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LOT NOI PAU

Hién nay d6 hoa may tinh (Computer Graphics) 1a mot trong nhitng chuong
trinh théng dung nhat, né da gop phan quan trong 1am cho giao tiép giira con
ngudi va may tinh tré nén than thién hon. That vay, giao dién kiéu vin ban (text)
da duoc thay thé hoan toan bang giao dién d6 hoa, ciing véi cong nghé da phuong
tién (multimedia) da dua nganh Cong Nghé Thong Tin sang mot phién ban maéi.

Trong béo céo tac gia tim hiéu co so ly thuyét vé duong cong va mit cong
3D trong tong thé ly thuyét. Cu thé, dé cap dén thuat toan xay dung dudng cong
Bezier, dudng cong Spline, md hinh céc bé mat,... Tur c4c thuat toan nay, ching
ta dan lam quen voi cac Ky thuat phuc tap hon trong k¥ thuat d6 hoa.

Véi su can thiét cua ki thuat 6 hoa nhu trén, nghién ciu duong cong, mat
cong trong 3D sé lam sang to ¥ nghia cua viéc tng dung k¥ thuat nay trong tuwong
lai.

1. PUONG CONG

1.1. Pwong cong CURVE

Trong c4c tng dung caa dd hoa may tinh, hau nhu cac thuc thé 1a dudng cong
mém va mat cong, chung dung dé md ta thé gioi thuc: nha cta, xe ¢d, ndi non. ...
hay xay dung nén céc thuc thé dang duoc thiét ké. Nhung ta thay st dung céc
phuong trinh duong cong khéng thé hién duoc hinh anh thyc hay y twéng cua
ngudi thiét ké, con néu ta dung tap hop cac diém thi thuong can nhiéu dung luong
nhé dé luu trit ciing nhu tée d6 tinh toan. Ta ¢ quy dao chuyén dong caa mot
diém trong khong gian thi tao thanh duong cong. Trong chuong nay sé& dua ra
phuong phap tong thé vé nhitng mé hinh toan hoc dé biéu dién va xay dung cac
loai duong va mat cong trong khong gian 3D trén may tinh.

Ta c6 qui dao chuyén dong caa mot diém trong khdng gian thi tao thanh duong
cong. Trong chuong nay sé& dua ra phuong phap tong thé vé nhitng md hinh toan
hoc dé biéu dién va xay dung céc loai duong va mat cong trong khdng gian 3D
trén may tinh.


mailto:vuhuutuyen@humg.edu.vn

Piém biéu dién dwong cong (curve presents points)

Ta thay qua hai diém vé& dugc mot duong thang. Qua ba diém vé dugc mot
duong cong trong mit phang. Qua bén diém vé duoc mot dudng cong trong khdng
gian. Dung cac phuong trinh duong cong nhu Hypebol, parabol... thi tinh toan
phirc tap va khdng thé hién duoc hinh anh thyc hay ¥ tuéng cia ngudi thiét ké.

Chon dudng cong nhu thé nao dé phd hop véi may tinh? Biéu dién diém va
kiém soat duong cong -Points represent-and control-the curve. Puong cong la cac
dbi tuong co ban thuong 1a két qua cua tién trinh thiét ké va cac diém dong vai
tro 1a cong cu dé kiém soat va mo hinh hoa dudng cong. Céch tiép can nay 1a co
s& cua linh vyuc thiét ké md hinh hinh hoc nhd may tinh (Computer Aided
Geometric Design - CAGD)

Céc cach dé biéu dién duong cong:

Tuong minh (Explicit functions):

y =1(x), z=9(x)

Khong tuong minh (Implicit equations):

f(x,y,2) =0

Biéu dién cac duong cong tham bién (Parametric representation):
X =Xx(t), y =y(t), z=z(t) trongdo t €[0 1]

Han ché:

Hé dd hoa tng dung chi m6 ta bd hep trong doan nao day.

DPuong cong bac cao véi mdi gia tri cua x ta ludn c6 2 tap gia tri cua y (thuc té
chi can 1).

Chuing ta can biéu dién duong cong mém (chi biéu dién dudng “cong giy”)
Puong cong da thirc bac ba tham bién

Phai dam bao 1a duong cong khong gian vaéi 3 truc toa do x, y, z. Tranh duogc
nhitng tinh toan phuc tap va nhitng phan nhap nhd ngoai y mudn xuat hién &
nhitng duong da thirc bac cao.

Cong thac mo ta:
Tuong minh : y = £3(x),z = g3(x)
Khong tuong minh: £3(x,y,z) =0
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Hinh 1.1. Duong cong da thuc bdc ba
Biéu dién cac duong cong tham bién (Parametric representation):
x = f3(u), y = ¥(u), z = f¥(u) trong d6 u €[0 1]
Theo Lagrange:
X = a1 + biU + CiUp + diUs
y =ay + bou + coup + dous
Z = az + bsu + C3up + dsus
O day ba phuong trinh véi 12 an s6

Véi 4 diém po, p1, P2, P3 phuong trinh x4c dinh (vi 4 diém thi x4c dinh 1 duong
cong trong khong gian).

MJi 1 diém cho ta cap 3 gia tri: Ca thay c6 12 phuong trinh, thay vao 3 phuong
trinh trén ta tinh dugc 12 an

Ghi chu: r6 rang co sy thay doi mot chit vé duong cong thi ta lai phai giai lai
hé phuong trinh dé tinh cac tham sé cho duong cong, dan dén tinh toan cham.

1.2. Pwong cong Bezier

Viéc str dung diém véi cac vector kiém soat duoc do doc cua dudng cong tai
nhitmg diém ma né di qua. Tuy nhién khong duoc thuan loi cho viéc thiét ké tuong
tac, khong tiép can vai cac do dbc cia duong cong bang cac gia tri so (Hermite).

Paul Bezier, nhan vién haing RENAULT vao nam 1970 di dau trong viéc ung
dung may tinh cho viéc xay dung cac bé mat. Hé thong UNISURF cua ong duoc
ap dung trong thyuc té vao nam 1972 duoc thiét ké va kiém xe Mezesez hay Renaut.

Bezier di st dung da giac kiém soat cho duong cong tai nhitng dinh cua da
giac va tiép tuyén tai dé (po,ps,p2,ps).

Ta co po, P twong duong véi po, p1 trén dudng Hermite, diém trung gian p1, pz
duogc xac dinh bang 1/3 theo do dai cua vector tiép tuyén tai diém po va pa.
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Hinh 1.2. Pa gidc kiém soét Bezier
Po’ = 3(p1— Po)
P2’ =3(ps— P2)
p = p(u) = po(1-3uP+2u%) + p1(3u-2u°) + po’ (u-2u%+U°) + py’(-u? + U°)
p = p(u) = po(1 - 3u + 3u? - U3) + p;(3u-6u-3ud) + po(3u? - 3ud) + psud

1 0 0 07[p,
3 3 0 0fll|p
p=pw=[luw’v’] '
3 -6 3 0/|]|p,
-1 3 =3 1 ]|[ps]
1 1
0 u
0 1

Hinh 1.3. Ham hop cua dwong cong Bezier
Uu diém:

e D@ dang kiém soét hinh dang caa duong cong hon vector tiép tuyén tai
p0’ va p1’ cua Hermite.

e Nim trong da giac kiém soat véi sd diém trung gian tuy y (s6 bac tuy
y), c6 s6 bac =s6 diém kiém soat -1.

e Pi qua diém dau va diém cudi cua da giac kiém soat, tiép xtc véi cap
hai vector cia dau cudi do.



Biéu thirc Bezier-Bernstain

Puong Bezier ciing ¢6 thé dugc biét dén nhu biéu thic Bezier Bernstain boi
ky thuat ma Bezier st dung la 4p dung cong thirc hoa cac vector trong phép tinh
da giac xap xi dugc Bernstain phat trién gan day. Phép toan dai sé duoc xac dinh
nhu sau:

0 <u<l

0'=1,ui=1khii=0

P(u) = XiZo Bin(u)Pi

Bin(u) = C(n,i)ui(1-u)™

Cn,i) = —

i'(n—-i)!

