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In this paper, we develop a linear matrix inequality approach for studying H∞ control problem for a class
of nonlinear systems with interval time-varying delay. The time delay is assumed to be a continuous

technique. Improved delay-dependent sufficient conditions for the H∞ control with exponential stability
of the system are established in terms of linear matrix inequalities (LMIs). An application to H∞ control of
uncertain linear systems with interval time-varying delay is also given. Numerical examples are given to
show the effectiveness of the obtained results.
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1. Introduction

Time delays are often encountered in many practical systems
because of transmission of the measurement information. The
existence of these delays may be the source of instability and
serious deterioration in the performance of the closed-loop
systems [17,18,15]. In delay-dependent stability analysis of time-
delay systems, one concerns to enlarge the feasible region of
stability criteria in given time-delay interval, the case of time-
varying delay has received less, possibly due to the perceived
difficulty of the problem changes in delay make the systems state-
space vary with time, which complicates the use of standard
analysis tools. In practice, the time-varying delay may vary within
an interval where the lower bound is not restricted to being zero.
Furthermore, the time derivatives of the time-varying delay can be
unknown or undefined. Examples of such systems with an interval
time-varying delay are the networked control system, power
systems, large-scale systems, economic systems, etc. Since then
stability and control of systems containing time-varying delays
have been widely studied (see, e.g. [2,14,19,29]).

On the other hand, the H∞ control of time-delay systems are of
practical and theoretical interest since time delay is often encoun-
tered in many industrial and engineering processes [3,10,21]. The
main objective of the H∞ control is to obtain a controller that makes
the closed-loop system asymptotically stable for a maximum H∞
trol Association. Published by Elsev

84 437564303.
performance bound. A significant development in the H∞ control
theory has recently been the introduction of state-space methods
[10,26]. This has led to a rather transparent solution to the standard
problem of H∞ control with the objective being to find a feedback
controller stabilizing a given system that is subject to some normed
suboptimal conditions on perturbations/uncertainties. For the H∞

control problem, appropriate methods for linear time-delay systems
usually make use of the Lyapunov functional approach, whereby the
H∞ conditions are obtained via solving either matrix inequalities or
algebraic Riccati-type equations [4,8,22].

More recently, a simple and systematic procedure for constructing
time-varying Lyapunov functionals has been studied in [13,12], but
for H∞ filtering. In [16,28,23,25], a modification of the standard LMI-
type exponential stability conditions for linear time-delay systems is
proposed, allowing to compute two bounds that characterize the
exponential nature of the solution in the case of nominal as well as
uncertain systems. There the Lyapunov function method was devel-
oped to H∞ control of linear systems with interval time-varying
delays, where the assumption on the derivative of the delay function
is strictly bounded, but the time-delay function is still assumed to be
differentiable. Paper [24] first time studies H∞ control of linear
systems with interval non-differentiable delays, but without the
delay in observation and the condition obtained for asymptotic
stability. To the best of our knowledge, there has been no investiga-
tion on the H∞ control of delayed systems, where the time delay
involved in state and output is interval time-varying and non-
differentiable. In fact, this problem is difficult to solve, particularly
when the time-varying delays are interval non-differentiable and the
output is subjected to such time-varying delay functions. The time
ier Ltd. All rights reserved.
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delay is assumed to be any continuous function belonging to a given
interval, which means that the lower and upper bounds for the time-
varying delay are available, but the delay function is bounded but not
necessary to be differentiable. This allows the time-delay to be a fast
time-varying function and the lower bound is not restricted to being
zero. It is clear that the application of any memoryless feedback
controller to such time-delay systems would lead to closed-loop
systems with interval time-varying delays. The difficulties then arise
when one attempts to derive exponential stabilizability conditions
and to extract the controller's parameters for these systems. Indeed,
existing Lyapunov–Krasovskii functionals and their associated results
in [4,28,25,31,9] cannot be applied to solve the problem posed in this
paper as they would either fail to cope with the non-differentiability
aspects of the delays, or lead to very complex matrix inequality
conditions and any technique such as matrix computation
or transformation of variables fails to extract the parameters of
the memoryless feedback controllers. This has motivated our
research.

In this paper, we develop the results of [28,31,9] for the problem
of H∞ control for nonlinear systems with interval time-varying
delay. Compared to the existing results, our result has its own
advantages. First, the time delay is assumed to be any continuous
function belonging to a given interval, which means that the lower
and upper bounds for the time-varying delay are available, but the
delay function is bounded but not necessary to be differentiable.
Second, both problems of exponential stabilization and H∞ control
will be treated simultaneously. For the former, the controller is
required to guarantee the global exponential stability for the
closed-loop system. As to the latter, a prescribed performance in
an H∞ sense is also required to be achieved for all admissible
uncertainties. By constructing a set of improved Lyapunov Krasovs-
kii functionals and using new bounding estimation technique, a
new delay-dependent condition for the robust H∞ control is
established in terms of LMIs, that can be solved numerically in an
efficient manner by using standard computational algorithms [5].
The approach allows us to apply to H∞ control of uncertain linear
systems with interval non-differentiable time-varying delay.

The paper is organized as follows. Section 2 presents defini-
tions and some well-known technical propositions needed for the
proof of the main results. H∞ controller design for exponential
stability and an application to uncertain linear systems with
non-differentiable time-varying delay are presented in Section 3.
Numerical examples showing the effectiveness of the obtained
results are given in Section 4. The paper ends with conclusions.
2. Preliminaries

The following notations will be used throughout this paper, Rþ

denotes the set of all real-negative numbers; Rn denotes the
n-dimensional space with the scalar product ð:; :Þ and the vector norm
∥ � ∥; Rn�r denotes the space of all matrices of (n� r)- dimension. AT

denotes the transpose of A; a matrix A is symmetric if A¼ AT ;
I denotes the identity matrix; λðAÞ denotes all the eigenvalues of A;
λmaxðAÞ ¼maxfRe λ : λ∈λðAÞg; λminðAÞ ¼minfRe λ : λ∈λðAÞg; C1ð½−τ;0�;
RnÞ denotes the set of all Rn-valued differentiable functions on ½−τ;0�;
L2ð½0; ∞�;RrÞ stands for the set of all square-integrable Rr-valued
functions on ½0; ∞�. The symmetric terms in a matrix are denoted by
n. Matrix A is semi-positive definite ðA≥0Þ if ðAx; xÞ≥0; for all x∈Rn;
A is positive definite ðA40Þ if ðAx; xÞ40 for all x≠0; A≥B means
A−B≥0. The following norms will be used: ∥ � ∥ refers to the Euclidean
vector norm; ∥φ∥C ¼ supt∈½−τ;0�∥φðtÞ∥ stands for the norm of a function
φð�Þ∈Cð½−τ;0�;RnÞ. The segment of the trajectory x(t) is denoted by
xt ¼ fxðt þ sÞ : s∈½−τ;0�g with its norm ∥xt∥¼ sup s∈½−τ;0�∥xðt þ sÞ∥.
Consider a system with time-varying delay of the form

