1) < %exp (1"}, Vi>0,

_an
n 1o el
LR LA+ 1B T}Sc,

Remark 7: In Theorem 5 by considering a special case of
LFDDEs (1) (i.e. A =0) and under the strict assumption on the
initial delay function @(f) € C'([ — h,0],R"), Li and Wang [28]
proposed a similar FTS condition. The different method used in
[28] is an extension of the Mittag—Leffler function, which allows a
result on FTS to be derived via the delayed Mittag—Leffler type
matrix function.

The following examples are given to illustrate the validity and
effectiveness of the proposed stability results.

Example 1 (asymptotic stability): Consider system (1), where

2=l 3

0.1 0.1
2 0

“lo1 01f

a=%, e =[1 11", te[-2,0]

We show that R}, < 0. Indeed, we have for all s € C, Re(s) > 0

1/2

det(s"? _ s 2 _
et(s "1 — A) = det | =s+4#0
s

which shows that the matrix (s'"* — A) is invertible and

kn td)y +u

k=ky+1

%+m‘,
/ 5111(214)2u2 aul <
T, (td) +u

00 k+Dr -
Z (- 1)k/ s1n(2u)2u2du

sin(u)2u
tdy + o’

ko + D1

- 2
S -
k=k20+]k(k+1)

d

; S2/ s1n(u)d <2
0

JI <2 dTg 0 +21 01 +
I3 <2pd)— Il xO) I —T,,IIX()II (=

0
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0.6 [ 1

0.4 7

02 1

02 1 , . . ) . . . .
Time(sec)

Fig. 3 State response of the system in Example 1

10 T T T
— — —lIx@ll
9r c1=1, 02=1400

Time(sec)

Fig. 4 State response of the system in Example 2

12 -1 _ 1 sm 2
Pr-A)y'= L, e
A T . 1
IIZI_A 13T IIZI_A l=
[Cs ) TG T
sl +4 2(s"* = 5"
=25 =" Isl+4

The eigenvalues of [(s"*] — A)™']T(s"*I — A)™" are defined as

=1

/2 172
/1=|s|+4tiz.s S2S|S|+i+4\/m2$2+4=6
ls + 41 ls + 4l ls + 41 Is + 4l

Therefore, we have
| " T=A)"|| <46, ¥seC, Re(s)>0

Moreover, the matrix I+ (s"’I —A)"'Be™™ is invertible for
Re(s) > 0 because of

(T = A "Be ™11 < (s T=A)'THHBIT</6x02< 1
On the other hand, since the matrix

"1 = A= Be™ = (s"°1 = A)(I + (s"°I — A)'Be™)

1014

is invertible, we have R}’, < 0. The system, by Theorem 4, is

asymptotically stable. Fig. 3 shows the trajectories of x,(¢) and x,(7)
of the system with the initial condition ¢(¢) = (1,1),r € [ — 2,0]. It
is worth noting that the asymptotic stability of the system cannot be
verified by using the Lyapunov function method, i.e. there is no
Lyapunov functional applied to the system. In fact, if any
Lyapunov functional is applied to the system (e.g. by Theorem 4.1
in [19] or by Theorem 4 in [22]), then the stability condition leads
to an LMI of the form

AP+ PAT + 4P BP B

0
PB" -1

where ¢ > 1,P is a symmetric positive definite matrix. By the
Schur complement lemma, this LMI implies AP+ PA <0, and
hence by the Lyapunov equation stability theorem, matrix A4 is
Hurwitz. However, it is obvious that the matrix 4 in the example is
not Hurwitz because of the real part of its eigenvalues
(AA) = +iy/2) is zero.

Example 2 (FTS): Consider system (1), where

6 025 0
A= , B= ,
0 025

[a—

a= e =005 051", re[-2,0]

5,
We have || A || =0.25/5, || B|| =0.25, and it is easy to verify
the wvalidity of the condition (30) or (31) for
¢, =1,c,=1400,T = 10. For example, the condition (30) holds by
calculating the value of E (f) by using the following formula:

2 2% 2
E”Z(Z)zﬁezf e"du, z€R

which gives E, ,([0.25y/5 + 0.2514/10) = 1391.4.

Therefore, the system, by Theorem 5, is finite-time stable w.r.t.
(1, 1400, 10). Moreover, we can show that this system cannot be
finite-time stable by using the conditions obtained in [31-33].
Indeed, for example, by [31] the system is FTS wurt
¢, =1,¢,=1400,T = 10, if

‘max ‘max

[Apa(A) + 4 (B)]T“]
I'a+1) e

[ 1 ‘max ‘max

Ta+1)

(A + 4, BITY| ¢,

For a = 1/2, we have

Ma+1)= \/7§r(2+ D_ ‘/’—2(2)! = 0.886
2T+ 1) 271!

Therefore, we have

12.921,/10 12.921,/10
[+ =556 ]e"p[ 0.886

> 1400
1

which implies that the system is not finite-time stable w.r.t.
¢, =1,¢,=1400 and T =10. Fig. 4 shows the trajectories of
[| x(#)]] of the system with the initial condition
@) =(0.5,0.5),r € [—2,0].

4 Conclusion

In this paper, we have studied the stability of LFDDEs. The
proposed analytical tools used in the proof are based on the
Laplace transform method, Mittag—Leffler function and the
generalised Gronwall inequality. This approach has a wider usage
and can be applied to derive an explicit formula of solutions of
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LFDDEs, precise exponential estimates for the solutions, sufficient
conditions for asymptotic stability and FTS. Finally, illustrative
examples for the proposed results have been presented.
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