Trong d6 Po.....Ps: vector vi tri cua da giac (n+1) dinh.
1.3.  Pwong cong B-spline

1.3.1. Pwong cong bgc ba Spline
Trong cong thic cua Bezier, ching ta sir dung ham hop lién tuc dé xac dinh
diém kiém soét tuong d6i. Vi cac diém noi suy thi mic d6 twong dbi s& khac
nhau ma trong d6 mot chudi cac phan tir nho sé két hop véi nhau tao ra dudng
cong da hop. Theo tinh toan thi dudng bac ba s& da thirc bac thap nhat c6 thé dé
biéu dién mot duong cong trong khong gian va chudi diém Hermite s& phu hop
nhat déi véi viéc xay dung nén duong cong da hop nay.

Viéc yéu cau ngudi st dung dua vao cac vector tiép tuyén tai mdi diém trong
tap hop céac diém I cuc ky bat tién cho nén thuong trong cac duong bac ba da hop
ta sir dung cac diéu kién bién lién tuc trong phép dao ham bac mot va hai tai diém
ndi gitra. va duong cong duge xac dinh nhu trén goi 1a dudng spline bac ba véi
phép dao ham lién tuc bac hai. Gia tri dao ham caa duong cong sé xac dinh do
cong tai mdi diém nat va no cling dua ra diéu kién bién cho mdi doan trén duong
cong.

Viy duong béc ba spline ¢6 wu diém 1a khong phai xac dinh do dc cua duong
tai cac nut nhung nhuoc diém caa nd 1a chi tao ra sy thay doi toan cuc khi ta thay
ddi vi tri cta diém.

Puong cong — Spline di qua n diém cho truéc ma mdi doan 1a cac duong cong
bac ba doc lap co do dc va do cong lién tuc tai mdi diém kiém soat hay diém nut.
Véi n diém ta c¢d (n-1) doan véi mdi doan gbm bdn vector hé sé hay 4(n-1) cho
n-1 doan, va 2(n-1) diéu kién bién va (n2) diéu kién vé d6 dbc cung (n-2) vé do
cong.



Pé xay dung nén duong spline c6 tham sé véi n diém ndt ta c6 mot ddy céc
gia tri tham s6 ma ta goi la vector nt.

Ug......Up1 trong do uis1 >U;

Can luya chon tai mdi ndt, cach lya chon don gian nhat 1a theo cach don diéu
c6 nghia 1a v6i gia tri 0 tai diém dau va tang 1én 1 tai nhitng diém ké tiép. tuy vay
phuong phap nay dan dén do cong khdng mong mudn tai cac diém vi vay viéc
tham sb hoa s& dua vao chiéu dai, nhung phuong phap nay ciing khong duoc chinh
xéac khi ma dudng cong chua xac dinh chiéu dai. Tuy nhién théng thudng nguoi
ta sir dung viéc tich luy cua cac day cung vai:

Uo=0VA Ujs1 = Ui + disx trong do di: 1a khoang céch gitta 2 diém pi.1 va pi

Trong cac trudng hop dudng cong c6 bac 16n hon ba cé thé dung cho dudng
spline. Thong thuong duong spline bac n s& dugc xay dung trén cac phan nho lién
tuc cua céc bién doc lap.

y(1)
Py

» x(1)

Hinh 1.4. Két néi hai dwong cong

Hinh trén cho thay hai doan cong c6 chung diém ndi ma duong cong lién tuc
tai diém d6, viéc biéu dién tinh lién tuc cua dudng cong théng qua chit cai C-
Cuntinue. Co dé dam bao khdng c6 su gian doan gitta hai doan cong. C; tinh lién
tuc bac nhat hay dao ham bac nhat tai diém néi. C, dao ham bac hai lién tyc cua
duong cong tai diém néi.

Gia s khi biéu dién duong cong mém thong qua cac doan cong gz, gz, gz (MO
doan c6 4 vector hé sb) can thoa man: Lién tuc tai diém ndi hay C3 = CZ.

Do dbc (hay vector tiép tuyén) tai diém ndi (diém cudi cua g; va dau o) 1a nhu
nhau: C{ = C? (dao ham bac nhat)



Thoa man lién tyc trén tai diém ndi (dao ham bac 2 lién tuc tai diém ndi) €2 =
C3

Viéc két hop cac doan cong Hermite bac ba dé mé ta mot duong cong mém
theo kiéu phan doan spline 12 phuwong phap don gian nhat hay con goi 1a phuong
phap Hermite noi suy. V&i phuong phap nay thi tham bién ui cho mdi doan cong
i cua tap cac doan cong Hermite s& bién doi trong khoang tir 0 ¢én 1 va luén ton
tai dao ham bac nhat cua cac doan cong tai cac diém ndi. Phuong trinh cho moi
doan cong duoc st dung lic nay la phuong trinh duong cong bac ba Hermite:

1 0 0 07][p,
0 0 1 O
p=pw=[1uu s
-3 3 -2 -1{]p,
2 2 1 1]]p,
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Hinh 1.5. Phdn doan cia dwong cong Spline — Hermite

Theo Hermite cac doan la cac duong cong, tinh lién tuc cua dao ham bac hai
tai cac diém ndi co6 thé dé dang dat duoc bang cach dit P”’iy(uis=1) 1a dao ham
bac hai tai diém cudi cua doan (i-1) bang véi P*’i(u=0) dao ham bac hai tai diém
dau cua doan thi i.

P”i1(1)=P**(0)

Co phuong trinh:

Pi(u) = koi + kit + kau? + kaiu®

Pao ham bac hai sé la:

P**i(u) = 2k + BkgiU

P”’i.1(1)=P”’i(0) nén 2Ky.1) + 6Ksgi-1u= 2Ko;

Vi diém cubi caa doan i-1 tring véi diém dau cua doan thtr i(Pi(0)=Pi.1(1))

Theo Hermite:



ka2 =3(P1—Po) - 2P0’ — P2’ va ks = 2(po-p1) + po’ + pr’

2(3(Pi — Pi-l) -2P%1 — P’i)+6(2(Pi-1-Pi) + P’ + P’i)=2(2(Pi_1 - Pi) +P’ig+ P’i)

Hay: Py +4P’i+ P’js1 = 3(Pi+1 —Pi) (*)

Véi phuong trinh (*) nay thi phuong trinh dang tong quat cta dudong cong
Spline 14 tap cua cac doan cong Hermite s& xac dinh véi diéu kién ban dau cho Ia
tap cac diém kiém soat cua duong cong va hai vector tiép tuyén tai hai diém dau
cudi ciia dudng cong do. Str dung (*) ta c6 thé tinh duoc c4c gia tri cua cac vector
tiép tuyén tai timg diém kiém soét cua duong cong.

10 . . p, F,
1 410 . P, 3P, 1)
01 410 .
0 1 4 1||P, 3(P,-P.)
| 1_ _Rf;—l i L Rﬁ"*] .
Tuong duong voi:
P ] [1 o0 IR
0 1 4 0
Pn'_2 0 1 4 1 3P —F.)
_Pn;fl N L 0 1— - P};’l =

1.3.2. Pwong Spline

Véi Bezier hay spline déu khong cho ta thay d6i dudng cong mét cach cuc bo,
viéc thay doi vi tri cac diém kiém soat hay cac vector tiép tuyén khong chi anh
huong tryc tiép dén d6 doc cua duong cong 1an can quanh diém kiém soat ma con
kéo theo anh huéng dén céc phan con lai cia dudng cong. Puong Bezier thém
vao d6 1a khi tinh x4p Xi & bac cao s& rat phuc tap con khi lién két nhiéu doan
Bazier hay Hermite bac thap (bac ba) c6 thé dem lai ich loi khi tinh toan nhung
yéu t6 rang buoc vé tinh lién tuc caa dao ham bac cao tai cac diém ndi khdng cho
diéu khién cyc bo nhu mong mudn.