_xðtÞ ¼ AxðtÞ þ Dxðt−hðtÞÞ þ BuðtÞ þ CωðtÞ þ f ðt; xðtÞ; xðt−hðtÞÞ;uðtÞ;ωðtÞÞ;
zðtÞ ¼ ExðtÞ þ Gxðt−hðtÞÞ þ FuðtÞ þ gðt; xðtÞ; xðt−hðtÞÞ;uðtÞÞ;

(

ð2:1Þ
with the initial conditions

xðt0 þ θÞ ¼ φðθÞ; ∀θ∈I t0 ;h;

ðt0;φÞ∈Rþ � Cð½−τ;0�;RnÞ;
where φ : I t0 ;h-Rn is a continuous norm-bounded initial condi-
tion (see also [18,19]) and

I t0 ;h ¼ ft∈R : t ¼ η−hðηÞ≤t0; η≥t0g; τ¼ sup
t0∈Rþ ; t∈I t0 ;h

ðt0−tÞ;

hðtÞ : Rþ-Rþ is a continuous function satisfying 0≤h1 ≤hðtÞ≤h2,
∀t≥0. We see in this case that h2 ¼ τ.

xð�Þ∈Rn is the state vector; uð�Þ∈L2ð½0; s�;RmÞ, s≥0, is the control
vector; ωð�Þ∈L2ð½0; ∞�;RrÞ is the uncertainty input; zðtÞ∈Rs is the
observation output.

Let xh≔xðt−hðtÞÞ; the nonlinear functions f ðt; x; xh;u;ωÞ :
Rþ � Rn � Rn � Rm � Rr-Rn, gðt; x; xh;uÞ : Rþ � Rn � Rn � Rm-Rs

satisfy the following growth conditions:

∃a; b; c; d40 : ∥f ðt; x; xh;u;ωÞ∥≤a∥x∥þ b∥xh∥þ c∥u∥þ d∥ω∥;∀ðx; xh;u;ωÞ

∃a1;b1; c140 : ∥gðt; x; xh;uÞ∥2 ≤a1∥x∥2 þ b1∥xh∥2 þ c1∥u∥2; ∀ðx; xh;uÞ:
ð2:2Þ

We assume φð�Þ∈C1ð½−τ;0�;RnÞ and ∥φ∥C1 ¼ supt∈½−τ;0�∥φðtÞ∥þ
supt∈½−τ;0�∥ _φðtÞ∥ stands for the norm of a function φð�Þ∈C1

ð½−τ;0�;RnÞ. Once the above assumption on φð�Þ; f ð�Þ are given, the
solution of system (2.1) is well defined (see, e.g. [18,15]).

Definition 1. Given β40. The zero solution of system (2.1), where
uðtÞ ¼ 0, ωðtÞ ¼ 0; is β�stable if there is a positive number N40
such that every solution of the system satisfies

∥xðt;φÞ∥≤N∥φ∥C1e
−βt ; ∀t≥0:

Definition 2. Given β40; γ40. The H∞ control problem for
system (2.1) has a solution if there exists a memoryless state
feedback controller uðtÞ ¼ YxðtÞ satisfying the following two
requirements:
(i)
 The zero solution of the closed-loop system, where ωðtÞ ¼ 0,

_xðtÞ ¼ ½Aþ BY �xðtÞ þ Dxðt−hðtÞÞ þ f ðt; x; xh;u;0Þ; ð2:3Þ
is β�stable.
(ii)
 There is a number c040 such that

sup
R∞
0 ∥zðtÞ∥2 dt

c0∥φ∥2C1
þ R∞0 ∥ωðtÞ∥2dt ≤γ;

where the supremum is taken over all φ∈C1ð½−τ;0�;RnÞ and the
non-zero uncertainty ωðtÞ∈L2ð½0; ∞�;RrÞ. In this case we say that
the feedback control uðtÞ ¼ YxðtÞ exponentially stabilizes the
system.
Proposition 1. Let P;Q be matrices of appropriate dimensions and Q
is symmetric positive definite. Then,

ð2Px; yÞ−ðQy; yÞ≤ðPQ−1PTx; xÞ:

The proof of the above proposition is easily derived from complet-
ing the square

0≤ðQ ðy−Q−1PTxÞ; y−Q−1PTxÞ:
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Proposition 2 (Schur complement lemma, Boyd et al. [1]). Given
constant matrices X;Y ; Z; where Y ¼ YT 40. Then X þ ZTY−1Zo0 if
and only if

X ZT

Z −Y

" #
o0:

Proposition 3 (Sun et al. [27]). For any constant matrix Z ¼ ZT 40
and positive numbers h;h such that the following integrals are well
defined, then
(i)
−
Z t

t−h
xðsÞTZxðsÞ ds≤−

1
h

Z t

t−h
xðsÞ ds

� �T

Z
Z t

t−h
xðsÞ ds

� �
:

(ii)
−
Z −h

−h

Z t

tþs
xðτÞTZxðτÞ dτ ds

≤−
2

h
2
−h2

Z −h

−h

Z t

tþs
xðτÞ dτ ds

 !T

Z
Z −h

−h

Z t

tþs
xðτÞ dτ ds

 !
:

Proposition 4 (Lower bounds lemma, Park et al. [20]). Let
f 1; f 2;…; f N : Rm-R have positive values in an open subset D of
Rm. Then, the reciprocally convex combination of fi over D satisfies

min
frijri 40;∑

i
ri ¼ 1g

∑
i

1
ri
f iðtÞ ¼∑

i
f iðtÞ þ max

gi;jðtÞ
∑
i≠j
gi;jðtÞ

subject to

gi;j : Rm-R; gj;iðtÞ ¼ gi;jðtÞ;
f iðtÞ gi;jðtÞ
gi;jðtÞ f jðtÞ

" #
≥0

( )
:

3. Main result

In this section, we first design H∞ controller for system (2.1) with
interval time-varying delays. By constructing a new set of Lyapu-
nov–Krasovskii functionals, a new delay-dependent exponential
stability criterion for the closed-loop system with a delay varying
in an interval is derived in terms of LMIs. Then we give an
application to H∞ control of uncertain linear systems with interval
time-varying delay. Before introducing the main result, the follow-
ing notations of several matrix variables are defined for simplicity:

τ¼ h2; ε¼ aþ bþ cþ 4d2

γ
;

P1 ¼ P−1; Q1 ¼ P−1QP−1; R1 ¼ P−1RP−1;

U1 ¼ P−1UP−1; Λ1 ¼ P−1Λ−1P−1; S1 ¼ P−1SP−1

Ω11 ¼

T11 T12 T13 T14 T15 T16 0 0
n T22 T23 T24 T25 T26 0 0
n n T33 T34 T35 T36 0 0
n n n T44 T45 T46 0 0
n n n n T55 T56 0 0
n n n n n T66 0 0
n n n n n n −U −S
n n n n n n n −U

