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This article is concerned with the problem of state observer for complex large-scale systems with unknown time-

varying delayed interactions. The class of large-scale interconnected systems under consideration is subjected to

interval time-varying delays and nonlinear perturbations. By introducing a set of argumented Lyapunov–Krasovskii

functionals and using a new bounding estimation technique, novel delay-dependent conditions for existence of state

observers with guaranteed exponential stability are derived in terms of linear matrix inequalities (LMIs). In our

design approach, the set of full-order Luenberger-type state observers are systematically derived via the use of an

efficient LMI-based algorithm. Numerical examples are given to illustrate the effectiveness of the result. VC 2014
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1. INTRODUCTION

S
tability analysis of large-scale interconnected systems

has been the subject of considerable research atten-

tion in the literature (see, for example [1–3]). How-

ever, the problem of designing decentralized state

observers for nonlinear large-scale interconnected delay

systems still faces many challenges; particularly, when the

measurement of all the states is not available and the

inevitable presences of time-varying delays and nonlinear

perturbations in the systems. When the knowledge of the

states is not available, a state observer is designed to pro-

vide vital information of the system and an observer-

based feedback control scheme can be realized [4–8].

Nevertheless, for large-scale interconnected systems which

are under the constraint of decentralized informationCorrespondence to: V.N. Phat, E-mail: vnphat@math.ac.vn
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(i.e., interchange of information among the subsystems is

not allowed) and also subjected to time-varying delays and

nonlinear perturbations, the problem of designing decentral-

ized state observers still has not been adequately addressed.

Conversely, when there are time-varying delays presented in

the systems, they can be modeled in the states, outputs and

the interconnections. However, very often, an exact real-time

knowledge of the time-varying delay is not known or avail-

able. Furthermore, it is more realistic and practical to model

the delay varies within an interval, with specified lower and

upper bounds, in which the lower bound is not restricted to

be zero and the time derivatives of the delay be allowed to

be undefined or unknown. However, most existing work on

the state observer of time-delay interconnected systems

either assumes that the time-delay is a known constant or

differentiable with boundedness of its time derivatives.

There have been some papers addressing the problem of

stability and state observer of complex large-scale systems

with time-varying delays [9–14]. Nevertheless, the practical

and theoretical issues stem from the unavailability of time

delays and nonlinear perturbations have not yet been

addressed in the literature. It is worthwhile to note that

these issues are in fact quite complicated to solve, and

therefore, there is a strong need for more research in the

design of full-order state observer for nonlinear intercon-

nected systems with interval time-varying delays.

This article considers a general class of complex large-

scale systems where time-varying delays and nonlinear

purturbations are presented in both the state and the

observation output. Under the practical constraint of

decentralized information coupled with the facts that the

measurement of all the states and the real-time knowledge

of the interval time-varying delays are not available, our

objective is to design a set of state observers to exponen-

tially stabilize the error system with a decay rate of con-

vergence. Here, due to the constraint that interchange of

information among the subsystems is not possible and the

real-time knowledge of the interval time-varying delays is

not available, we, therefore, have to use a set of com-

pletely memoryless decentralized full-order Luenberger-

type state observers. The perturbations presented in the

states and observation outputs are described by nonlinear

functions satisfying the Lipschitzian condition. To solve

the problem posed in this article, we introduce a set of

augmented Lyapunov–Krasovskii functionals associated

with the lower and upper bounds of the time delays. With

this new set of Lyapunov–Krasovskii functionals and the

new bounding estimation technique we derive new delay-

dependent LMI stabilizability conditions for exponential

stability of the error system.

The article is organized as follows. Section 2 presents

the problem statement together with definitions and some

well-known technical propositions needed for the proof of

the main result. State observer design for exponential sta-

bility with numerical examples showing the effectiveness

of the proposed method is presented in Section 3.

2. PRELIMINARIES
The following notations will be used throughout this arti-

cle. R1 denotes the set of all real positive numbers; Rn

denotes the n–dimensional space; Rn3r denotes the space of

all ðn 3 rÞ-matrices. The notation i51;N means i51; 2; . . . ;

N ; AT denotes the transpose of A; a matrix A is symmetric if

A5AT; I denotes the identity matrix; kðAÞ denotes the set of

all eigenvalues of A; kmaxðAÞ5maxfRek : k 2 kðAÞg; kminðAÞ5
minfRek : k 2 kðAÞg; kA5kmaxðATAÞ; C1ð½a; b�;RnÞ denotes

the set of all Rn-valued differentiable functions on ½a;b�;
L2ð½0;1�;RrÞ stands for the set of all square-integrable

Rr2valued functions on ½0;1Þ: The symmetric terms in a

matrix are denoted by *. Matrix A is semi-positive definite ðA
� 0Þ if ðAx; xÞ � 0; for all x 2 Rn; A is positive definite (A> 0)

if ðAx; xÞ > 0 for all x 6¼ 0; A � B means A2B � 0: The

segment of the trajectory x(t) is denoted by xt5fxðt1sÞ :

s 2 ½2s; 0�gwith its norm jjxt jj5 sup s2½2s;0� jjxðt1sÞjj:
Consider a class of large-scale nonlinear systems which

can be usually characterized by a large number of varia-

bles representing the system, a strong interaction between

subsystem variables, and a complex interaction between

subsystems [1,2] described by the following equation:

_xiðtÞ5AixiðtÞ1
XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ1fiðt; xiðtÞ; fxjðt2hijðtÞÞgN
j51;j 6¼i