Viéc két hop ludn phién cac doan cong tong hop, théng qua cac da thirc tham
s6 xac dinh riéng ré trén mot s6 diém kiém soat 1an can vai s6 bac tuy y khong
phu thudc vao sb luong cac diém kiém soat, cho phép tao nén dudng cong tron



mém B-spline. Pudng cong nay da khic phuc dugc cac nhuoc diém ma céc dang
duong cong trude chua dat duge. C6 nghia 1a khi dich chuyén diém kiém soat cua
duong cong thi chi mot vai phan doan 1an can caa diém kiém soat d6 bi anh huong
chir khdng phai toan b duong cong.

Vi n+1 s diém kiém soat P; ta co:
PU) =X Nik(u).Pi

Trong d6 Nix(u) 1a ham hop B-Spline bac k-1 va su khac biét gitra B-spline va

Bezier s& dugc thé hién trén d6. Trong dudng Bezier bac cua da thirc dugc xéac
dinh boi s6 doan cong trén dudng cong do, con voi B-spline bac dugc thoa man
doc 1ap véi sb diém kiém soat cua duong.
Hon nita ham hop cua Bezier khac 0 trén toan b khoang cua tham sb u con B-
spline chi khac 0 trén doan ngan cua cac tham s6. Mdi doan trén ham hop chi
twong ung voi mot diém thi chi din téi sy thay doi cuc bo trong khoang ma trén
d6 tham sb ciia ham hop khéc 0. Biéu dién toan hoc cua B-spline, véi ham B-
spline co6 bac k-1 xac dinh thi:

-U. U. B —
(H xflfk) N;—] - (Zl) + ( i+l Z{)
U,-U,.,) " ., -U

1

N, (u)= N, (u)

i+1 i+2—k)
L ueluu,]

Ni,l(u) = {O

Trong d6 ui 1a gia tri tai n(t pi véi bién sb 1a u duoc goi 1a cac vector nit.

Tat ca cac gia tri nat dong thoi xac dinh trén vector ndt va cac nit nguyén
thuong sir dung dé dang. Trong truong hop nay cac ham hop bac k s& khac 0 trong
khoang k cuia vector nit va toan bo cac gia tri trén vector cho mot tap hop diém
bang n+1+k.

Khong nhu Bezier, duong B-spline khong di qua hai diém dau va cudi trir khi
ham hop dugc dung 1 tuyén tinh.

Puong B-spline co thé duogc tao qua hai diém dau, cudi va tiép xdc vai vector
dau va cudi caa da giac kiém soat. Bing cach thém vao cac ndt tai vi tri cia cac
nGt cudi cua vector tuy nhién céc gia tri gidng nhau khong nhiéu hon bac cua
duong cong.

Gidng nhu dudng cong Bezier, tinh chat bao 16i cua da giac kiém soat va tinh
chat chuan duoc thoa man. Vay co:

Yizo Nik(u) =1



Trong dudng cong B-spline, s lwgng céc nat, bac cua duong cong va sé diém
diéu khién luén c6 céc quan hé rang bugc:

0<u<n-k+2

N7, 4Cu)
L) o, acwd N2, 40w N6, 4Cu)

N4, 4Cw)
NI, 4Cw) N3, 4w NS, 4(w)

Hinh 1.6. Buong cong B-Spline

Vay viéc xac dinh cac vector nut sé phu thugc vao su phan loai cua chinh
ban than chung va diéu do6 s& anh huong dén hinh dang cua dudng cong dugc mo
ta. Phan loai s€ dua trén loai ctia duong cong nhu sau:

Déu tuan hoan (periodic)
Khong tuan hoan (open or unperodic)
Khong déu (non-uniform)

a. B-Spline déu va tuan hoan

Vector nat 13 déu khi gia tri cua chiing cach déu nhau mot khoang V xac dinh. Vi
du:[012345]vdi Vxacdinh=1

[ -2-1/2 1 5/2 4]véi V xéc dinh = 3/2
[ -1-0.6 -0.2 0.2 0.6 1]Véi V xac dinh = 0.4



Trong cac bai toan thuc té, thong thuong thi khoang xac dinh ctua tham bién nam
trong khoang tir 0 dén 1 hay tir 0° dén 360° thi viéc chon gia tri ciia cac vector nit
duoc chuan hoa trong khoang [0 1] hay [0° 360°] do.

[ 00.2 0.4 0.6 0.81] vai V xac dinh=0.2
[ 09120°240°360° ] v&i V xac dinh = 120°

Bac (k-1) | Cap (k) | Vector nit (m=n+k) | Khoang tham sb (k-1)<t<(n+1)
1 2 [01234567] 1<t<6
2 3 [012345678] 2<t<6
3 4 [0123456789] 3<t<6

Cac vector n(t goi 1a déu va tuan hoan khi cac ham B-spline d6i véi mdi phan
doan co thé chuyén doi 13n nhau. Bang trén chi ra sy thay doi cua mién tham sb
va vector nut khac nhau cta cac duong cong B-spline khi bac cta duong cong
thay d6i. S6 lwong cua vector nut dugc qui dinh béi biéu thire m-n+k va sé luong
cac diém kiém soéat tinh qua biéu thuc (n+1) bang 6.

Tinh chat:
Anh huong cia mdi ham co s duoc gidi han trong k doan 1a cap cua duong

cong can thé hién. Vay ching ta sir dung duong cong bac ba thi anh huong cua
ham co so trai dai trén bon doan caa duong cong.

Puong B-spline tuan hoan khong di qua cac diém dau va cudi cia da giac kiém
S04t ngoai trir véi dudng bac 1 (k=2) ma khi d6 dudng cong chuyén dang thanh
duong thang.

Vi du Vé cac dudng B-spline tuan hoan c6 cac bac khac nhau c6 cung cac diém
va da giac kiém soét.

Khi k=2 duong cong bac mét triing véi cac canh cua da giac kiém soat.

Khi k=3, dudng cong B-spline bac 2, bat dau tai trung diém cta canh thi nhat
va két thic tai trung diém cta canh cudi cing cua da giac kiém soét.

b. B-Spline khdng tuan hoan (Open — Non Uniform)

Mt vector khéng tuan hoan hodc mé 1 vector nat c6 gié tri nat tai cac diém
dau cudi lap lai véi sé luong cac gia tri 1ap lai nay bang chinh cip k cua duong
cong va cac gié tri nGt trong mdi diém 1ap nay 1a bang nhau



Néu mot trong hai diéu kién nay hoic ca hai diéu kién khong duoc thoa man
thi vecto nut 14 khong déu.

Vi dy, xét mot da giac kiém soét voi bon dinh. Cac dudng cong B-spline cap
2,3,4 duoc xay dung dya trén da giac kiém soét c6 sé luong cac nlt m=n+k s& c6
vector nut nhu sau:

Cap (k) S6 lwong nit (m=n+Kk) | Vector nit khdng tuan hoan
2 6 [001233]
3 7 [0001222]
4 8 [00001111]

Cac biéu thuc phai dugc thoa man ddi véi nit u; trén vector nt khdng tuan
hoan bat dau tai uo.

Danh sach cac vector nit khdng tuan hoan da dwa ra & muc nay déu thoa man
cac biéu thic sau:

ui=0 1=<i<=k
ui =i-k k+1<i<=n+1
Ui = n-k+2 n+1<i<=n+k+1

Céc vector ndt khong tuan hoan cung cap cac ham co sé dugc dinh nghia trong
maot mién tham s phuc tap va khdng cé sy mat mat nhu voi loai vector tuan hoan
va Vi vay duong cong Bspline loai nay luon di qua cac diém dau va cudi cua da
giac kiém soat.