2
66666666666664

3
77777777777775

Ω22 ¼

− I
3 0 0 0 0

n − I
3 0 0 0

n n − I
4a1þ2a 0 0

n n n − I
4b1þ2b 0

n n n n − I
2þ4c1þ2c

2
666666664

3
777777775
;

Ω12 ¼

PET 0 P 0 YT

0 PGT 0 P 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2
666666666666664

3
777777777777775

T11 ¼ AP þ PAT þ 2βP−Rðe−2βh1 þ e−2βh2 Þ þ 4
γ
CCT

þεI−
2e−4βh2 ðh2−h1Þ

h2 þ h1
Λþ ðBY þ YTBT Þ þ 2Q ;

T12 ¼DP; T13 ¼ e−2βh1R; T14 ¼ e−2βh2R

T15 ¼
2e−4βh2 ðh2−h1Þ

h2 þ h1
Λ; T16 ¼ PAT þ BY ;

T22 ¼−2e−2βh2U þ e−2βh2 ðS þ ST Þ;
T23 ¼ e−2βh2U−e−2βh2S; T24 ¼ e−2βh2U−e−2βh2ST ; T25 ¼ 0;

T26 ¼ PDT

T33 ¼−e−2βh1Q−e−2βh1R−e−2βh2U;

T34 ¼ e−2βh2ST ; T35 ¼ 0; T36 ¼ 0;

T44 ¼−e−2βh2Q−e−2βh2R−e−2βh2U; T45 ¼ 0; T46 ¼ 0;

T55 ¼−
2e−4βh2

h22−h
2
1

Λ; T56 ¼ 0;

T66 ¼ Rðh2
1 þ h22Þ þ ðh2−h1Þ2U þ h2ðh2−h1ÞΛ−2P þ 4

γ
CCT þ εI:

α1 ¼ λminðP1Þ;
α2 ¼ λmaxðP1Þ þ β−1λmaxðQ1Þ þ h3

1λmaxðR1Þ þ h3
2λmaxðR1Þ

þ ðh2−h1Þ3λmaxðU1Þ þ ðh2−h1Þh22λmaxðΛ1Þ:

For simplicity of expression as in [21,26], we assume that

FT ½E;G� ¼ 0; FTF ¼ I: ð3:1Þ
The following is the main result of the paper, which gives
sufficient conditions for the H∞ control of system (2.1). Essentially,
the proof is based on the construction of improved Lyapunov–
Krasovskii functionals satisfying Lyapunov stability theorem for
the time-delay system [6].

Theorem 1. The H∞ control of system (2.1) has a solution if there
exist symmetric positive definite matrices P;Q ;R;U;Λ and matrices
Y ; S such that the following LMI holds:

Ω11 Ω12

n Ω22

" #
o0: ð3:2Þ

Moreover, stabilizing feedback control is given by

uðtÞ ¼ YP−1xðtÞ; t≥0;

and the solution of the system satisfies

∥xðt;φÞ ≤
ffiffiffiffiffi
α2
α1

r
∥φ∥C1e

−βt ; t≥0:
����

Proof. Consider the following Lyapunov–Krasovskii functional for
the closed-loop system:

Vðt; xtÞ ¼ ∑
7

i ¼ 1
Viðt; xtÞ;
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where

V1ðt; xtÞ ¼ xðtÞTP1xðtÞ; V2ðt; xtÞ ¼
Z t

t−h1
e2βðs−tÞxðsÞTQ1xðsÞ ds;

V3ðt; xtÞ ¼
Z t

t−h2
e2βðs−tÞxðsÞTQ1xðsÞ ds;

V4ðt; xtÞ ¼ h1

Z 0

−h1

Z t

tþs
e2βðτ−tÞ _xðτÞTR1 _xðτÞ dτ ds;

V5ðt; xtÞ ¼ h2

Z 0

−h2

Z t

tþs
e2βðτ−tÞ _xðτÞTR1 _xðτÞ dτ ds;

V6ðt; xtÞ ¼ ðh2−h1Þ
Z −h1

−h2

Z t

tþs
e2βðτ−tÞ _xðτÞTU1 _xðτÞ dτ ds;

V7ðt; xtÞ ¼
Z −h1

−h2

Z 0

θ

Z t

tþs
e2βðτþs−tÞ _xðτÞTΛ1 _xðτÞ dτ ds dθ:

It is easy to verify that

α1∥xðtÞ∥2 ≤Vðt; xtÞ; t∈Rþ and Vð0; x0Þ≤α2∥φ∥2C1
: ð3:3Þ

Taking the derivative of Við�Þ in t along the solution of the system,
we obtain

_V 1ðt; xtÞ ¼ 2xðtÞTP1 _xðtÞ
¼ 2xðtÞTP1½AxðtÞ þ Dxðt−hðtÞÞ þ BuðtÞ þ CωðtÞ þ f ð�Þ�
¼ 2xðtÞTP1AxðtÞ þ 2xðtÞTP1Dxðt−hðtÞÞ þ 2xðtÞTP1BuðtÞ
þ2xðtÞTP1CωðtÞ þ 2xðtÞTP1f ð�Þ þ 2βxðtÞTP1xðtÞ−2βV1ðt; xtÞ

_V 2ðt; xtÞ ¼ xðtÞTQ1xðtÞ−e−2βh1xðt−h1ÞTQ1xðt−h1Þ−2βV2ðt; xtÞ;
_V 3ðt; xtÞ ¼ xðtÞTQ1xðtÞ−e−2βh2xðt−h2ÞTQ1xðt−h2Þ−2βV3ðt; xtÞ;
_V 4ðt; xtÞ≤h21 _xðtÞTR1 _xðtÞ−h1e−2βh1

Z t

t−h1

_xðsÞTR1 _xðsÞ ds−2βV4ðt; xtÞ

_V 5ðt; xtÞ≤h22 _xðtÞTR1 _xðtÞ−h2e−2βh2
Z t

t−h2

_xðsÞTR1 _xðsÞ ds−2βV5ðt; xtÞ

_V 6ðt; xtÞ≤ ðh2−h1Þ2 _xðtÞTU1 _xðtÞ−ðh2−h1Þe−2βh2
Z t−h1

t−h2

_xðsÞTU1 _xðsÞ ds−2βV6ðt; xtÞ;

_V 7ðt; xtÞ≤ðh2−h1Þh2 _xðtÞTΛ1 _xðtÞ

−e−4βh2
Z −h1

−h2

Z t

tþθ

_xðsÞTΛ1 _xðsÞ ds dθ−2βV7ðt; xtÞ

Applying Proposition 3 and the Newton–Leibniz formulaZ t

t−hi

_xðsÞ ds¼ xðtÞ−xðt−hiÞ; i¼ 1;2;

we have

−hi
Z t

t−hi

_xT ðsÞR1 _xðsÞ ds≤−
Z t

t−hi

_xðsÞ ds
� �T

R1

Z t

t−hi

_xðsÞ ds
� �

≤−½xðtÞ−xðt−hiÞ�TR1½xðtÞ−xðt−hiÞ�

Note thatZ t−h1

t−h2

_xT ðsÞU1 _xðsÞ ds¼
Z t−hðtÞ

t−h2

_xT ðsÞU1 _xðsÞ dsþ
Z t−h1

t−hðtÞ
_xT ðsÞU1 _xðsÞ ds:

Using Proposition 3 gives

½h2−hðtÞ�
Z t−hðtÞ

t−h2

_xT ðsÞU1 _xðsÞ ds≥
Z t−hðtÞ

t−h2

_xðsÞ ds
" #T

U1

Z t−hðtÞ

t−h2

_xðsÞ ds
" #

≥½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�
Since h2−hðtÞ≤h2−h1, we have

ðh2−h1Þ
Z t−hðtÞ

t−h2

_xT ðsÞU1 _xðsÞ ds≥
h2−h1
h2−hðtÞ

½xðt−hðtÞÞ

−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�;

then

−ðh2−h1Þ
Z t−hðtÞ

t−h2

_xT ðsÞU1 _xðsÞ ds≤−
h2−h1

h2−hðtÞ
½xðt−hðtÞÞ−xðt−h2Þ�T

U1½xðt−hðtÞÞ−xðt−h2Þ�:

Similarly, we have

−ðh2−h1Þ
Z t−h1

t−hðtÞ
_xT ðsÞU1 _xðsÞ ds≤−

h2−h1

hðtÞ−h1
½xðt−h1Þ−xðt−hðtÞÞ�T

U1½xðt−h1Þ−xðt−hðtÞÞ�:

On the other hand, the condition (3.2) figures out ½U
ST

S
U�≥0, so using

Proposition 4 with r1 ¼ ðh2−hðtÞÞ=ðh2−h1Þ; r2 ¼ ðhðtÞ−h1Þ=ðh2−h1Þ
gives the following inequalities:ffiffiffiffi

r2
r1

q
½xðt−hðtÞÞ−xðt−h2ÞÞ�

−
ffiffiffiffi
r1
r2

q
½xðt−h1Þ−xðt−hðtÞÞ�

2
64

3
75
T

U1 S1
ST1 U1

" # ffiffiffiffi
r2
r1

q
½xðt−hðtÞÞ−xðt−h2ÞÞ�

−
ffiffiffiffi
r1
r2

q
½xðt−h1Þ−xðt−hðtÞÞ�

2
64

3
75

¼

ffiffiffiffi
r2
r1

q
½xðt−hðtÞÞ−xðt−h2ÞÞ�

−
ffiffiffiffi
r1
r2

q
½xðt−h1Þ−xðt−hðtÞÞ�

2
64

3
75
T

P1 0
0 P1

" #
U S

ST U

� �

P1 0
0 P1

" # ffiffiffiffi
r2
r1

q
½xðt−hðtÞÞ−xðt−h2ÞÞ�

−
ffiffiffiffi
r1
r2

q
½xðt−h1Þ−xðt−hðtÞÞ�

2
6664

3
7775≥0;

equivalently,

−
r2
r1

½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�

−
r1
r2

½xðt−h1Þ−xðt−hðtÞÞ�TU1½xðt−h1Þ−xðt−hðtÞÞ�

≤−½xðt−hðtÞÞ−xðt−h2Þ�TS1½xðt−h1Þ−xðt−hðtÞÞ�
−½xðt−h1Þ−xðt−hðtÞÞ�TST1½xðt−hðtÞÞ−xðt−h2Þ�;

and

−ðh2−h1Þ
Z t−h1

t−h2

_xT ðsÞU1 _xðsÞ ds

≤−
h2−h1
h2−hðtÞ

½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�

−
h2−h1

hðtÞ−h1
½xðt−h1Þ−xðt−hðtÞÞ�TU1½xðt−h1Þ−xðt−hðtÞÞ�

¼−
1
r1

½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�

−
1
r2

½xðt−h1Þ−xðt−hðtÞÞ�TU1½xðt−h1Þ−xðt−hðtÞÞ�

≤−½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�
−½xðt−h1Þ−xðt−hðtÞÞ�TU1½xðt−h1Þ−xðt−hðtÞÞ�
−½xðt−hðtÞÞ−xðt−h2Þ�TS1½xðt−h1Þ−xðt−hðtÞÞ�
−½xðt−h1Þ−xðt−hðtÞÞ�TST1½xðt−hðtÞÞ−xðt−h2Þ�:

Therefore, we have

_V 4ðt; xtÞ≤h21 _xðtÞTR1 _xðtÞ−e−2βh1 ½xðtÞ−xðt−h1Þ�TR1½xðtÞ−xðt−h1Þ�−2βV4ðt; xtÞ;
_V 5ðt; xtÞ≤h22 _xðtÞTR1 _xðtÞ−e−2βh2 ½xðtÞ−xðt−h2Þ�TR1½xðtÞ−xðt−h2Þ�
−2βV5ðt; xtÞ;
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_V 6ðt; xtÞ≤ðh2−h1Þ2 _xðtÞTU1 _xðtÞ−2βV6ðt; xtÞ
−e−2βh2 ½xðt−hðtÞÞ−xðt−h2Þ�TU1½xðt−hðtÞÞ−xðt−h2Þ�
−e−2βh2 ½xðt−h1Þ−xðt−hðtÞÞ�TU1½xðt−h1Þ−xðt−hðtÞÞ�
−e−2βh2 ½xðt−hðtÞÞ−xðt−h2Þ�TS1½xðt−h1Þ−xðt−hðtÞÞ�
−e−2βh2 ½xðt−h1Þ−xðt−hðtÞÞ�TST1½xðt−hðtÞÞ−xðt−h2Þ� ð3:4Þ

Note that when hðtÞ ¼ h1 or hðtÞ ¼ h2, the relation (3.4) still holds.
Besides, using the Proposition 3 again, we have

−e−4βh2
Z −h1

−h2

Z t

tþθ

_xðsÞTΛ1 _xðsÞ ds dθ

≤−e−4βh2
2

h2
2−h

2
1

Z −h1

−h2

Z t

tþθ

_xðsÞ dsdθ
 !T

Λ1

Z −h1

−h2

Z t

tþθ

_xðsÞ dsdθ
 !

≤−
2e−4βh2

h2
2−h

2
1

ðh2−h1ÞxðtÞ−
Z t−h1

t−h2
xðθÞ dθ

 !T

Λ1 ðh2−h1ÞxðtÞ−
Z t−h1

t−h2
xðθÞ dθ

 !
:

Hence,

_V 7ð�Þ≤ðh2−h1Þh2 _xðtÞTΛ1 _xðtÞ−2βV7ðt; xtÞ

−
2e−4βh2

h2
2−h

2
1

ðh2−h1ÞxðtÞ−
Z t−h1

t−h2
xðθÞ dθ

 !T

Λ1 ðh2−h1ÞxðtÞ−
Z t−h1

t−h2
xðθÞ dθ

 !