Þ;

ziðtÞ5CixiðtÞ1giðt; xiðtÞÞ; t � 0;

8>><
>>:

(2.1)

with the initial conditions

xiðt01hÞ5uiðhÞ; 8h 2 I t0;h; ðt0;uiÞ 2 R13Cð½2s; 0�;Rni Þ;

where ui : I t0;h ! Rni is a continuous norm-bounded initial

condition (see also [13]) and I t0 ;h5ft 2 R : t5g2hðgÞ � t0;

g � t0g; s5 sup t02R1 ;t2I t0 ;h
ðt02tÞ;

hijðtÞ : R1 ! R1 is a continuous function satisfying

0 � h1 � hijðtÞ � h2; t � 0; 8i; j51;N ;

where h1 and h2 is given real non-negative numbers and

h1 6¼ h2: We see in this case that h25s; xTðtÞ5½x1ðtÞT; . . . ;

xN ðtÞT�; xiðtÞ 2 Rni is the state vector, ziðtÞ 2 Rqi is the out-

put vector. The systems matrices Ai;Ci;Aij are of appropri-

ate dimensions; the nonlinear functions fið�Þ and gið�Þ
satisfy the following conditions

9ai;aij > 0 : jjfiðt; xiðtÞ; fxjðt2hijðtÞÞgN
j51;j 6¼i

Þjj � aijjxiðtÞjj

1
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj

9gi > 0 : jjgiðt; y1Þ2giðt; y2Þjj � gijjy12y2jj; 8y1; y2 2 Rni ; t 2 R1:

(2.2)
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We assume uið:Þ 2 C1ð½2h2; 0�;Rni Þ and jjuijjC1
5

sup t2½2h2;0� jjuiðtÞjj1 sup t2½2h2 ;0� jj _uiðtÞjj stands for the norm

of a function uið:Þ 2 C1ð½2h2; 0�;Rni Þ: Once the above

assumption on uið:Þ; fið:Þ; gið:Þ are given, the solution of

system (2.1) is well defined (see, e.g., [15]).

Due to the fact that not all of the state variables are

available for state observer purpose and that the real-time

knowledge of the delay, hijðtÞ, is not available, we, there-

fore, consider the following decentralized full-order Luen-

berger state observer for the system (2.1):

_̂x iðtÞ5Aix̂iðtÞ1Li½ziðtÞ2Cix̂iðtÞ2giðt; x̂ iðtÞÞ�; t � 0;

x̂ ið0Þ50; i51;N ;
(2.3)

in which x̂ iðtÞ is the observer state vector of the i2th sub-

system, Li 2 Rni3qi is the observer gain matrices to be

designed.

Define an error vector eiðtÞ5xiðtÞ2x̂ iðtÞ; i51;N , which

denotes the difference between the real state and the esti-

mated state vector of the i2th subsystem. Then, we have

the following error system

_eiðtÞ5AieiðtÞ2Li½ziðtÞ2Cix̂iðtÞ2giðt; x̂ iðtÞÞ�1
XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ

1fiðt; xiðtÞ; fxjðt2hijðtÞÞgN
j51;j 6¼i

Þ:
(2.4)

It is clear from (2.4) that the error system is rather

complex and certainly the task of stabilizing (2.4) is not an

easy and trivial task. In this article, the problem to be

addressed is to systematically derive the observer gain

matrix Li; i51;N ; so that the error system (2.4) is expo-

nentially stable with a prescribed b-convergence rate. Let

us now recall the following definitions (see, e.g., [4]) and

propositions that will be used to derive the main results of

the article.

Definition 2.1.

Given b > 0: The error system (2.4) is b-stable if there is

positive number N0 > 0 such that every solution of the sys-

tem satisfies:

jjeðt;uÞjj � N0jjujjhe2bt ; 8t � 0;

where jjujjh5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i51

jjuijj2C1

vuut :

Proposition 2.1 (Schur complement lemma [16])

Given matrices X, Y, Z, where Y 5Y T > 0;X5X T: Then, X

1ZTY 21Z < 0 if and only if

X ZT

Z 2Y

" #
< 0:

Proposition 2.2. (Jensen-type integral inequality [17])

For any constant matrix Z5ZT > 0 and scalar h; �h; 0

< h < �h such that the following integrations are well

defined, then

2

ðt

t2h

xðsÞTZxðsÞds � 2
1

h

ðt

t2h

xðsÞds

� �T

3 Z

ðt

t2h

xðsÞds

� �
:

2

ð2h

2�h

ðt

t1s

xðsÞTZxðsÞdsds � 2
2

�h
2
2h2

ð2h

2�h

ðt

t1s

xðsÞdsds

 !T

3 Z

ð2h

2�h

ðt

t1s

xðsÞdsds

 !
:

Proposition 2.3. (Lower bounds lemma [18])

Let f1; f2; . . . ; fN : Rm ! R have positive values in an

open subset D of Rm: Then, the reciprocally convex combi-

nation of fi over D satisfies

min
fri jri>0;

P
i

ri51g

X
i

1

ri
fiðtÞ5

X
i

fiðtÞ1 max
gi;jðtÞ

X
i 6¼j

gi;jðtÞ

subject to

gi;j : Rm ! R; gj;iðtÞ5gi;jðtÞ;
fiðtÞ gi;jðtÞ

gi;jðtÞ fjðtÞ

" #
� 0

( )
:

Proposition 2.4. (Cauchy matrix inequality [16])