Vi du: Ham hop bac ba tinh xap xi cho 8 khoang s& xac dinh trén vector nit
14 00001234555. O ddy chiing ta con thay sy thay ddi cuc bo trén duong cong khi
ta thay doi vi tri mdi diém.

Puong cong Bezier 1a truong hop dac biét caa B-spline khdng tuan hoan, trong
d6 s6 luong cac dinh st dung bang véi cap caa duong cong. Vector nit trong
treong hop nay la:

kk

Puong cong B-spline bac ba véi bén diém kiém soat va vector khong tuan
hoan [0 000 1 11 1] cling chinh la duong cong Bezier.



c. B-Spline khéng déu

Trong vector n(t khdng tuan hoan, gié tri cc ndt xuat hién tai cac bién duoc
lap lai va cac nit bén trong cac budc ndt bang nhau. Néu mot trong hai diéu kién
nay hoic ca hai diéu kién nay khong dugc thoa man thi vector ndt 1a khong déu.

Vi du cac nit khong déu c6 thé tao ra bang cach dit cac gia tri lap lai d6i voi
cac nut ¢ khoang gitra[0 1 2 3 3 4 5]

Hay tao ra budc nhay khdng bing nhau giira cac nit [0.0 0.2 0.5 0.75 1.0]

Cac vector nit loai déu cho phép ngudi st dung dé hinh dung va xu Iy trong
cac phép toan nhung trong mot s cac trudong hop budce nit khong déu lai ¢6 nhiing
ru diém dic biét. Vi du nhu trong viéc diéu khién hinh dang caia dudng cong trong
tién trinh thiét ké khi céc sai 1éch khéng mong mudn c6 thé xuat hién ma viéc st
dung duong cong B-spline déu véi cac dir liéu diém co cac khoang cach tuong
d6i 16n ma khong déu nhau.

Két luan
e B-spline la mét dong cua Bezier

e Thuc té khi ta chon bac k cho tap hop k diém thi thi B-spline chuyén thanh
Bezier

e Khi bac cua da thuc giam sy anh huéng cuc bo caa mdi diém nit cang rd
rang hon.

e Khi ton tai anh huéng cuc bo cang 16n va duong cong phai di qua diém do.
e Chung ta c6 thé thay d6i hinh dang duong cong B-spline bang cach:

o Thay d6i kiéu vector nat: déu tuan hoan, mo, khong déu

o Thay d6i cap k caa duong cong

o Thay ddi s6 dinh va vi tri cac dinh da giac kiém soat

o Str dung cac diém kiém soat tring nhau



2. MO HINH BE MAT VA CAC PHUONG PHAP XAY DUNG

2.1. Cac khai niém co ban

Mt cong (surface): La quy dao chuyén dong cua mot dudng cong tao nén.
Biéu dién tham bién cho mit cong:
Dua vao viéc xay dung va tao bé mat toan hoc trén nhitng diém dit liéu. Dya trén
viéc xay dung nén bé mit phu thudc vao bién sé ¢ kha ning thay d6i mot cach
truc dién thdng qua cac tuong tac d6 hoa.

Ta co:
x=X(u,v,w) u,v,w € [0, 1]
y=y(u,v,w) u+tv+w=1
z=z(u,v,w)

Q(u,v,w) = Q[ x=x(u,v,w) y=y(u,v,w) z=z(u,v,w) ]
Biéu dién theo manh:
Biéu dién miéng tu gi4c - quadrilatera Patches
Biéu dién miéng tam giac - Triangular Patches
2.2. Biéu dién manh ti giac
Phuong trinh:
xX=x(u,v)
y=y(uyv) uVve([o,1]
z=z(u,v)
Q(u,v) = Q[ x=x(u,v) y=y(u,v) z=z(u,v) ]
Thanh phan u,v 1a cac tham bién

Cac diém Q(0,0) Q(0,1), Q(1,0), Q(1,1) la can ciia manh, cac dudng cong Q(1,v),
Q(0,v), Q(u,0), Q(u,1) la cac bién ciia manh. Pao ham riéng tai diém Q(u,v) xac
dinh vector tiép tuyén theo huéng u, v.
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Hinh 2.1. Biéu dién mdnh ti gidc
00(u,v)/ou = Q[0ox(u,v)/0u,0y(u,v)/0u,0z(u,v)/0ul
00(u,v)/0v = Q[0x(u,v)/0v,0y(u,v)/0v,0z(u,v)/0v]

2.2.1. Két néi manh ti giac

Hinh 2.2. Két néi manh ti giac
Thuc thé hinh hoc biéu dién théng qua cac manh cuing dang, cac manh c6
thé néi voi nhau theo cac huéng u,v khi hai manh cung huéng d6. Néu moi diém
trén bién cua hai manh bang nhau, hay hai bién bing nhau. Hai manh lién tuc bac
Co. Néu hai bién bang nhau va dao ham bang nhau trén cting mot huéng thi hai
manh goi 1a két ndi bac Cy.

2.2.2. Hé toa d¢ Barycentric Coordinates
Tap cé4c diém Py,P, ... Py, tap cac td hop cua cac diém do
kiP1 + koP5 + k3Ps3 ... + kyPy,
Voi ki +ky+ks+ ... +k,=1



Cac diém tao thanh khong gian affine vai c4c gid tri toa do nates

K1,Ko,Ks,.. knduoc goi la hé toa do barycentric.
2.2.3. Tam giac — Triangula

P2

P3

Hinh 2.3. Manh tam giac

Trong tam giac cac diém c6 dang Py, P, P3
Hé sb: ki, ko, ks € [0, 1]

ki+ky+ks=1

P =kiP1 + koP2+ k3Ps
Néu Hé s6 ki > 1 hodc <0 diém P s& nim ngoai tam gi4c (Q)
Néu Hé s6 ki = 1 hodc =0 diém P s& nam trén canh tam giéac (R)
2.3. MO0 hinh héa cac mat cong (Surface Patches)

2.3.1. Mat ké (Ruled Surface)

Bé mit duoc xay dung bang cach cho truot mot doan thang trén hai dudng
cong. Cac mat ké nhan duoc bang phép ni suy tuyén tinh tir hai duong cong bién
cho trudc twong tng véi hai bién déi dién caa mit ké Py(u) va Pa(u).

Hinh 2.4. M6 hinh bé mat ké



Phuong trinh mat ké:

Q(u,v) = Pa(u)v + P1(u)(1-v)

Néu hai duong cong cho trudc tuong tng 1a P1(v) va Py(V)
Thi mat ké c6 phuong trinh:

Q) = P (1-t) + Paf)u = -]+

2.3.2. Mgt tron xoay (Revolution surface)

|

—T
r—;J
Hinh 2.5. M6 hinh mat tron xoay

Mit dugc xay dung boi duong thang hay mot duong cong phang, quanh
mot truc trong khong gian.

Gia st dudng cong phang c6 dang: P(tH)=[x(t) y(t) z(t)] 0<t<tmax

Vi du: quay quanh truc x mét thuc thé nam trén mat phang xoy, phuong trinh bé
mat 1a Q(t, f) = [ x(t) y(t) cosfz(t) sinf ]

0<¢<2m
Vi du: Mat tron xoay

P:[1 1 0] vaP.[6 2 0] nam trong mit phing xoy. Quay dudng thang quanh
truc ox s& dugc mot mat non. Xac dinh diém cua mat tai t=0.5, f =p/3.