ð3:5Þ
From the following identity relation:

−2 _xðtÞTP1½ _xðtÞ−AxðtÞ−Dxðt−hðtÞÞ−BuðtÞ−CωðtÞ−f ð�Þ� ¼ 0;

combining the condition (2.2) and applying Proposition 1 for the
following inequalities:

2xTP1f ðt; x; xh;u;ωÞ≤2∥P1x∥jf ðt; x; xh;u;ωÞ∥
≤2∥P1x∥½a∥x∥þ b∥xh∥þ c∥u∥þ d∥ω∥�
≤a∥P1x∥2 þ a∥x∥2 þ b∥P1x∥2 þ b∥xh∥2

þc∥P1x∥2 þ c∥u∥2 þ 4d2

γ
∥P1x∥2 þ

γ

4
∥ω∥2

¼ a∥x∥2 þ b∥xh∥2 þ c∥u∥2 þ γ

4
∥ω∥2 þ ε∥P1x∥2

2 _xðtÞTP1f ðt; x; xh;u;ωÞ≤a∥x∥2 þ b∥xh∥2 þ c∥u∥2 þ γ

4
∥ω∥2 þ ε∥P1 _xðtÞ∥2;

2xðtÞTP1Cω≤
γ

4
∥ω∥2 þ 4

γ
xðtÞTP1CC

TP1xðtÞ

2 _xðtÞTP1Cω≤
γ

4
∥ω∥2 þ 4

γ
_xðtÞTP1CC

TP1 _xðtÞ;

we obtain

0¼−2 _xðtÞTP1½ _xðtÞ−AxðtÞ−Dxðt−hðtÞÞ−BuðtÞ−CωðtÞ−f ð�Þ�
≤−2 _xðtÞTP1½ _xðtÞ−AxðtÞ−Dxðt−hðtÞÞ−BYP1xðtÞ�
þ2 _xðtÞTP1CωðtÞ þ 2 _xðtÞTP1f ð�Þ

≤−2 _xðtÞTP1½ _xðtÞ−AxðtÞ−Dxðt−hðtÞÞ−BYP1xðtÞ�

þ γ

4
∥ω∥2 þ 4

γ
_xðtÞTP1CC

TP1 _xðtÞ

þa∥x∥2 þ b∥xh∥2 þ c∥u∥2 þ γ

4
∥ω∥2 þ ε∥P1 _xðtÞ∥2; ð3:6Þ

and

_V 1ð�Þ þ 2βV1ð�Þ ¼ 2βxðtÞTP1xðtÞ þ 2xðtÞTP1AxðtÞ þ 2xðtÞTP1Dxðt−hðtÞÞ
þ2xðtÞTP1BYP1xðtÞ þ 2xðtÞTP1CωðtÞ þ 2xðtÞTP1f ð�Þ

≤2βxðtÞTP1xðtÞ þ 2xðtÞTP1AxðtÞ þ 2xðtÞTP1Dxðt−hðtÞÞ þ 2xðtÞTP1BYP1xðtÞ

þ γ

4
∥ω∥2 þ 4

γ
xðtÞTP1CC

TP1xðtÞ

þa∥x∥2 þ b∥xh∥2 þ c∥u∥2 þ γ

4
∥ω∥2 þ ε∥P1x∥2: ð3:7Þ
Moreover, applying the inequalities (3.4)–(3.7) leads to

_V ð�Þ þ 2βV ð�Þ≤xðtÞT P1Aþ ATP1 þ 2βP1 þ P1ðBY þ YTBT ÞP1 þ 2Q1

h
−R1ðe−2βh1 þ e−2βh2 Þ−2e−4βh2 ðh2−h1Þ

h2 þ h1
Λ1 þ 2aI þ 2cP1Y

TYP1

þ4
γ
P1CC

TP1 þ εP2
1

�
xðtÞ

þ2xðtÞT ½P1D�xðt−hðtÞÞ þ 2xðtÞT ½e−2βh1R1�xðt−h1Þ

þ2xðtÞT ½e−2βh2R1�xðt−h2Þ þ 2xðtÞT 2e−4βh2 ðh2−h1Þ
h2 þ h1

Λ1

� � Z t−h1

t−h2
xðθÞ dθ

þ2xðtÞT ½ATP1 þ P1BYP1� _xðtÞ
þxðt−hðtÞÞT ½−2e−2βh2U1 þ 2bI þ e−2βh2 ðS1 þ ST1Þ�xðt−hðtÞÞ
þ2xðt−hðtÞÞT ½e−2βh2U1−e−2βh2S1�xðt−h1Þ
þ2xðt−hðtÞÞT ½e−2βh2U1−e−2βh2ST1�xðt−h2Þ

þ2xðt−hðtÞÞT ½0�
Z t−h1

t−h2
xðθÞ dθ þ 2xðt−hðtÞÞT ½DTP1� _xðtÞ

þxðt−h1ÞT ½−e−2βh1Q1−e−2βh1R1−e−2βh2U1�xðt−h1Þ

þ2xðt−h1ÞTe−2βh2ST1xðt−h2Þ þ 2xðt−h1ÞT ½0�
Z t−h1

t−h2
xðθÞ dθ

þ2xðt−h1ÞT ½0� _xðtÞ

þ2xðt−h2ÞT ½0�
Z t−h1

t−h2
xðθÞ dθ þ xðt−h2ÞT ½−e−2βh2Q1−e−2βh2R1

−e−2βh2U1�xðt−h2Þ
þ2xðt−h2ÞT ½0� _xðtÞ þ γ∥ωðtÞ∥2

þ
Z t−h1

t−h2
xðθÞ dθ

 !T

−
2e−4βh2

h22−h
2
1

Λ1

" # Z t−h1

t−h2
xðθÞ dθ

 !