For any x; y 2 Rn and positive definite matrix M 2 Rn3n;

we have

2xTy � yTMy1xTM21x:

3. DESIGN OF FULL-ORDER LUENBERGER-TYPE OBSERVER
In this section, we give a design of the full-order state

observer for nonlinear system (2.1) such that the error of

system (2.4) is exponentially stable. Before introducing the

main result, the following notations of several matrix vari-

ables are defined for simplicity.
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fið�Þ5fiðt; xiðtÞ; fxjðt2hijðtÞÞgN
j51;j 6¼i

Þ; ni5ai1
XN

j 6¼i;j51

aij;

Hi
i;i5PiAi1AT

i Pi12bPi12Qi2e22bh1 Ri2e22bh2 Ri2
2e24bh2 ðh22h1Þ

h21h1
Ki13aiI ;

Hi
i;N115e22bh1 Ri;H

i
i;N125e22bh2 Ri;H

i
i;N135AT

i Pi; Hi
i;N145

2e24bh2

h21h1
Ki;

Hi
j;j5ð3aji13ÞI2

2e22bh2

N21
Ui1

e22bh2

N21
ðSi1ST

i Þ; j 6¼ i; j51;N ;

Hi
j;ðN11Þ5

e22bh2

N21
Ui2

e22bh2

N21
Si;H

i
j;ðN12Þ5

e22bh2

N21
Ui2

e22bh2

N21
ST

i ; j 6¼ i; j51;N ;

Hi
N11;N1152e22bh1 Qi2e22bh1 Ri2e22bh2 Ui; Hi

N11;N125e22bh2 ST
i ;

Hi
N12;N1252e22bh2 Qi2e22bh2 Ri2e22bh2 Ui;

Hi
N13;N135ðh2

11h2
2ÞRi1ðh22h1Þ2Ui1ðh22h1Þh2Ki22Pi;

Hi
N14;N1452

2e24bh2

h2
22h2

1

Ki;H
i
N15;N155NiAi1AT

i Ni2CT
i Ci12bNi1g2

i I ;

Hi
N151j;N151j52I ;Hi

i;N151j5PiAij; j 6¼ i; j51;N ;

Hi
N151i;N151i52I ;Hi

i;N151i5
ffiffiffiffi
ni

p
Pi;

Hi
2N151j;2N151j52I ;Hi

N13;2N151j5PiAij; j 6¼ i; j51;N ;

Hi
2N151i;2N151i52I ;Hi

N13;2N151i5
ffiffiffiffi
ni

p
Pi;

Hi
3N151j;3N151j52I ;Hi

N15;3N151j5NiAij; j 6¼ i; j51;N ;

Hi
3N151i;3N151i52I ;Hi

N15;3N151i5
ffiffiffiffi
ni

p
Ni;

a15min
i51;N

fkminðNiÞg;

a25max
i51;N

fkmaxðNiÞ1kmaxðPiÞ1b21kmaxðQiÞ1ðh3
11h3

2ÞkmaxðRiÞ1ðh22h1Þ3kmaxðUiÞ1ðh22h1Þh2
2kmaxðKiÞg:

The following is the main result of the article, which

gives sufficient conditions for the design of decentralized

full-order Luenberger-type state observer for system (2.1).

Essentially, the proof is based on the construction of a set

of Lyapunov–Krasovskii functions satisfying Lyapunov sta-

bility theorem for time-delay systems [15].

Theorem 3.1

If there exist symmetric positive definite matrices Ni;Pi;

Qi;Ri;Ui;Ki; i51;N ; and matrix Si; i51;N ; such that the

following LMIs hold:

Hi
11 Hi

12 : : : Hi
1ð4N15Þ 0 0

� Hi
22 : : : Hi

2ð4N15Þ 0 0

: : : : : : : :

� � : : : Hi
ð4N15Þð4N15Þ 0 0

� � : : : � 2Ui 2Si

� � : : : � � 2Ui

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

< 0; i51;N ; (3.1)

then the error system (2.4) is b2stable with the observer gain Li

5N21
i CT

i : Moreover, the solution of this systems satisfies

jjeðtÞjj �
ffiffiffiffiffi
a2

a1

r
e2bt jjujjh; 8t � 0:

Proof

Consider the following Lyapunov–Krasovskii functional:

V ðt; xtÞ5
XN

i51

X7

j51

Vijðt; xtÞ;

where

Vi1ðt; xtÞ5xiðtÞTPixiðtÞ1eiðtÞTNieiðtÞ;

Vi2ðt; xtÞ5
ðt

t2h1

e2bðs2tÞxiðsÞTQixiðsÞds;

Vi3ðt; xtÞ5
ðt

t2h2

e2bðs2tÞxiðsÞTQixiðsÞds;

Vi4ðt; xtÞ5h1

ð0

2h1

ðt

t1s

e2bðs2tÞ _xiðsÞTRi _xiðsÞdsds;

Vi5ðt; xtÞ5h2

ð0

2h2

ðt

t1s

e2bðs2tÞ _xiðsÞTRi _xiðsÞdsds;
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Vi6ðt; xtÞ5ðh22h1Þ3
ð2h1

2h2

ðt

t1s

e2bðs2tÞ _xiðsÞTUi _xiðsÞdsds:

Vi75

ð2h1

2h2

ð0

h

ðt

t1s

e2bðs1s2tÞ _xiðsÞTKi _xiðsÞdsdsdh:

Taking the derivative of V ðt; xtÞ in t along the solu-

tion of the system, we have

_V i1ð:Þ52xiðtÞTPi _xiðtÞ12eiðtÞTNi _eiðtÞ

52xiðtÞTPi AixiðtÞ1
XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ1fið�Þ
" #

12eiðtÞTNi

�
AieiðtÞ2Li½CieiðtÞ1giðt; xiðtÞÞ2giðt; x̂ iðtÞÞ�

1
XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ1fið�Þ
�

_V i2ð:Þ5xiðtÞTQixiðtÞ22bVi2ð:Þ2e22bh1 xiðt2h1ÞTQixiðt2h1Þ;
_V i3ð:Þ5xiðtÞTQixiðtÞ22bVi3ð:Þ2e22bh2 xiðt2h2ÞTQixiðt2h2Þ;

_V i4ð:Þ � h2
1

_xiðtÞTRi _xiðtÞ22bVi4ð:Þ2h1e22bh1

ðt

t2h1

_xiðsÞTRi _xiðsÞds;

_V i5ð:Þ � h2
2 _xiðtÞTRi _xiðtÞ22bVi5ð:Þ2h2e22bh2

ðt

t2h2

_xiðsÞTRi _xiðsÞds;

_V i6ð:Þ � ðh22h1Þ2 _xiðtÞTUi _xiðtÞ22bVi6ð:Þ

2ðh22h1Þe22bh2

ðt2h1

t2h2

_xiðsÞTUi _xiðsÞds;

_V i7ð:Þ � ðh22h1Þh2 _xiðtÞTKi _xiðtÞ22bVi7ð:Þ

2e24bh2

ð2h1

2h2

ðt

t1h
_xiðsÞTKi _xiðsÞdsdh:

We first estimate _V i1ð:Þ as follows. Using Cauchy

matrix inequality (Proposition 2.4) gives

2xiðtÞTPi

XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ
" #

�
XN

j 6¼i;j51

xiðtÞTPiAijA
T
ijPixiðtÞ

1
XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ;

2eiðtÞTNi

XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ
" #

�
XN

j 6¼i;j51

eiðtÞTNiAijA
T
ijNieiðtÞ

1
XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ:

Then from the condition (2.2), it follows

2xiðtÞTPifið�Þ � 2jjxiðtÞTPijj aijjxiðtÞjj1
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj
" #

� nijjxiðtÞTPijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2;

(3.2)

2 _eiðtÞTNifið�Þ � nijjeiðtÞTNijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2:

(3.3)

Taking Li5N21
i CT

i and using Cauchy matrix inequality

(Proposition 2.4) and the condition (2.2) again leads to

22eiðtÞTNiLiðgiðt; xiðtÞÞÞ2giðt; x̂ iðtÞÞÞ

522eiðtÞTCT
i ðgiðt; xiðtÞÞÞ2giðt; x̂ iðtÞÞÞ

� eiðtÞTCT
i CieiðtÞ1jjgiðt; xiðtÞÞÞ2giðt; x̂ iðtÞÞjj2

� eiðtÞTCT
i CieiðtÞ1g2

i eiðtÞTeiðtÞ:

(3.4)

From (3.2)–(3.4), we have

_V i1ð:Þ � xiðtÞT½PiAi1AT
i Pi�xiðtÞ

1
XN

j 6¼i;j51

xiðtÞTPiAijA
T
ijPixiðtÞ1

XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ

1nijjxiðtÞTPijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2

1eiðtÞT½NiAi1AT
i Ni22CT

i Ci�eiðtÞ1eiðtÞTCT
i CieiðtÞ1g2

i eiðtÞTeiðtÞ

1
XN

j 6¼i;j51

eiðtÞTNiAijA
T
ijNieiðtÞ1

XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ

1nijjeiðtÞTNijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2:

(3.5)

To estimate _V i4ð:Þ; _V i5ð:Þ, we apply Proposition 2.2

and the Newton–Leibniz formula, for k51; 2; to obtain

2hk

ðt

t2hk

_xiðsÞTRi _xiðsÞds � 2

ðt

t2hk

_xiðsÞds

� �T

Ri

ðt

t2hk

_xiðsÞds

� �

52½xiðtÞ2xiðt2hkÞ�TRi½xiðtÞ2xiðt2hkÞ�:

Therefore, we have

_V i4ð:Þ � h2
1

_xiðtÞTRi _xiðtÞ22bVi42e22bh1 ½xiðtÞ2xiðt2h1Þ�T

Ri½xiðtÞ2xiðt2h1Þ�;
(3.6)

_V i5ð:Þ � h2
2

_xiðtÞTRi _xiðtÞ22bVi52e22bh2 ½xiðtÞ2xiðt2h2Þ�T

Ri½xiðtÞ2xiðt2h2Þ�:
(3.7)

We now estimate _V i6ð:Þ as follows. The integralÐ t2h1

t2h2
_xi

TðsÞUi _xi ðsÞds decomposed as
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ðt2h1

t2h2

_xi
TðsÞUi _xi ðsÞ;ds5

ðt2hjiðtÞ

t2h2

_xi
TðsÞUi _xi ðsÞds

1

ðt2h1

t2hjiðtÞ
_xi

TðsÞUi _xi ðsÞds;

and using Proposition 2.2 gives

2ðh22h1Þ
ðt2hjiðtÞ

t2h2

_xi
TðsÞUi _xi ðsÞds

� 2
h22h1

h22hjiðtÞ
½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�;