Phuong trinh tham s6 cho doan thang tir P; tGi P 1a:
P@t) =[x(t) y@) z(t)]=P1+((P1-P2)t 0<t<l1
Véi céc thanh phan Dé-céc:

X(t) = x1 + (x2- x1)t = 1+5t

y(t) =yl + (y2- yDt = 1+t

z(t)=z1+ (z2-z1)t=0



Dung phuong trinh:
Q(1/2, p/3) = | 1+5t(1+t)cosf (1+t)sinf ]

7 3 T 3. 7
=|— —CcOoS— —sIn—
12 2 3 2 3
|73 33
_2 4 4

2.3.3. Mat trwot (Sweep Surface)

a2 L S O = o ow
) & 7 I i E . J

Hinh 2.6. M6 hinh mat truot

Sweep surface 13 mit dugc tao bai bang cach truot mot thyc thé.

Vi du: mot duong thang, da giac, mot duong cong, mot hinh... doc theo
mot duong trong khong gian.

Q(u,v) =PU)*[T(V) ]
P(u) thuc thé can truot

[ T(v) ] 1a ma tran bién di ([ T(v) ] c6 thé 1a ma tran tinh tién, quay, hay ti
1 ...hodc 1a két hop cua nhiéu phép bién d6i d6).

Vi du:
P1[000], P2[03 0]
P(t) = P1 + (P2 — P1) *u = [0 3u01]

0<u,v<1



1 0 0 0]

0  cos(2IIv) sm(2IIv) O

0 —sin(2ITv) cos(2IIv) O
10v 0 0 1

o=

Vi du vé mit truot (Sweept Extrusion)

Hinh 2.7. Hinh thanh mat truot
Hinh vudng xac dinh bai 4 dinh:
P[0 -10], P,[0-1-1]
P3[01 -1], P4[01 1]
Duong cong truot:

x=10vy= cos(Pv) — 1

" P1] 0 -1 1 1 - 1 0
P 0 -1 -1 1 0 )
|P(u) =| pa |70 1 -1 T(v)| = . )
0 1 1 1
| P4 0 -1 1 1 10 cos(IIv) -1

Quay 1 goc khi truot:

cos(p)  sin(p)

—sin(p)  cos(p)
0 0

10v cos(Iv)—1

o = O O
o o O

o = O O

- O O




2.3.4. Mgt ngi suy trén bén dwong bién(Boolean sum surface)
Mit duoc xay dung trén 4 diém va cac dudng cong bién, S(u,v) mat ndi suy
trén 4 duong bién,

p Boolean Sum p
11 10

(V)

[T \-&______/T

tolit) (i)

L

Hinh 2.8. M6 hinh mgt cong Boolean Sum
S(u, v) = S1(u, v) + Sy(u, v) - P(u,v)
Voi:
P(u,v) = (1-u)(1-v)Pgo + (1-u)vPo; + u(1-v)P1o + UvPy;
S1(u,v) = vag(u) + (1-v)ax(u)
Sa(u,v) = uag(v) + (1-u)as(v);
P 1a cac dinh ctia manh 4
ai(u) 1a cac phuong trinh duong bién
Vi du vé mat Boolean Sum:
Voiu=0
S(0,v) = S;(0,v) + S»(0,v) - P(0, v)
=V ap(0) + (1 - v)ax(0) + Oas(v)+ 1 az(v) - (1 - v)Poo - vV Pos
=V Pgs + (1 -V)Pgo +a3(v) -(1 - v)Po - vV Po1
= as(V)
2.4. Mat tir cac dwong cong

2.4.1. Mgt cong bdc ba Hermite

Mt cong tham bién duoc tao boi bé mit qua tai 4 diém dit liéu tai 4 goc va
cac dudng cong cd phuong trinh bac ba qua chiing, nhu vay 16 vector diéu kién
hay tuong dwong véi 48 gid tri dai s6 can thiét dé xac dinh cac hé sé phuong trinh.



Khi nhitng hé sb 1a 4 diém dir liéu goc va 8 vector tiép tuyén tai cac diém d6
theo cac hudng u,v trong (tng cling 4 vector xoin thi mat cong tao thanh 1a mat
cong Hermite. Phuong trinh ¢6 dang:

3 3

Q(u,v) = Z ZCyufvj 0<u,v<l1

Q(u,v)=[U][C]IV]" 0<u,v<l
Véiiu=[wvul] v = [v¥ v2 v 1]

Va ma tran hé sé [C] Ia:

COO CO] COZ COS
[C] — CID Cll C12 C'113
C20 C21 C22 C23

L C3 0 C3 1 C3 2 C3 3

Cubi cung ta thu dugc céc hé sb theo phuong trinh méi ¢ dang:
Q(u, v) = [U][My] [B] [Mu]" [V]" u,v € [0,1]

2 -2 1 1
e, ] -3 3 -2 -1
" 0 0 1 0
1 0 0 0]

Va B 1a ma tran diéu kién bién:

POO POI R-'OO }31:0]
[B] _ Pw ‘Pll Ruw Pvu
PuOO PuOl PquO ‘Pqul

_PH,IO Pul] Pule }Dm:]l h

Hay véi dang thirc rt gon caa ma tran [B] theo cac ma tran diéu kién bién twong
ung:

[B] ma tran cac gia tj tham sb

[P.], [Pv] cac vector tiép tuyén theo u,v twong @ng.

[Pu] Ma tran xoan trén u,v



Hinh 2.9. Mdt cong Hermite va cdc diém dir ligu

Cac vector tiép tuyén va vector xoan cua bé mit cong duoc biéu dién qua phuong

trinh sau:
Qu(u,v) = [U] [Mu]" [B] [MH]" [V]
Qu(u,v) = [U] [Mu]" [B] [MH]" [V]
Qui(u,v) = [U] [Mu]* [B] [Mu]" [V]'
Voi:

-6 3
-6 6 -4 -2
0 0 1 0

[MH]U &[MH]V =

2.4.2. Mat cong Bezier
Manh-patch Bézier

Hinh 2.10. Mat cong Bezier



Manh Bezier dugc hinh thanh trén phép truot ctia duong cong Bezier.Viéc xay
dung nén manh Bezier dudi cac diém kiém soat, tao nén da dién kiém soét.

{Pij; 0<i<n0<j<m}
Phuong trinh tong quét cia mat cong tham bién Bezier ¢d dang:
P(u,v) = X710 X0 PijBij(u)Bjm(v) trong d6 u,v € [0,1]

Manh Bezier bac ba: Mat cong Bezier bac ba 1a mit phd bién nhét trong CG,
vi di 46 don gian cua nd. N6 hinh thanh trén 4x4 diém kiém soat, cong thirc co
dang:

Qu,v) = X7, Z?:o Bij(u)Bm,(V)Pjj
Pa thtrc Bernstein c6 dang:
Bo(t) = (1-t)°
Bi(t) = 3t (1-t)?
Ba(t) = 3t?(1-t)
Ba(t) = t*
Tinh chat cia manh Bézier:
e Tinh bao 16i: Mat cong Bezier ludn nam trong da dién 15i cua cac diém
kiém soat.
e Mit cong di qua 4 diém can Poo, Po1,P10,P11 hay chinh xac Q(0,0)=Pyo,
o Q(0,1)=Pg1, Q(1,0)=P10, Q(1,1)=Py;
e Duong cong bién cua Mat Bezier 1a duong cong Bezier
e Mait cong Ia lién tuc va dao ham riéng cac bac ton tai ctia n6 ciing lién tuc.
e Dao ham riéng cua mat cong co dang:
Q(u,v) = [U] [N] [B] [M]" [V]'
0Q(0,0)/ du = 3(Po1— Poo)
0Q(0,0)/ du = 3(Po1— Poo)
0Q(0,1)/ du = 3(Poz— Po2)
0Q(1,0)/ du = 3(P13— Po3)
Q(u,v) 1a moi diém nam trén mat cong va
[V]=[v® v? v 1]
[U]=[u® u? u 1]



-1 3 -1 1

A 2 ex |3 -6 3 0
[N] va [M] duoc biéu dién = 5 3 0 o
1 0 0O O

N&i 2 miéng Bezier bac 3 (Bi-cubic)

-1 3 -3 1By, By, Bp Byl|l -3 3 -1|v

B 5 3 -6 3 O0|B, B, B, B,|0 3 -6 3|
Q(u,v) =w u u 1

-3 3 0 0|\By By B, By||0O 0 3 =3|v

1 0 0 0By By By, By||0 0 0 1|1

Hinh 2.11. Néi hai manh Bezier bdc ba

Hai manh Q va R cling chung tham bién tai bién (Gia st u), hai dudng cong
bién phai bang nhau Q(1,v)=R(0,v). Hé s6 cua cot cudi ma tran Q = cot dau ma
tran R, twong ty: néu theo hudng cua v thi hang sé& thay cot ma tran.

