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Abstract: The phenomenon of uphill diffusion has been considered because of its frequent appearance in multicomponent

systems. Several studies have been carried out to recommend the treatment for uphill diffusion and it is found that the

diffusion flux of any component coupled with its partner species is the cause of uphill diffusion. In this paper, a new

diffusion equation system based on irreversible thermodynamics theory is presented. With the system, uphill diffusion in

ternary systems in silicon (simultaneous diffusion of boron, Si-interstitial and vacancy in silicon) can be treated.
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1. Introduction

Uphill diffusion, the diffusion of a component up its own

concentration gradient, which can take place in single

component systems [1, 2]. However, Uphill diffusion often

occurs in multicomponent systems [3–18]. A number of

different approaches have been proposed for the treatment

of uphill diffusion in ternary systemshfrt such as Darken

[3], Oishi [4], Gupta and Cooper [5], Dayananda and Kim

[6], Zhang [8], Trial and Spera [10], Krishna and Wessel-

ingh [11], Nishiyama [12], Bozek and Danielewski [17]. In

1948, the first time, uphill diffusion was discussed and

described by Darken’s phenomenological equations. Dar-

ken [3] presented his phenomenological analysis of diffu-

sion on binary systems. He developed equations that

describes a dynamic phenomenon in terms of a thermo-

dynamic state function and describes the interactions

between the elements influences diffusion, and how it

could lead to uphill diffusion. Recently, in 2015, Bo _zek

et al. [17] showed that Darken method is consistent with

Onsager phenomenology for the treatment of uphill diffu-

sion. In the following, the author presented an equation

system that can describe the simultaneous diffusion for

ternary systems, which is determined by Onsager’s equa-

tions. This equation system can be developed to treat uphill

diffusion of Si-interstitial in simultaneous diffusion of

boron, Si-interstitial and vacancy in silicon.

2. Simultaneous diffusion equation of ternary

component systems

Many diffusion processes are simultaneous diffusions of

multi-component. Based on irreversible thermodynamics,

simultaneous diffusion of ternary components can be

described by Onsager’s equation system [17, 19, 20].

J1 ¼ L11X1 þ L12X2 þ L13X3 ð1Þ
J2 ¼ L21X1 þ L22X2 þ L23X3 ð2Þ
J3 ¼ L31X1 þ L32X2 þ L33X3 ð3Þ

where J1, J2, J3 are diffusion fluxes of component 1, 2, 3;

L11, L22, L33 parameters are related to diffusivities. The

coefficients L12, L21, L13, L31, L23, L32 measure the extent

of the coupling between J1, J2, J3; X1, X2, X3 are driving

forces on component 1, 2, 3. The fluxes J1, J2, J3 are

relative to each other by formula [19–21]

J1 þ J2 þ J3 ¼ 0 ð4Þ

As the temperature is uniform, the driving forces are

related via the Gibbs–Duhem equation [20]

C1X1 þ C2X2 þ C3X3 ¼ 0 ð5Þ

C1, C2 and C3 are the concentration of component 1, 2, 3.

Based on Eqs. (1, 2, 3), (4) and (5) J1, J2 and J3 are

determined*Corresponding author, E-mail: zung305@gmail.com
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J1 ¼ L11 � L13
C1

C3

� �
X1 þ L12 � L13

C2

C3

� �
X2 ð6Þ

J2 ¼ L21 � L23
C1

C3

� �
X1 þ L22 � L23

C2

C3

� �
X2 ð7Þ

J1 ¼ � J2 þ J3ð Þ ð8Þ

in which X1, X2 and X3 are determined [21]

X1 ¼ � ol1
ox

¼ � kT

C1

oC1

ox
ð9Þ

X2 ¼ � ol2
ox

¼ � kT

C2

oC2

ox
ð10Þ

k is Boltzmann constant, T is temperature. Combining

Eq. (4) with Eqs. (1, 2, 3), we have

L11 þ L12 þ L13 ¼ 0; L21 þ L22 þ L23
¼ 0; L31 þ L32 þ L33 ¼ 0 ð11Þ

According to Ongager’s theory, we have [19–21]

L12 ¼ L21; L13 ¼ L31; L32 ¼ L23 ð12Þ

based on Eqs. (11) and (12), we have

L12 ¼
L33 � L11 � L22

2
; L13 ¼

L22 � L33 � L11

2
;

L23 ¼
L11 � L22 � L33

2
; L23 ¼

L11 þ L33 � L22

2

ð13Þ

where

L11 ¼
C1D1

kT
; L22 ¼

C2D2

kT
; L33 ¼

C3D3

kT
ð14Þ

in which D1, D2, D3 are diffusivities of component 1, 2, 3.