2ðh22h1Þ
ðt2h1

t2hjiðtÞ
_xi

TðsÞUi _xi ðsÞds

� 2
h22h1

hjiðtÞ2h1
½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�:

Then, we have

2ðh22h1Þ
ðt2h1

t2h2

_xi
TðsÞUi _xi ðsÞds

� 2
h22h1

h22hjiðtÞ
½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�

2
h22h1

hjiðtÞ2h1
½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�:

(3.8)

Let

r15
h22hjiðtÞ

h22h1
; r25

hjiðtÞ2h1

h22h1
;

and

f1ðtÞ5½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�;

f2ðtÞ5½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�;

g1;2ðtÞ5½xiðt2hjiðtÞÞ2xiðt2h2Þ�TSi½xiðt2h1Þ2xiðt2hjiðtÞÞ�;

g2;1ðtÞ5½xiðt2h1Þ2xiðt2hjiðtÞÞ�TST
i ½xiðt2hjiðtÞÞ2xiðt2h2Þ�:

It follows from condition (3.1) that
Ui Si

ST
i Ui

" #
> 0;

and hence

f1ðtÞ g1;2ðtÞ

g1;2ðtÞ f2ðtÞ

2
4

3
5

5

½xiðt2hjiðtÞÞ2xiðt2h2Þ�T 0

0 ½xiðt2h1Þ2xiðt2hjiðtÞÞ�T

2
4

3
5

3

Ui Si

ST
i Ui

2
4

3
5

3

½xiðt2hjiðtÞÞ2xiðt2h2Þ� 0

0 ½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2
4

3
5 � 0:

Moreover, note that g1;2ðtÞ5g2;1ðtÞ and r11r251; r1 > 0;

r2 > 0: Using Proposition 2.3 and the inequality (3.8)

gives

2ðh22h1Þ
ðt2h1

t2h2

_xi
TðsÞUi _xi ðsÞds � 2

1

r1
f1ðtÞ2

1

r2
f2ðtÞ

� 2f1ðtÞ2f2ðtÞ2g1;2ðtÞ2g2;1ðtÞ

52½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�

2½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2½xiðt2hjiðtÞÞ2xiðt2h2Þ�TSi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2½xiðt2h1Þ2xiðt2hjiðtÞÞ�TST
i ½xiðt2hjiðtÞÞ2xiðt2h2Þ�:

(3.9)

Taking j51; 2; ::;N ; j 6¼ i the inequality (3.9) implies

2ðN21Þðh22h1Þ
ðt2h1

t2h2

_xi
TðsÞUi _xi ðsÞds

� 2
XN

j51;j 6¼i

½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�

2
XN

j51;j 6¼i

½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2
XN

j51;j 6¼i

½xiðt2hjiðtÞÞ2xiðt2h2Þ�TSi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2
XN

j51;j 6¼i

½xiðt2h1Þ2xiðt2hjiðtÞÞ�TST
i ½xiðt2hjiðtÞÞ2xiðt2h2Þ�:

Note that when hjiðtÞ5h1 or hjiðtÞ5h2, we have

½xiðt2h1Þ2xiðt2hjiðtÞÞ�T50 or ½xiðt2hjiðtÞÞ2xiðt2h2Þ�50;

respectively, so the relation (3.10) still holds. Thus, we

obtain the estimation of _V i6ð:Þ as

_V i6ð:Þ � ðh22h1Þ2 _xiðtÞTUi _xiðtÞ22bVi6

2
e22bh2

N21

XN

j51;j 6¼i

½xiðt2hjiðtÞÞ2xiðt2h2Þ�TUi½xiðt2hjiðtÞÞ2xiðt2h2Þ�

2
e22bh2

N21

XN

j51;j 6¼i

½xiðt2h1Þ2xiðt2hjiðtÞÞ�TUi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2
e22bh2

N21

XN

j51;j 6¼i

½xiðt2hjiðtÞÞ2xiðt2h2Þ�TSi½xiðt2h1Þ2xiðt2hjiðtÞÞ�

2
e22bh2

N21

XN

j51;j 6¼i

½xiðt2h1Þ2xiðt2hjiðtÞÞ�TST
i ½xiðt2hjiðtÞÞ2xiðt2h2Þ�:

(3.10)

To estimate _V i7ð:Þ; we apply Proposition 2.2 for the

estimation of the double integral
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2e24bh2

ð2h1

2h2

ðt

t1h
_xiðsÞTKi _xiðsÞdsdh

� 2e24bh2
2

h2
22h2

1

ð2h1

2h2

ðt

t1h
_xiðsÞdsdh

 !T

Ki

ð2h1

2h2

ðt

t1h
_xiðsÞdsdh

 !

� 2
2e24bh2

h2
22h2

1

ðh22h1ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

 !T

3Ki ðh22h1ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

 !
;

and hence

_V i7ð:Þ � ðh22h1Þh2 _xiðtÞTKi _xiðtÞ22bVi7

2
2e24bh2

h2
22h2

1

ðh22h1ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

 !T

3 Ki ðh22h1ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

 !
:

(3.11)