Bac cua mat cong theo mdi hudng caa tham bién bang sé diém kiém soat
trir 1.Tinh lién tuc hay dao ham caa mat theo mdi tham bién bang sé diém kiém
soat trir 2. Hinh dang cua mit bién d6i theo cac canh cua da giac kiém soat. Mt
lui chi di qua cac diém goc canh cua da giac kiém soat, nd chi nam trong phan
gidi han bai ludi cua da giac 16i Kiém soat va khong thay d6i dudi tac dong cua
cac phép bién doi affine. Mdi duong bién cia mat Bezier 1a mot duong cong
Bezier véi mat cong bac ba Bezier cac duong cong bién luon dam bao la cac
duong Bezier bac 3. Nhu vay ludi da giac cho bé mat sé 12 4 x 4.

2.4.3. Mat cong B-Spline
Phuong trinh mat B-spline:



0. w) =33 N, (u).M, ,(w).E,

Ni,k(”) :{

Ni, k(i) =

i=1 j=1

Ix <u<x,

0 otherwise

(u— xf)Ni,k—l (1) n (X — u)'NHl,k—l (u)
X

k-1 X Xiek —Xin

x, =0(1<i<k)
x.=i—k(k+1<i<n)

X, =n—-k+l(n+1<i<n+k)

P; 1a diém kiém soat
N va M la da thic B-spline

Vi cadc mat cong mo mat cong phu thudc vao cac nut vector

Pic diém caa mit cong B-Spline

S6 bac caonhat ciia bé mat theo mdi huéng thi bang sé diém kiém soat -1
theo hudng do.

Pao ham riéng cia phuong trinh bé mat theo mdi tham bién cé bac bang sé
diém kiém soét theo tham bién d6 trr 2.

Bé mat B-spline thi khong chiu anh huéng cua phép bién doi anfine. Bé
mit s& thay do6i néu ta thay do6i da giac kiém soat.

Anh huéng cua mét diém kiém soat don duoc giéi han béi + - k/2 h/2
khoang ddi vai mdi tham sd.

Néu so dinh cua da giac kiém soat bang sb bac theo mdi tham bién va khdng
c6 diém kép nao thi mat B-spline sé& chuyén thanh mat Bezier.

Néu cac da giac kiém soét c6 dang tam giac thi luéi da giac kiém soat s& co
hinh dang gan gidng vai bé mat cong.

MJ3i mat B-Spline ludn nam trong bao 16i cua da giac kiém soét .

MJi mat B-Spline c6 dang diéu ludn bam theo hinh dang cua da giac kiém
soat.

Tom tit:

Viéc tao ra cac dudng cong theo y muén ciing 13 van dé thuong gap khi 1am

viéc vé6i dd hoa may tinh. Ching ta khao sat cach tiép can vé duong cong bang



Hermite, Bezier va B-spline. Céc céch tiép can nay dua trén co sé V& dudng cong
bang mot tap diém md ta hinh dang cua duong cong goi 1a tap diém kiém soat.
Khi thay d6i tap diém nay, hinh dang ctia duong cong sé thay doi theo. Céch tiép
can nay cho thay sy thuan loi va linh hoat khi can phai vé& cac duong cong phac
tap va do d6 nd dugc dung nhiéu trong thiét ké.

Mot nhuoc diém trong cach vé duong cong bang Bezier 1a khi mot phan
cta dudng cong di dat yéu ciu, nhung khi hiéu chinh phan con lai s& mét di phan
da dat yéu cau, hay viéc ndi tron cac duong cong san c6. Dé khic phuc cac van
dé nay ta c6 céch tiép can cai tién vé duong cong bang B-spline.

Tuong tu nhu vay viéc biéu dién cac mat cong trong dd hoa may tinh ciing
la mot van dé can thiét ¢é mé ta déi twong trong thé gisi thuc. Ching ta khao sat
Vvé cac phuong phap biéu dién mit cong thong qua phuong trinh tham s6. Trong
d6, phuong trinh tham sé ctia mot mat c6 dang 1a mot phuong trinh tham sé hai
bién p(u,v) va mot diém bat ky trén mat s& duoc biéu dién dudi dang p(u,v)=
(x(u,v), y(u,v), z(u,v)). Chiing ta khao sat mot s6 mat don gian nhu: mat ké, mat
tron xoay, mat truot va mat Boolean Sum.

Trén co so cac duong cong bang Hermite, Bezier va B-spline chung ta ciing
xay dung duoc cdc mat Hermite, Bezier va B-spline.

111: SU'DUNG THU VIEN OPENGL VE PUONG CONG VA MAT CONG
TRONG 3D

3.1. Chuan bi
- Cai dat cong cu Visual Studio 2013

- Cai dat thu vién Open GL

3.2. Yéu cau
- V& duong cong Bezier va mat cong Bezier trong 3D

3.3. Code va ket qué ’ )
Phan code str dung cac thu vién trong OpenGL da dugc thiéet lap san thuat
toan.

3.3.1. Vé dwong cong Bezier vdi diém diéu khién cho truwéc

Code:

#include <GL/glut.h> [l GLUT
#include <GL/glu.h> Il GLU
#include <GL/gl.h> I/l OpenGL

#include <stdlib.h>



GLfloat ctrlpoints[4][3] = { {-4.0,-4.0,00 },{-2.0,4.0,0.0}, { 2.0,-4.0,0.0
},{4.0,40,00} };
void init(void)
{
glClearColor(0.0, 0.0, 0.0, 0.0);
glShadeModel(GL_FLAT);
giMaplf(GL_MAP1 VERTEX 3, 0.0, 1.0, 3, 4, &ctrlpoints[0][0]);
glEnable(GL_MAP1_VERTEX 3);
b
void display(void)
o
inti;
glClear(GL_COLOR_BUFFER_BIT);
glColor3f(1.0, 1.0, 1.0);
glBegin(GL_LINE_STRIP);
for (I=0;1<=30; i++)
glEvalCoord1f((GLfloat)i / 30.0);
glEnd(); /* The following code displays the control points as dots. */
glPointSize(5.0);
glColor3f(1.0, 1.0, 0.0);
glBegin(GL_POINTS);
for (1=0;1<4;i++)
glVertex3fv(&ctripoints[i][0]);
glEnd();
glFlush();
¥
void reshape(int w, int h)
{
glViewport(0, 0, (GLsizel)w, (GLsizei)h);
glMatrixMode(GL_PROJECTION);
glLoadldentity();
if (w<=h)
glOrtho(-5.0, 5.0, -5.0*(GLfloat)h / (GLfloat)w, 5.0%(GLfloat)h /
(GLfloat)w, -5.0, 5.0);
else
glOrtho(-5.0*(GL float)w / (GLfloat)h, 5.0%(GLfloat)w /
(GLfloat)h, -5.0, 5.0, -5.0, 5.0);
glMatrixMode(GL_MODELVIEW);
glLoadldentity();
by
int main(int argc, char** argv)
{
glutlnit(&argc, argv);
glutinitDisplayMode(GLUT_SINGLE | GLUT_RGB);
glutInitWindowSize(500, 500);



glutInitWindowPosition(100, 100);
glutCreateWindow("Demao");
init();

glutDisplayFunc(display);
glutReshapeFunc(reshape);
glutMainLoop();

return 0;