Substituting Eqs. (14) into (13), L12, L13, L23 become

L12 ¼
1

2kT
C3D3 � C1D1 � C2D2ð Þ ð15Þ

L13 ¼
1

2kT
C2D2 � C1D1 � C3D3ð Þ ð16Þ

L23 ¼
1

2kT
C1D1 � C2D2 � C3D3ð Þ ð17Þ

substituting Eqs. (9, 10), (13), (14) and (15, 16, 17) into

(6), (7), (8) we have

J1 ¼ �D11

oC1

ox
� D12

oC2

ox
ð18Þ

J2 ¼ �D21

oC1

ox
� D22

oC2

ox
ð19Þ

J3 ¼ � J1 þ J2ð Þ ð20Þ

in which

D11 ¼
1

2
2D1 þ D3 þ

D1C1 � D2C2

C3

� �
ð21Þ

D12 ¼
1

2
D3 � D2 þ

D3C3 � D1C1

C2

þ D1C1 � D2C2

C3

� �

ð22Þ

and

D21 ¼
1

2
D3 � D1 þ

D3C3 � D2C2

C1

þ D2C2 � D1C1

C3

� �

ð23Þ

D22 ¼
1

2
2D2 þ D3 þ

D2C2 � D1C1

C3

� �
ð24Þ

D11, D22 are called intrinsic diffusivities, and D12, D21 are

called mutual diffusivities. Equations (18, 19, 20) describe

the diffusion of ternary systems.

In summary: Based on irreversible thermodynamics, the

simultaneous diffusion of ternary components could be

found out, which can be applied to the simultaneous dif-

fusion of boron and point defect in silicon.

3. Uphill diffusion of Si-interstitial during boron

diffusion in silicon

Boron impurity diffusion in silicon from a high surface

concentration is accompanied by generation of point

defects [22] that diffuse simultaneously with boron. So

boron diffusion in silicon is simultaneous diffusion of

boron (B), Si-interstitial (I) and vacancy (V).

Based on Eqs. (18, 19, 20), current fluxes of boron (JB),

Si-interstitial (JI) and vacancy (JV) can be written as

JB ¼ JBB þ JBI ð25Þ
JI ¼ JIB þ JII ð26Þ
JV ¼ � JB þ JIð Þ ð27Þ

in which

JBB ¼ �DBB

oCB

ox
ð28Þ

JBI ¼ �DBI

oCI

ox
ð29Þ

JII ¼ �DII

oCI

ox
ð30Þ

JIB ¼ �DIB

oCB

ox
ð31Þ

where

DBB ¼ 1

2
2DB þ DV þ DBCB � DICI

CV

� �
ð32Þ

DBI ¼
1

2
DV � DI þ

DVCV � DBCB

CI

þ DBCB � DICI

CV

� �

ð33Þ

1234 V B Dung

Author's personal copy



DII ¼
1

2
2DI þ DV þ DICI � DBCB

CV

� �
ð34Þ

DIB ¼ 1

2
DV � DB þ

DVCV � DICI

CB

þ DICI � DBCB

CV

� �

ð35Þ

Equations (25), (26) show that: the diffusion flux of any

component (B or I) depends on concentration gradient of

its partner (I or B), which is called coupled effect. Diffu-

sivities DBB, DBI of boron depend on BI, DV, CI, CV and

DII, DIB of Si-interstitial depend on BB, DV, CB, CV. This

shows that there is interaction between B, I and V.

Diffusion flux Eqs. (25, 26, 27) give the following

nonlinear diffusion equations:

oCB

ot
¼ o

ox
DBB

oCB

ox

� �
þ o

ox
DBI

oCI

ox

� �
ð36Þ

oCI

ot
¼ o

ox
DIB

oCB

ox

� �
þ o

ox
DII

oCI

ox

� �
ð37Þ

oCV

ot
¼ � oCB

ot
þ oCI

ot

� �
ð38Þ

The numerical solution of equation system (36, 37, 38) can

be solved in one direction (0 B x B L) with boundary and

initial conditions

CB 0; tð Þ ¼ CB0;CB x; 0ð Þ ¼ 0;CB L; tð Þ ¼ 0 ð39Þ
CI 0; tð Þ ¼ CI L; tð Þ ¼ CI x; 0ð Þ ¼ CI0 ð40Þ
CV 0; tð Þ ¼ CV L; tð Þ ¼ CV x; 0ð Þ ¼ CV0 ð41Þ

When boundary, initial conditions are chosen [23–25]:

CB0 = 1019 cm-3; DB = 1.28 9 10-14 cm2 s-1;

CI0 = 1.1 9 1012 cm-3; DI = 2.57 9 10-11 cm2 s-1;

CV0 = 1.0 9 1015 cm-3; DV = 3.21 9 10-10 cm2 s-1;

T = 1273 K; L = 1 lm, we have the result of numerical

solution of equation system (36, 37, 38) with boundary and

initial conditions (39, 40, 41) as presented in Table 1.

Figure 1 shows concentration profiles of boron (curve 1)

and Si-interstitial (curve 2). Values and signs of DII and

DIB- at the distances from surface about (0 7 1 lm) are

calculated and presented in Table 2 and Fig. 2.

Results show that:

1. Initially, although concentration is uniform (CI = CI0),

the diffusion process of Si-interstitial still takes place.