Finally, we derive the estimation from _V ðt; xtÞ by

(3.5)–(3.7), (3.10), (3.11) as

_V ðt; xtÞ12bV ðt; xtÞ � xiðtÞT½PiAi1AT
i Pi12bPi�xiðtÞ

1
XN

j 6¼i;j51

xiðtÞTPiAijA
T
ijPixiðtÞ1

XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ

1nijjxiðtÞTPijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2

1eiðtÞT½NiAi1AT
i Ni22CT

i Ci�eiðtÞ1eiðtÞTCT
i CieiðtÞ1g2

i eiðtÞTeiðtÞ

1
XN

j 6¼i;j51

eiðtÞTNiAijA
T
ijNieiðtÞ1

XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ

1nijjeiðtÞTNijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2

1xiðtÞTQixiðtÞ2e22bh1 xiðt2h1ÞTQixiðt2h1Þ

1xiðtÞTQixiðtÞ2e22bh2 xiðt2h2ÞTQixiðt2h2Þ

1h2
1

_xiðtÞTRi _xiðtÞ2e22bh1 ½xiðtÞ2xiðt2h1Þ�TRi½xiðtÞ2xiðt2h1Þ�

1h2
2

_xiðtÞTRi _xiðtÞ2e22bh2 ½xiðtÞ2xiðt2h2Þ�TRi½xiðtÞ2xiðt2h2Þ�

1ðh22h1Þ2 _xiðtÞTUi _xiðtÞ

2
e22bh2

N21

XN

j51;j 6¼i

xiðt2hjiðtÞÞ2xiðt2h2Þ
� �T

Ui xiðt2hjiðtÞÞ2xiðt2h2Þ
� �

2
e22bh2

N21

XN

j51;j 6¼i

xiðt2h1Þ2xiðt2hjiðtÞÞ
� �T

Ui xiðt2h1Þ2xiðt2hjiðtÞÞ
� �

2
e22bh2

N21

XN

j51;j 6¼i

xiðt2hjiðtÞÞ2xiðt2h2Þ
� �T

Si xiðt2h1Þ2xiðt2hjiðtÞÞ
� �

2
e22bh2

N21

XN

j51;j 6¼i

xiðt2h1Þ2xiðt2hjiðtÞÞ
� �T

ST
i

xiðt2hjiðtÞÞ2xiðt2h2Þ
� �
1 h22h1ð Þh2 _xiðtÞT Ki _xiðtÞ

2
2e24bh2

h2
22h2

1

h22h1ð ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

0
B@

1
CA

T

Ki h22h1ð ÞxiðtÞ2
ðt2h1

t2h2

xiðhÞdh

0
B@

1
CA:

From the Eq. (2.1), we have

0522 _xiðtÞTPi½ _xiðtÞ2AixiðtÞ2
XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ2fið�Þ�

� 22 _xiðtÞTPi½ _xiðtÞ2AixiðtÞ�

1nijj _xiðtÞTPijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2

1
XN

j 6¼i;j51

_xiðtÞTPiAijA
T
ijPi _xiðtÞ

1
XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ;

(3.13)

because of

2 _xiðtÞTPi

XN

j 6¼i;j51

Aijxjðt2hijðtÞÞ
" #

�
XN

j 6¼i;j51

_xiðtÞTPiAijA
T
ijPi _xiðtÞ

1
XN

j 6¼i;j51

xjðt2hijðtÞÞTxjðt2hijðtÞÞ;

2 _xiðtÞTPifið�Þ � nijj _xiðtÞTPijj21aijjxiðtÞjj21
XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj2:

Adding the inequality (3.13) into the left side of

(3.12) with the resulting equalities:

XN

i51

XN

j51;j 6¼i

xjðt2hijðtÞÞTxjðt2hijðtÞÞ5
XN

j51

XN

i51;i 6¼j

xiðt2hjiðtÞÞTxiðt2hjiðtÞÞ

5
XN

i51

XN

j51;i 6¼j

xiðt2hjiðtÞÞTxiðt2hjiðtÞÞ
" #

;

XN

i51

XN

j 6¼i;j51

aijjjxjðt2hijðtÞÞjj25
XN

i51

XN

j 6¼i;j51

ajijjxiðt2hjiðtÞÞjj2;

we obtain

(3.12)
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_V ðt; xtÞ12bV ðt; xtÞ �
XN

i51

niðtÞTM iniðtÞ; (3.14)

where for v
j
i5xiðt2hjiðtÞÞT; i 6¼ j; vi

i5xiðtÞT;

niðtÞT5 v1
i ; :::; v

N
i xiðt2h1ÞTxiðt2h2ÞT _xiðtÞT

ðt2h1

t2h2

xiðhÞTdh; eiðtÞT
" #

;

Mi5

Mi
11 Mi

12 : : : Mi
1ðN15Þ

� Mi
22 : : : Mi

2ðN15Þ

: : : : : :

� � : : : Mi
ðN15ÞðN15Þ

2
6666666664

3
7777777775
; i51;N ;

Mi
i;i5PiAi1AT

i Pi12bPi12Qi2e22bh1 Ri2e22bh2 Ri

2
2e24bh2ðh22h1Þ

h21h1
Ki13aiI1

XN

j 6¼i;j51

PiAijA
T
ijPi1niP

2
i ;

Mi
i;j50; j51;N ; j 6¼ i;Mi

i;N115e22bh1 Ri;M
i
i;N125e22bh2 Ri;

Mi
i;N135AT

i Pi;M
i
i;N145

2e24bh2

h21h1
Ki;M

i
i;N1550;

Mi
j;j5ð3aji13ÞI2

2e22bh2

N21
Ui1

e22bh2

N21
ðSi1ST

i Þ;

j 6¼ i;Mi
j;k50; j 6¼ k; k51;N

Mi
j;ðN11Þ5

e22bh2

N21
Ui2

e22bh2

N21
Si;M

i
j;ðN12Þ5

e22bh2

N21
Ui2

e22bh2

N21
ST

i ;