}
Két qud:

3.3.2. Vé mat cong Bezier véi tap diéu khién cho truéc
Code:

#include <windows.h>

#include <stdlib.h>

#include <math.h>

#include <gl/gl.h>

#include <gl/glu.h>

#include <gl/glut.h>

GLfloat ctrlpoints[4][4][3] = {
{{-15,-15,40}{-05,-1520}{05,-15,-10},{15,-15,20}

h
{{-15,05,40}{-0505,00}{05,05,3.0},{15,05,4.0}},
{{-15,-05,10}{-05,-05,3.0},{05,-050.0},{15,-05,-1.0}
h
{{-15,15,-20}{-05,15,-20},{05,15,00},{15,15,-1.0}}
o
void display(void)
{

inti, j;
glClear(GL_COLOR_BUFFER_BIT | GL_DEPTH_BUFFER_BIT);
glColor3f(1.0, 1.0, 1.0);



glPushMatrix();
glRotatef(85.0, 1.0, 1.0, 1.0);
for (_l =0; J <=8; j++)

{
glBegin(GL_LINE_STRIP);
for (I=0;1<=30; i++)
glEvalCoord2f((GLfloat)i / 30.0, (GLfloat)j / 8.0);
glEnd();
glBegin(GL_LINE_STRIP);
for (1 =0; 1<=30; i++)
glEvalCoord2f((GLfloat)j / 8.0, (GLfloat)i / 30.0);
glEnd();
¥
glPopMatrix();
glFlush();
by
void init(void)
{

glClearColor(0.0, 0.0, 0.0, 0.0);
glMap2f(GL_MAP2_VERTEX 3,0,1,3,4,0,1, 12, 4,
&ctrlpoints[0][0][0]);
glEnable(GL_MAP2_VERTEX 3);
glEnable(GL_DEPTH_TEST);
glShadeModel(GL_FLAT);
¥
void reshape(int w, int h)
{
glViewport(0, 0, (GLsizel)w, (GLsizei)h);
glMatrixMode(GL_PROJECTION);
glLoadldentity();
if (w<=h)
glOrtho(-4.0, 4.0, -4.0*(GLfloat)h / (GLfloat)w, 4.0*(GLfloat)h /
(GLfloat)w, -4.0, 4.0);
else
glOrtho(-4.0*(GL float)w / (GLfloat)h, 4.0*(GLfloat)w /
(GLfloat)h, -4.0, 4.0, -4.0, 4.0);
glMatrixMode(GL_MODELVIEW);
glLoadldentity();
¥
int main(int argc, char** argv)
{
glutlnit(&argc, argv);
glutinitDisplayMode(GLUT_SINGLE | GLUT_RGB | GLUT_DEPTH);
glutInitWindowSize(500, 500);
glutinitWindowPosition(100, 100);



glutCreateWindow("Demao");
init();
glutDisplayFunc(display);
glutReshapeFunc(reshape);
glutMainLoop();
return O;

}
Két qud:

4.2.3. Ung dung trong khoa hec co bdn

C6 thé n6i cing véi ly thuyét topo, hinh hoc phan hinh di cung cap cho
khoa hoc mot cong cu khao sat tu nhién vé cung manh mé, vat ly hoc va toan hoc
thé ky XX d6i dau vai sy xuat hién caa tinh hdn don trong nhiéu qua trinh ¢4 tinh
quy luat cua tu nhién. Tir sy d6i dau do, trong nhitng thap nién tiép theo da hinh
thanh mot ly thuyét méi chuyén nghién ctu vé céc hé phi tuyén, goi 1a Iy thuyét
hén don. Su khao sat cac bai toan phi tuyén doi hoi rat nhiéu cong suc trong viéc
tinh toan va thé hién cac quan sat mot cach truc quan, do d6 sy phat trién caa ly
thuyét nay bi han ché rat nhiéu. Chi gan day véi su ra doi cua ly thuyét fractal va
su hd tro dat lyc cua may tinh, cac nghién ctu chi tiét vé sy hdn don méi duge
day manh. Vai trd caa hinh hoc phan hinh trong linh vuc nay thé hién mot cach
truc quan céac cu xtr Ky di cta céc tién trinh duoc khao sat, qua d6 tim ra dugc cac
dic trung hodc cac cau trac twong tw nhau trong cac nganh khoa hoc khac nhau.
Hinh hoc phan hinh d3 dwoc &p dung vao nghién ctu Iy thuyét tir tinh, 1y thuyét
cac phirc chat trong hoé hoc, Iy thuyét tai dinh chuan va phuong trinh Yang &
Lee cua vat ly, cac nghiém caa cac hé phuong trinh phi tuyén duoc giai dya trén
phuong phap xap xi lién tiép ctia Newton trong giai tich sd,... Cac két qua thu
duoc giit vai trd rat quan trong trong céac linh vuc twong ng.



4.3.3. Ho dwong Sierpinski

Con goi 1a ‘tam-giac Sierpinski’, bat-dau tir mot hinh tam-giac déu, day
phang, néi lién trun- diém caa ba canh thanh mot hinh tam-giac déu nho rdi moc
bo tam-giac ndy, Cir tiép-tuc phan-chia nhu vay cho nhitng tam-gi4c nho hon cho
dén khi khong thé phan-chia duoc nira. C6 thé &p dung tuong tu véi khdi hinh
vubng, hoic khdi hinh hop

Puong Sierpinski duoc trinh bay sau ddy 1a mot dudng cong rat dac biét,
bai vi 6 rat nhiéu cach phét sinh ra n6 vai cac khoi dong ban dau hoan toan khéc
nhau nhung lai két thiic & viéc sinh ra mot loai dudng cong duy nhat.

Chung ta d3 quen véi phuong phap dau tién dé phét sinh ra tam giac
Sierpinski bang cach sir dung K thuat initiator / generator duoc md ta & cac phan
trude. D6 v6i duong ndy, initiator 1a mot doan thang.

Generator d6i v6i dudng cong nay va cac duong duoc sinh ra & mac 1, 2
va 3 duoc minh hoa nhu sau:

Generator cua tam giac Sierpinski mzc 1

Generator cua tam giac Sierpinski mec 2



Generator cua tam giac Sierpinski mzc 3

Pé phat sinh ra dudng nay ta dung ky thuat gidng nhu cac duong ho Von
Kock va Peano.

Poan ma cua ham Generator nhu sau:

void Generator_SierpinskiCurve(CDC *pDC, double X1, double Y1, double X2,
double Y2, int Level, int Sign,int NumLines, doubleLinelen, double Angles[],
COLORREF color)

{

CPen pen;

pen.CreatePen(PS_SOLID,1,color);

CPen* pOldPen=pDC->SelectObject(&pen);

double *XPoints,*Y Points;

inti;

int Init_Sign;

double Turtle_Theta, TurtleX,TurtleY,TurtleR;

XPoints=new double[NumLines+1];

YPoints=new double[NumLines+1];
TurtleR=sgrt((X2-X1)*(X2-X1)+(Y2-Y1)*(Y2-Y1))*Linelen;
XPoints[0]=X1; YPoints[0]=Y1;

XPoints[NumLines]=X2;

YPoints[NumLines]=Y?2,;

Turtle_Theta=Point(X1,Y1,X2,Y2); TurtleX=X1; TurtleY=Y1,;
Turn(Angles[0]*Sign,Turtle_Theta);

for(i=1;i<NumLines;i++)

{

Step(TurtleX, TurtleY, TurtleR, Turtle_Theta);
XPoints[i]=TurtleX; YPoints[i]=TurtleY;
Turn(Angles[i]*Sign,Turtle_Theta);

¥

--Level;

Sign*=-1;

if(Level)



{

Init_Sign=Sign;
for(i=0; i<NumL.ines; i++)
{

X1=XPointsJi];

Y 1=YPointsJi];

X2=XPoints[i+1];

Y2=YPoints[i+1];

Generator_SierpinskiCurve(pDC, X1, Y1, X2, Y2, Level,
Init_Sign, NumL.ines, Linelen, Angles, color);
Init_Sign*=-1;

ks

¥

else

for(i=0;i<NumLines;i++)

{

pDC->MoveTo((int)XPoints[i],(int)YPoints[i]);
pDC->LineTo((int)XPoints[i+1],(int) YPoints[i+1]);
by

pDC->SelectObject(pOldPen);

delete []XPoints;

delete []YPoints;

¥
V6i Num-line = 3 va mang Angle la [60, -60, 0 ].