This is an osmotic diffusion. In this case, the diffusion

equation of Si-interstitial (26) becomes

JI ¼ JIB ¼ �DIB

oCB

ox
ð42Þ

2. After the initial period, concentration gradient of Si-

interstitial does not vanish, but concentration gradient

values of Si-interstitial are very small and almost

negligible. Thus, diffusion of Si-interstitial is also

described by Eq. (19). This shows that diffusion flux of

Si-interstitial depends on concentration gradient of

Table 1 Numerical result of the simultaneous diffusion equation of

B, I and V in Si for 10 diffusion minutes at 1000 �C

x (cm) CB CI CV

x0 = 0.00 1.0 9 1019 1.1 9 1012 1.0 9 1015

x1 = 5.3 9 10-6 6.5 9 1018 2.0 9 1013 5.8 9 1013

x2 = 1.1 9 10-5 4.4 9 1018 2.6 9 1013 4.5 9 1013

x3 = 2.1 9 10-5 1.6 9 1018 2.4 9 1013 4.8 9 1013

x4 = 3.2 9 10-5 4.0 9 1017 1.7 9 1013 6.9 9 1013

x5 = 4.2 9 10-5 7.2 9 1016 1.0 9 1013 1.1 9 1014

x6 = 5.3 9 10-5 9.6 9 1015 5.6 9 1012 2.0 9 1014

x7 = 6.4 9 10-5 9.8 9 1014 2.9 9 1012 4.0 9 1014

x8 = 7.4 9 10-5 7.8 9 1013 1.4 9 1012 8.2 9 1014

x9 = 1.0 9 10-4 5.5 9 1010 4.5 9 1011 2.5 9 1015

Fig. 1 Concentration profiles of boron (curve 1) and Si-interstitial

(curve 2) in Si for 10 diffusion minutes at 1000 �C

Table 2 Dependent of DII and DIB on diffusion depth

x (cm) DIB (cm2s-1) DII (cm
2s-1)

x1 = 5.3 9 10-6 -6.5 9 10-10 -3.3 9 10-10

x2 = 1.1 9 10-5 -5.2 9 10-10 -2.0 9 10-10

x3 = 2.1 9 10-5 -1.2 9 10-10 2.0 9 10-10

x4 = 3.2 9 10-5 1.5 9 10-11 3.4 9 10-10

x5 = 4.2 9 10-5 2.3 9 10-11 3.4 9 10-10

x6 = 5.3 9 10-5 1.7 9 10-11 3.4 9 10-10

x7 = 6.4 9 10-5 1.9 9 10-11 3.4 9 10-10

x8 = 7.4 9 10-5 1.5 9 10-10 3.4 9 10-10

x9 = 1.0 9 10-4 5.8 9 10-10 3.4 9 10-10
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boron impurity. It means the cause of Si-interstitial

diffusion is coupled effect.

Values and signs of diffusion flux of Si-interstitial cal-

culated and presented in Table 3 shows that:

1. In the near surface area (x = 0.0 7 0.5 lm), DIB is

negative and diffusion flux JI goes to the area of higher

boron concentration. It means Si-interstitial diffuses

uphill;

2. In the far surface area (x = 0.5 7 1.0 lm), DIB is

positive and diffusion flux JI goes to the area of lower

boron concentration. It means Si-interstitial diffuses

downhill (normal diffusion). According to A. Wil-

loughby and S. Hu, in simultaneous diffusion of multi-

components in silicon, any component can interact

(electric interaction [22, 26]) with its partners. In the

near surface area, boron concentration is very high, so

the interaction is very strong. Strong interaction makes

DIB become negative and Si-interstitial diffuses uphill.

In the far surface area, the concentration of boron is

low, the interaction is weak and almost negligible.

Thus, Si-interstitial diffuses normally.

4. Conclusions

Based on the Onsager’s classic equations of thermody-

namics, the equation system of simultaneous diffusion in

the ternary system has been found out.

The diffusion of boron impurity in silicon is the diffu-

sion in the ternary system (boron, Si-interstitial and

vacancy), which can be described by simultaneous diffu-

sion equation system.

During the diffusion of boron impurity in silicon,

intrinsic and mutual diffusivities of Si-interstitial can be

negative and Si-interstitial can diffuse uphill.

The coupled effect and the interaction between boron

and vacancy with Si-interstitial are the causes of the uphill

diffusion of Si-interstitial in silicon.
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x1–0 -6.6 9 1023 -6.5 9 10-10 -4.3 9 1014 Uphill

x2–x1 -3.7 9 1023 -5.2 9 10-10 -1.9 9 1014 Uphill

x3–x2 -2.8 9 1023 -3.0 9 10-10 -8.4 9 1013 Uphill

x4–x3 -1.1 9 1023 -1.2 9 10-10 -1.3 9 1013 Uphill

x5–x4 -3.3 9 1022 1.5 9 10-11 5.0 9 1011 Downhill

x6–x5 -5.6 9 1021 2.3 9 10-11 1.3 9 1011 Downhill

x7–x6 -7.8 9 1020 1.7 9 10-11 1.3 9 1010 Downhill

x8–x7 -9.0 9 1019 1.9 9 10-11 1.7 9 109 Downhill

x9–x8 -3.0 9 1018 1.5 9 10-10 4.5 9 108 Downhill
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