Mi
j;ðN13Þ50;Mi

j;ðN14Þ50;Mi
j;ðN15Þ50; j 6¼ i; j51;N ;

Mi
N11;N1152e22bh1 Qi2e22bh1 Ri2e22bh2 Ui;

Mi
N11;N125e22bh2 ST

i ;M
i
N11;N1350;Mi

N11;N1450;Mi
N11;N1550;

Mi
N12;N1252e22bh2 Qi2e22bh2 Ri2e22bh2 Ui;

Mi
N12;N135Mi

N12;N145Mi
N12;N1550;

Mi
N13;N135ðh2

11h2
2ÞRi1ðh22h1Þ2Ui1ðh22h1Þh2Ki

22Pi1
XN

j 6¼i;j51

PiAijA
T
ij Pi1niP

2
i ;

Mi
N13;N1450;Mi

N13;N1550;

Mi
N14;N1452

2e24bh2

h2
22h2

1

Ki;M
i
N14;N1550;

Mi
N15;N155NiAi1AT

i Ni2CT
i Ci12bNi1g2

i I

1
XN

j 6¼i;j51

NiAijA
T
ijNi1niN

2
i :

Using the Schur complement lemma, Proposition 2.1,

the condition (3.1) leads to Mi < 0; 8i51;N and from

the inequality (3.14), it follows that

_V ðt; xtÞ12bV ðt; xtÞ � 0; 8t � 0;

which gives

V ðt; xtÞ � V ð0; x0Þe22bt ; 8t � 0:

It is easy to verify that

a1

XN

i51

jjeiðtÞjj2 � V ðt; xtÞ; V ð0; x0Þ � a2

XN

i51

jjuijj2C1
: (3.15)

Taking inequalities (3.14), (3.15) in account, we

finally obtain that

a1

XN

i51

jjeiðtÞjj2 � V ðt; xtÞ � a2

XN

i51

jjuijj2C1
e22bt ; for all t � 0;

and hence

jjeðtÞjj �
ffiffiffiffiffi
a2

a1

r
e2bt jjujjh; 8t � 0;

which implies that the error solution of the closed-loop

system is b2 stable. �

Remark 3.1.

Theorem 3.1 provides sufficient conditions for design-

ing state observer of the nonlinear large-scale system (2.1)

in terms of the solutions of LMIs, which guarantees the

error system to be exponentially stable with a prescribed

decay rate b: Note that the time-varying delays are nondif-

ferentiable, therefore, the methods proposed in [10,11] are

not applicable to system (2.1). The LMI condition (3.1)

depends on parameters of the system under consideration

as well as the delay bounds. The feasibility of the LMIs

can be tested by the reliable and efficient Matlab LMI

Control Toolbox [19].

4. AN ILLUSTRATIVE EXAMPLE
In the following, we give a numerical example to show

the validity of the design of decentralized state observer

presented in this article.

Example 1.

Consider a large-scale model (2.1) composed of three

machine subsystems [1] as follows:

_x1ðtÞ5A1x1ðtÞ1A12x2ðt2h12ðtÞÞ1A13x3ðt2h13ðtÞÞ

1f1ðt; x1ðtÞ; x2ðt2h12ðtÞÞ; x3ðt2h13ðtÞÞÞ;

z1ðtÞ5C1x1ðtÞ1g1ðt; x1ðtÞÞ; t � 0;

x1ðhÞ5u1ðhÞ; h 2 ½2h2; 0�;

8>>>>>>>><
>>>>>>>>:

130 C O M P L E X I T Y Q 2014 Wiley Periodicals, Inc.
DOI 10.1002/cplx



_x2ðtÞ5A2x2ðtÞ1A21x1ðt2h21ðtÞÞ1A23x3ðt2h23ðtÞÞ

1f2ðt; x2ðtÞ; x1ðt2h21ðtÞÞ; x3ðt2h23ðtÞÞÞ;

z2ðtÞ5C2x2ðtÞ1g2ðt; x2ðtÞÞ; t � 0;

x2ðhÞ5u2ðhÞ; h 2 ½2h2; 0�;

8>>>>>>>><
>>>>>>>>:

_x3ðtÞ5A3x3ðtÞ1A31x1ðt2h31ðtÞÞ1A32x2ðt2h32ðtÞÞ

1f3ðt; x3ðtÞ; x1ðt2h31ðtÞÞ; x2ðt2h32ðtÞÞÞ;

z3ðtÞ5C3x3ðtÞ1g3ðt; x3ðtÞÞ; t � 0;

x3ðhÞ5u3ðhÞ; h 2 ½2h2; 0�;

8>>>>>>>><
>>>>>>>>:

where the absolute rotor angle and angular velocity of the

machine in each subsystem are denoted by xi5ðxi1; xi2ÞT; i51;

2; 3; the ith system coefficient Ai; the control and nonlinear

perturbations fið�Þ; and the modulus of the transfer admittance

Aij; the initial input ui; the time-varying delays hijðtÞ between

each two machines in the subsystem:

h125

11sin t; t 2 H ;

1; t 62 H ;

8<
: h135

210:5 sin t; t 2 H ;

2; t 62 H ;

8<
:

h215

1:511 sin t; t 2 H ;

1:5; t 62 H ;

8<
: h235

11sin t; t 2 H ;

1; t 62 H ;

8<
:

h315

1:810:5 sin t; t 2 H ;

1:8; t 62 H ;