þ2
Z t−h1

t−h2
xðθÞ dθ

 !T

½0� _xðtÞ þ _xðtÞT ½R1ðh21 þ h22Þ þ ðh2−h1Þ2U1

þh2ðh2−h1ÞΛ1−2P1 þ
4
γ
P1CC

TP1 þ εP2
1� _xðtÞ

Setting yðtÞ ¼ P−1xðtÞ or xðtÞ ¼ PyðtÞ, we obtain

_V ð�Þ þ 2βVð�Þ≤yðtÞT
�
AP þ PAT þ 2βP þ ðBY þ YTBT Þ þ 2Q−Rðe−2βh1 þ e−2βh2 Þ

−
2e−4βh2 ðh2−h1Þ

h2 þ h1
Λþ 2aP2 þ 2cYTY þ 4

γ
CCT þ εI

�
yðtÞ

þ2yðtÞT ½DP�yðt−hðtÞÞ þ 2yðtÞT ½e−2βh1R�yðt−h1Þ

þ2yðtÞT ½e−2βh2R�yðt−h2Þ þ 2yðtÞT 2e−4βh2 ðh2−h1Þ
h2 þ h1

Λ

� � Z t−h1

t−h2
yðθÞ dθ

þ2yðtÞT ½PAT þ BY � _yðtÞ
þyðt−hðtÞÞT ½−2e−2βh2U þ 2bP2 þ e−2βh2 ðS þ ST Þ�yðt−hðtÞÞ
þ2yðt−hðtÞÞT ½e−2βh2U−e−2βh2S�yðt−h1Þ
þ2yðt−hðtÞÞT ½e−2βh2U−e−2βh2ST �yðt−h2Þ

þ2yðt−hðtÞÞT ½0�
Z t−h1

t−h2
yðθÞ dθ þ 2yðt−hðtÞÞT ½PDT � _yðtÞ

þyðt−h1ÞT ½−e−2βh1Q−e−2βh1R−e−2βh2U�yðt−h1Þ

þ2yðt−h1ÞT ½0�
Z t−h1

t−h2
yðθÞ dθ þ 2yðt−h1ÞT ½0� _yðtÞ

þ2yðt−h1ÞTe−2βh2STyðt−h2Þ
þyðt−h2ÞT ½−e−2βh2Q−e−2βh2R−e−2βh2U�yðt−h2Þ

þ2yðt−h2ÞT ½0�
Z t−h1

t−h2
yðθÞ dθ þ 2yðt−h2ÞT ½0� _yðtÞ þ γ∥ωðtÞ∥2:

þ
Z t−h1

t−h2
yðθÞ dθ

 !T

−
2e−4βh2

h22−h
2
1

Λ

" # Z t−h1

t−h2
yðθÞ dθ

 !
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þ2
Z t−h1

t−h2
yðθÞ dθ

 !T

½0� _yðtÞ

þ _yðtÞT Rðh2
1 þ h2

2Þ þ ðh2−h1Þ2U þ h2ðh2−h1ÞΛ−2P þ 4
γ
CCT þ εI

� �
_yðtÞ

Hence, we have

_V ð�Þ þ 2βVð�Þ≤γ∥ωðtÞ∥2 þ ξðtÞTMξðtÞ
−yðtÞT ½3PETEP þ 4a1P

2 þ ð2þ 4c1ÞYTY �yðtÞ
−yðt−hðtÞÞT ½3PGTGP þ 4b1P

2�yðt−hðtÞÞ ð3:8Þ

where

ξðtÞT ¼ yðtÞTyðt−hðtÞÞTyðt−h1ÞTyðt−h2ÞT
Z t−h1

t−h2
yðθÞTdθ _yðtÞT

" #
;

M¼

M11 M12 M13 M14 M15 M16

n M22 M23 M24 M25 M26

n n M33 M34 M35 M36

n n n M44 M45 M46

n n n n M55 M56

n n n n n M66

2
6666666664

3
7777777775
;

M11 ¼ AP þ PAT þ 2βP−Rðe−2βh1 þ e−2βh2 Þ þ 4
γ
CCT þ ð2þ 4c1 þ 2cÞYTY

þεI−
2e−4βh2 ðh2−h1Þ

h2 þ h1
Λþ ðBY þ YTBT Þ þ 2Q þ 3PETEP þ ð4a1 þ 2aÞP2;

M12 ¼DP; M13 ¼ e−2βh1R; M14 ¼ e−2βh2R

M15 ¼
2e−4βh2 ðh2−h1Þ

h2 þ h1
Λ; M16 ¼ PAT þ BY ;

M22 ¼ −2e−2βh2U þ e−2βh2 ðS þ ST Þ þ 3PGTGP þ ð4b1 þ 2bÞP2;

M23 ¼ e−2βh2U−e−2βh2S; M24 ¼ e−2βh2U−e−2βh2ST ; M25 ¼ 0; M26 ¼ PDT

M33 ¼ −e−2βh1Q−e−2βh1R−e−2βh2U

M34 ¼ e−2βh2ST ; M35 ¼ 0; M36 ¼ 0

M44 ¼ −e−2βh2Q−e−2βh2R−e−2βh2U; M45 ¼ 0; M46 ¼ 0

M55 ¼ −
2e−4βh2

h22−h
2
1

Λ; M56 ¼ 0;

M66 ¼ Rðh21 þ h22Þ þ ðh2−h1Þ2U þ h2ðh2−h1ÞΛ−2P þ 4
γ
CCT þ εI

Using the Schur complement lemma, Proposition 2, the condition
(3.2) is equivalent to the condition Mo0 and from the inequality
(3.8) it follows that

_V ð�Þ þ 2βVð�Þ≤γωðtÞTωðtÞ−yðtÞT ½3PETEP þ 4a1P
2 þ ð2þ 4c1ÞYTY�yðtÞ

−yðt−hðtÞÞT ½3PGTGP þ 4b1P
2�yðt−hðtÞÞ ð3:9Þ

Letting ωðtÞ ¼ 0; and since

−yðtÞT ½3PETEP þ 4a1P
2 þ ð2þ 4c1ÞYTY �yðtÞ≤0;

−yðt−hðtÞÞT ½3PGTGP þ 4b1P
2�yðt−hðtÞÞ≤0;

we finally obtain from the inequality (3.9) that

_V ðt; xtÞ þ 2βVðt; xtÞ≤0: ð3:10Þ
Differentiating inequality (3.10) from 0 to t gives

Vðt; xtÞ≤Vð0; x0Þe−2βt ; t≥0:

Taking the condition (3.3) into account, we obtain

∥xðt;φÞ∥≤
ffiffiffiffiffi
α2
α1

r
∥φ∥C1e

−βt ; t≥0;
which implies that the zero solution of the closed-loop system is
β-stable. To complete the proof of the theorem, it remains to show
the γ-optimal level condition (ii). For this, we consider the
following relation:Z s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2� dt ¼

Z s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2

þ _V ðt; xtÞ� dt−
Z s

0

_V ðt; xtÞ dt; ∀s≥0:

Since Vðt; xtÞ≥0; we have

−
Z s

0

_V ðt; xtÞ dt ¼ Vð0; x0Þ−Vðs; xsÞ≤Vð0; x0Þ; ∀s≥0:

Therefore, for all s≥0Z s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2� dt≤

Z s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2 þ _V ðt; xtÞ� dt þ Vð0; x0Þ:

ð3:11Þ
Combining the condition (3.3) and the inequality

Vðt; xtÞ≥xðtÞTP1xðtÞ ¼ yðtÞTPyðtÞ;

we obtain from (3.9) that

_V ðt; xtÞ≤γωðtÞTωðtÞ−yðtÞT ½3PETEP þ 4a1P
2 þ ð2þ 4c1ÞYTY�yðtÞ

−yðt−hðtÞÞT ½3PGTGP þ 4b1P
2�yðt−hðtÞÞ−2βyðtÞTPyðtÞ: ð3:12Þ

Observe that the value of ∥zðtÞ∥2 is defined due to (2.1) and (3.1) as

∥zðtÞ∥2 ≤∥ExðtÞ∥2 þ ∥Gxðt−hðtÞÞ∥2 þ ∥uðtÞ∥2 þ 2xðtÞTETGxðt−hðtÞÞ
þ2xðtÞTETgð�Þ þ 2xðt−hðtÞÞTGTgð�Þ þ 2uðtÞTFTgð�Þ þ ∥gð�Þ∥2

≤3∥ExðtÞ∥2 þ 3∥Gxðt−hðtÞÞ∥2 þ 2∥uðtÞ∥2 þ 4∥gð�Þ∥2

≤xðtÞT ½3ETE þ 4a1�xðtÞ þ xðt−hðtÞÞT ½3GTGþ 4b1�xðt−hðtÞÞ
þ½2þ 4c1�∥uðtÞ∥2

¼ yðtÞT ½3PETEP þ 4a1P
2 þ ð2þ 4c1ÞYTY �yðtÞ

þyðt−hðtÞÞT ½3PGTGP þ 4b1P
2�yðt−hðtÞÞ: ð3:13Þ

Submitting the estimation of _V ðt; xtÞ and ∥zðtÞ∥2 defined by (3.12)
and (3.13), respectively into (3.11), we obtainZ s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2� dt≤

Z s

0
½−2βyðtÞTPyðtÞ� dt þ Vð0; x0Þ: ð3:14Þ

Hence, from (3.14) it follows thatZ s

0
½∥zðtÞ∥2−γ∥ωðtÞ∥2� dt≤Vð0; x0Þ≤α2∥φ∥2C1

;

equivalently,Z s

0
∥zðtÞ∥2 dt≤

Z s

0
γ∥ωðtÞ∥2dt þ α2∥φ∥2C1

;

Letting s-∞; and setting c0 ¼ α2=γ40; we obtain thatR∞
0 ∥zðtÞ∥2dt

c0∥φ∥2C1
þ R∞0 ∥ωðtÞ∥2dt ≤γ;

for all non-zero ωðtÞ∈L2ð½0; ∞�;RrÞ; φðtÞ∈C1ð½−τ;0�;RnÞ. This com-
pletes the proof of the theorem. □

In the sequel, we give an application to H∞ control of uncertain
linear systems with interval time-varying delay considered in
[30,11,7]. Consider the following uncertain linear systems with
time-varying delay:

_xðtÞ ¼ ½Aþ ΔAðtÞ�xðtÞ þ ½Dþ ΔDðtÞ�xðt−hðtÞÞ
þ½Bþ ΔBðtÞ�uðtÞ þ ½C þ ΔC�ωðtÞ; t∈Rþ;

zðtÞ ¼ ½E þ ΔE�xðtÞ þ ½Gþ ΔG�xðt−hðtÞÞ þ ½F þ ΔF�uðtÞ;

8><
>: ð3:15Þ
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where the time-varying uncertainties ΔA; ΔD; ΔB; ΔC; ΔE; ΔG;
ΔF are given as

½ΔA ΔD ΔB ΔC ΔE ΔG ΔF� ¼ KHðtÞ½La Ld Lb Lc Le Lg Lf �;
K ; La Ld Lb Lc Le Lg Lf are known real constant matrices of appro-
priate dimensions and H(t) is an unknown uncertain matrix with
Lebesgue measurable elements satisfying

HðtÞTHðtÞ≤ I; ∀t≥0: ð3:16Þ
To apply Theorem 1, let us denote

f ðt; x; xh;u;ωÞ ¼ΔAxðtÞ þ ΔDxðt−hðtÞÞ þ ΔBuðtÞ þ ΔCωðtÞ;
gðt; x; xh;uÞ ¼ΔExðtÞ þ ΔGxðt−hðtÞÞ þ ΔFuðtÞ:
λK ¼ λmaxðKTKÞ; λLa ¼ λmaxðLTaLaÞ;
λLb ¼ λmaxðLTbLbÞ; λLc ¼ λmaxðLTc LcÞ;
λLd ¼ λmaxðLTdLdÞ; λLe ¼ λmaxðLTe LeÞ;
λLg ¼ λmaxðLTgLgÞ; λLf ¼ λmaxðLTf Lf Þ;

Observe that

∥ΔAxðtÞ∥2 ¼ xðtÞTLTaHT ðtÞKTKHðtÞLaxðtÞ
≤λKxðtÞTLTaHT ðtÞHðtÞLaxðtÞ≤λKxðtÞTLTaLaxðtÞ
≤λKλLaxðtÞTxðtÞ;
∥ΔDxðt−hðtÞÞ∥2 ≤λKλLd∥xðt−hðtÞÞ∥2;
∥ΔBuðtÞ∥2 ≤λKλLb∥uðtÞ∥2; ∥ΔCωðtÞ∥2≤λKλLc∥ωðtÞ∥2
∥ΔExðtÞ∥2 ≤λKλLe∥xðtÞ∥2;
∥ΔGxðt−hðtÞÞ∥2≤λKλLg∥xðt−hðtÞÞ∥2;
∥ΔFuðtÞ∥2≤λKλLf ∥uðtÞ∥2;

and using the uncertain boundedness condition (3.16) we have

∥gð�Þ∥2 ≤3∥ΔEx∥2 þ 3∥ΔGxh∥2 þ 3∥ΔFu∥2

≤3λKλLe∥x∥
2 þ 3λKλLg∥x

h∥2 þ 3λKλLf ∥u∥
2:

∥f ð�Þ∥≤∥ΔAx∥þ ∥ΔDxh∥þ ∥ΔBu∥þ ∥ΔCω∥
≤

ffiffiffiffiffiffiffiffiffiffiffi
λKλLa

p
∥x∥þ

ffiffiffiffiffiffiffiffiffiffiffi
λKλLd

p
∥xh∥þ

ffiffiffiffiffiffiffiffiffiffiffi
λKλLb

p
∥u∥þ

ffiffiffiffiffiffiffiffiffiffiffi
λKλLc

p
∥ω∥

By the same notations used in Theorem 1 and applying Theorem 1
with

a¼
ffiffiffiffiffiffiffiffiffiffiffi
λKλLa

p
; b¼

ffiffiffiffiffiffiffiffiffiffiffi
λKλLd

p
; c¼

ffiffiffiffiffiffiffiffiffiffiffi
λKλLb

p
; d¼

ffiffiffiffiffiffiffiffiffiffiffi
λKλLc

p
;

a1 ¼ 3λKλLe ; b1 ¼ 3λKλLg ; c1 ¼ 3λKλLf ;

we have:

Corollary 1. The H∞ control of system (3.15) has a solution if there
exist symmetric positive definite matrices P;Q ;R;U;Λ and matrices
Y ; S such that the following LMI holds:

Ω11 Ω12

n Ω22

" #
o0: ð3:17Þ

Moreover, the stabilizing feedback control is given by

uðtÞ ¼ YP−1xðtÞ; t≥0;

and the solution of the system satisfies

∥xðt;φÞ ≤
ffiffiffiffiffi
α2
α1

r
∥φ∥C1e

−βt ; t≥0:
����

Remark 1. Note that although the similar Lyapunov–Krasovskii
functional was used in [25] to investigate the stability of systems
with time-varying delay, the slack variables Λ1 in Theorem 1 have
not been introduced in [24] since in the derivation of stability only
single and double integrals depending on the delay were used,
while we use additional triple integral V7. This Lyapunov–Krasovskii
functional is mainly based on the information of the lower and
upper delay bounds, which allows us to avoid using any assumption
on the differentiability of the delay function. Therefore, our results
are more comprehensive and effective. Theorem 1 provides suffi-
cient conditions for the closed-loop system to be exponentially
stable with a prescribed decay rate β;while the existing method can
provide only asymptotic stability of the closed-loop system.

Remark 2. In the papers [31,27,30,11], additional unknowns and free
weighting matrices are introduced to make the flexibility to solve the
resulting LMIs. However, too many unknowns and free-weighting
matrices employed in the existing methods complicate the system
analysis and significantly increase the computational demand. Com-
pared with the free matrix method used in [27,30,11], our simpler
uncorrelated augmented matrix method uses fewer variables, e.g. LMI
(3.2) has 7 unknown variables, meanwhile the LMI condition proposed
in [27] has 12; in [30] has 24 and in [11] has 70. Moreover, in the
previous papers the time delays are assumed to be differentiable and
its derivative is bounded. In Theorem 1 this assumption is removed
and LMI conditions (3.2) contain fewer unknown variables and then
reduce computational complexity.

4. Numerical examples

In this section, we give numerical examples to show the
validity of the H∞ controller designed in the previous section.

Example 1. Consider the nonlinear system with interval time-
varying delay (2.1), where

hðtÞ ¼ 0:1þ 0:4 sin2ðtÞ if t∈H¼ ∪k≥0ð2kπ; ð2kþ 1ÞπÞ;
hðtÞ ¼ 0:1 if t∉H;

(

A¼ −1:3 0:3
−0:5 0:1

� �
; D¼ −0:01 0:02

0:03 −0:04

� �
;

B¼ 0:2
0:3

� �
; C ¼ −0:02 0:01

0:02 −0:03

� �
;

E¼ G¼ 0:06 −0:06
−0:08 0:08

� �
; F ¼ 0:8

0:6

� �
;

f ð�Þ ¼ gð�Þ ¼ 0:01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21ðtÞ þ x22ðt−hðtÞÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22ðtÞ þ x21ðt−hðtÞÞ

q
2
64

3
75

and a¼ b¼ c¼ d¼ a1 ¼ b1 ¼ c1 ¼ 0:01.
It is worth noting that the delay function h(t) is non-

differentiable and the results obtained in [4,28,31,9] cannot be
applicable to this system. By using LMI Toolbox in Matlab [5], the
LMI (3.2) is feasible with h1 ¼ 0:1, h2 ¼ 0:5, β¼ 0:1, γ ¼ 4, and

P ¼ 7:1005 3:4234
3:4234 10:3682

� �
; Q ¼ 4:7944 1:2645

1:2645 8:0441

� �
;

R¼ 1:3189 1:2254
1:2254 4:0863

� �
; U ¼ 9:2066 8:0385

8:0385 23:2425

� �
;

Λ¼ 30:4436 13:7492
13:7492 70:8113

� �
;

Y ¼ ½−1 −1�; S¼ −1 0:2
0:6 −1

� �
:

The feedback control is given by

uðtÞ ¼ YP−1xðtÞ ¼ ½−0:1122 −0:0594�xðtÞ; t≥0:

Moreover, the solution xðt;φÞ of the system satisfies

∥xðt;φÞ∥≤5:6402e−0:1t∥φ∥C1 :

Fig. 1 shows the response solution x(t) of the closed-loop system
(2.1) with the initial condition φðtÞ ¼ ½−4 4�T .
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Fig. 1. Response solution of the system (2.1).
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Fig. 2. Response solution of the system (3.15).
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Example 2. Consider the uncertain linear systems with interval
time-varying delay (3.15), where

hðtÞ ¼ 2þ 1:7sin2ðtÞ if t∈H ¼ ∪
k≥0

ð2kπ; ð2kþ 1ÞπÞ;

hðtÞ ¼ 2 if t∉H;

8<
:
A¼ −3 2

−1 0:1

� �
; D¼ −0:1 0:1

0:3 −0:3

� �
;

B¼ 3
5

� �
; C ¼ −0:02 0:01

0:02 −0:03

� �
;

E¼ G¼ 0:06 −0:06
−0:08 0:08

� �
; F ¼ 0:8

0:6

� �
;

K ¼ La ¼ Ld ¼ Lb ¼ Lc ¼
0:1 0
0 0:1

� �
; Le ¼ Lg ¼ Lf ¼

0:03 0
0 0:03

� �

It is worth noting that, the delay function h(t) is non-differentiable
and the results obtained in [30,11,7] are not applicable to this
system. By using LMI Toolbox in Matlab, the LMI (3.17) is feasible
with h1 ¼ 2, h2 ¼ 3:7, β¼ 0:1, γ ¼ 4, and

P ¼ 2:8078 2:7685
2:7685 3:2946

� �
; Q ¼ 0:0276 −0:0622

−0:0622 0:1495

� �
;

R¼ 10−3 0:1641 0:1822
0:1822 0:2033

� �
; U ¼ 0:9909 1:1102

1:1102 1:3080

� �
;

Λ¼ 10−3 0:4483 0:4936
0:4936 0:5465

� �
;

Y ¼ ½−0:3259 −0:2143�; S¼ 0:4263 0:4970
0:4994 0:5174

� �
:

The feedback control is given by

uðtÞ ¼ YP−1xðtÞ ¼ ½−0:3029 0:1895�xðtÞ; t≥0:

Moreover, the solution xðt;φÞ of the system satisfies

∥xðt;φÞ∥≤29943e−0:1t∥φ∥C1 :

Fig. 2 shows the response solution x(t) of the closed-loop system of
system (3.15) with the initial condition φðtÞ ¼ ½5 −5�T .

5. Conclusion

In this paper, the problem of H∞ control for nonlinear systems
with interval time-varying delays has been studied. By introducing
a set of improved Lyapunov–Krasovskii functionals and using new
bounding estimation technique, delay-dependent conditions for
the H∞ control and exponential stability have been established in
terms of LMIs. An application to H∞ control of uncertain linear
systems with interval time-varying delay has been given. Numer-
ical examples are given showing the effectiveness of the obtained
results.
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