8<
: h325

2:410:1 sin t; t 2 H ;

2:4; t 62 H ;

8<
:

H5[k2N ð2kp; ð2k11ÞpÞ;

A15

21 1

1 22

2
4

3
5;A125

0:01 0:01

0:01 0:01

2
4

3
5;A135

0:01 20:01

20:01 0:01

2
4

3
5;

C15 2 1½ �;

A25

21:5 1

1:5 22

2
4

3
5;A215

0:02 0:01

0:03 0:01

2
4

3
5;A235

0:01 0:02

0:03 0:01

2
4

3
5;

C25 1 2½ �;

A35

21 21

1 21

2
4

3
5;A315

0:03 0:01

0:03 0:01

2
4

3
5;A325

0:03 0:02

0:01 0:01

2
4

3
5;

C35 2 3½ �;

f1ð:Þ50:001

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x11ðtÞ21x21ðt2h12ðtÞÞ21x31ðt2h13ðtÞÞ2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x12ðtÞ21x22ðt2h12ðtÞÞ21x32ðt2h13ðtÞÞ2

q

2
666664

3
777775;

f2ð:Þ50:001

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21ðtÞ21x11ðt2h21ðtÞÞ21x31ðt2h23ðtÞÞ2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22ðtÞ21x12ðt2h21ðtÞÞ21x32ðt2h23ðtÞÞ2

q

2
666664

3
777775;

f3ð:Þ50:001

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x31ðtÞ21x11ðt2h31ðtÞÞ21x21ðt2h32ðtÞÞ2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x32ðtÞ21x12ðt2h31ðtÞÞ21x22ðt2h32ðtÞÞ2

q

2
666664

3
777775;

FIGURE 1

Solution response of x1ðtÞ; x2ðtÞ; x3ðtÞ.

FIGURE 2

Solution response of x̂1ðtÞ; x̂2ðtÞ; and x̂3ðtÞ.
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g1ð:Þ52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x11ðtÞ21x12ðtÞ2

q
; g2ð:Þ52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21ðtÞ21x22ðtÞ2

q
; g3ð:Þ

52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x31ðtÞ21x32ðtÞ2

q
;

ai5aij50:001;8i; j51; 2; 3; i 6¼ j; g15g25g352:

It is worth nothing that, the delay functions hijðtÞ
are nondifferentiable, therefore, the design method in

[10,11] are not applicable to this system. Using LMI

Toolbox in Matlab, the LMI (3.1) is feasible with h151;

h252:5; b50:1; and

E15

104:8948 27:0715

27:0715 112:6934

2
4

3
5;P15

75:0815 1:5678

1:5678 73:5169

2
4

3
5;Q15

6:8126 22:4370

22:4370 9:2501

2
4

3
5;

R15

1:0850 0:5640

0:5640 0:5212

2
4

3
5;U15

14:4076 5:5859

5:5859 8:8227

2
4

3
5;K15

2:1217 0:9636

0:9636 1:1585

2
4

3
5;

E25

102:7269 26:6339

26:6339 76:1245

2
4

3
5;P25

60:3863 21:6922

21:6922 42:6847

2
4

3
5;Q25

2:9314 20:3157

20:3157 3:0649

2
4

3
5;

R25

0:9034 0:5491

0:5491 0:3740

2
4

3
5;U25

11:5241 4:8428

4:8428 6:8908

2
4

3
5;K25

2:1660 1:3128

1:3128 0:8953

2
4

3
5;

E35

159:6994 214:2791

214:2791 149:2812

2
4

3
5;P35

54:4372 1:5469

1:5469 53:6229

2
4

3
5;Q35

2:2836 20:3673

20:3673 1:5226

2
4

3
5;

R35

0:2244 20:0299

20:0299 0:3520

2
4

3
5;U35

5:5253 20:1649

20:1649 6:7058

2
4

3
5;K35

0:6446 20:01060

20:1060 0:9053

2
4

3
5;

S15

28:4664 22:5966

22:5964 25:8697

2
4

3
5; S25

24:4819 20:5066

20:5219 24:0383

2
4

3
5; S35

23:3920 20:1105

20:0997 24:0932

2
4

3
5;

The state observer gains are obtained by

L15N21
1 CT

1 5
0:0197

0:0101

" #
;L25N21

2 CT
2 5

0:0115

0:0273

" #
;

L35N21
3 CT

3 5
0:0144

0:0215

" #
:

Moreover, the error solution eðt;uÞ of the system

satisfies

jjeðt;uÞjj � 2:3451e20:1t jjujjh:

Figure 1 shows the trajectories of x1ðtÞ; x2ðtÞ; and x3ðtÞ
of the system with the initial conditions u1ðtÞ5½121�T;
u2ðtÞ5½222�T;u3ðtÞ5½323�T: Figure 2 shows the trajecto-

ries of the error system x̂1ðtÞ; x̂2ðtÞ; and x̂3ðtÞ.

5. CONCLUSIONS
The problem of full-order observer for nonlinear large-scale

systems with interconnected interval time-varying delays has

been studied in this article. By introducing a set of augmented

Lyapunov–Krasovskii functionals and using a new bounding

estimation technique, delay-dependent conditions for design-

ing state observer and exponential stability have been estab-

lished in terms of LMIs. Furthermore, the LMI-based approach

presented in this article provides attractive features in terms of

computational efficiency and a straightforward derivation of

all the parameters of the observers. A numerical example has

been given to illustrate the derived results.
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