Enter Number of Times:10080

4.3.4. Mgt Maldelbrot

Trong nhiéu thap nién cua thé ky XX, cac nha toan hoc da dé tm nghién

ctru dén mat loai biéu thirc phuc tap xac dinh bai:



Zna1 = Zp? +c, trongddz C,i N &c C (1)

Dé don gian hod van dé, trudc hét ta xét truong hop ¢ = 0 va z R. Khi d6 ¢6 3
traong hop sau:

+ zo=1:khidoz,=1,Vn2>1.
+ 7o<1:kh1d6 z,— 0khin— oo.
+ 7o>1:kh1d6é z, > oo khin — .

O day tdc do tién dén 0 hay tién dén cua day (z,) duoc quyét dinh bai gia
tri ban dau zo cua day. Trong truong hop zo < 1, gié tri zO cang nhé thi day (z)
tién dén 0 cang nhanh. Nguoc lai khi zo > 1, gia tri zo cang Ion thi day (z,) cang
tién nhanh ra o .

Trong truong hop tong quat, day (z,) dugc xac dinh bai cong thuc (1) ¢
trén rat kho khao sat vé mit ly thuyét.

4.3.5. Mt Julia

La tap ddi twong fractal c6 mdi quan hé chat ché vai mat Maldelbrot. Khi
phéng to mot phan cua mat Maldelbrot ta c6 dugc mot hinh rat giéng véi mat
Julia

Déi vai biéu thic zye1 = 2,2 + ¢, ngoai huéng da khao sat nhu da trinh bay
trong phan tap Mandelbrot, con c6 huéng khao sat khac bang cach cho ¢ ¢ dinh
va xem xét day (z,) ttng véi mdi gia tri khac cua zo. Theo hudng nay chiing ta sé
thu duoc 1 16p cac dbi tugng fractal méi duoc goi 1a tap Julia.

Tap Julia va tap Mandelbrot 12 hai 16p cac ddi tuong fractal c6 mdi lién hé
rat chit ché véi nhau. Mot tinh chat dang cha y 1a tap Mandelbrot ¢é thé xem nhu
mot loai “ban d6” Mandelbrot c6 thé cho ra cac dang tap Julia day sac 16i cudn.
CAc vi tri nhu vay dugc quan sat thay ¢ gan bién cua tap Mandelbrot. Nhat la gan
cac chom nhon. Ngoai ra khi phong to mot phan caa tap Mandelbrot, ta s& thu
dugc mot hinh rat gidng vai tap Julia duoc tao béi gia tri cua thm phan dugc phong
to.

Cong tharc toan hgc:

Pé thé hién tap Julia trén man hinh may tinh, ta van sir dung cac cong thirc
nhu trong phan tap Mandelbrot, nhu 1a:

Xn+1 = Xn2 — yn2 +p

Yn+1 = 2XnYn + Q



Ngoai ra céc tinh chat di néu vé gigi han cua day (zo) van duoc sir dung
cho tap Julia.

Thudt toan thé hién tap Julia:

Diém khéc biét so véi tap Mandelbrot & day 1a gia tri p va q duoc giit ¢d
dinh, mat phang man hinh bién d6i thanh mat phang phuc thu hep biéu dién cac
gia tri cua Xp Voi:

- Truc x biéu dién phan thuc cua sé phuc zo.

- Truc y biéu dién phan ao cua sé phuc zo.

Ngoai ra con cé su phan lép cac gia tri cua zo nhu sau:
Lop 1:

Bao gom céc gia tri (o) 0 | z« | < 2, voi 0<k< N trong d6 N 1a hang s hiru
han. Tac 1a 16p 1 gom cac gia tri zo 1am cho day (zo) khong tién ra vé cuc.

Lop 2:

Bao gom cac gid tri (zo) €0 | zn | > 2, voi n>k, k € Z+, tirc 1a gom céc gia
tri 1am cho day (z,) tién ra vé cuc.

Nguoc lai véi tap Mandelbrot, khi thé hién tap Julia trén man hinh, chiing
ta quan tdm dén cac gié tri zo 1am cho day (z,) khong hoi tu dén vé cuc. Do d6 ky
thuat td mau cua tap Julia van 1a k§ thuat xoay vong nhung hoan toan nguoc lai
véi ky thuat t6 mau tap Mandelbrot. Trong ky thuat td mau nay:

- Céac diém anh twong Gng voi cac gia tri zo thudc 16p 1, s& duoc gan mau
tly thudc do lon caa | zj| voi | 1a ngudng quyét dinh hoi tu cua day (z,) da néu
trong dinh nghia vé 16p 1. - Cac diém anh tuong (g vai gid tri zo thugc 1op 2 s&
duoc gan mau tring voi mau nén caa bang mau dang st dung.

Véi cac thay doi nhu vay, tap Julia s& dugc thé hién bang thuat toan trinh
bay nhu sau:

Budc 1.

Xuat phat véi 1 gia tri khai dau zo = (Xo, Yo) Va gid tri c6 dinh ¢ = (p, q).
Budc 2:

Kiém tra zo thuoc 16p 1 hay 2.

Buac 3:

T6 mau diém anh twong ang Véi zo theo ki thuat t6 mau duoc néu &
trén.



Buoc 4.

Chon gia tri zo mé&i va lap lai buéc 1 cho dén khi da quét hét tat ca cac gia
tri zo can khao sat.

Str dung ky hiéu da duogc xac dinh khi trinh bay thuat toan Mandelbrot
chiling ta c6 thuat toan tao tap Julia mot cach chi tiét dugc viét dudi dang sau:

for(Col = 0; Col<Max_Caol; ++Col)

{

for(Row=0; Row<= Max_Row; ++Row)

{

x0 = xmin + Col* AxO0;

y0 = ymax - Row* Ay0;

X=Y=0;

Count =1,

While((Count < Max_Iterations) & (X+Y < 4))

{

X=xn2;

Y =yn2;

y0=2x0y0 +q;

X0=X-Y+p;

++Count ;

¥

if(Count > Max_ Iterations)

T6 mau diém anh (Col, Row) bai mau c6 sé hieu (X +Y) (Max_Color —
1) mod (Max_Color +1) ;

else To mau diém anh (Col, Row) bai mau nén ctiia bang mau hién tai;

¥

Su khac biét chi yéu gitra thuat toan nay véi thuat toan Mandelbrot 1 su
thay doi vai tro cta zo va c. Gia tri ¢ = (p,q) duoc giir ¢b dinh trong khi zo thay
ddi. Cac dai luong Xo, Yo, Xo, Yo duoc xac dinh theo cach hoan toan giéng véi cac
dai luong p, g, p, g trong thuat toan tao tap Mandelbrot tac la:

Ar = Ymax ~ *jin
Max Col

Ay = Ymax = Viin
Max Row

Xo = Xmin + Col * x0;

Yo = Ymax — Row * yO,



Con c6 mot diém can chl y 1 cac gia tri Xo, Yo Vira dai dién cho zo ban dau
va ciing dai dién cho day (z,) trong vong lap kiém tra z, thuoc 16p 1 hay 2.

Két qua nhu sau:

4.3.6. Mat Phonix

Ho duong cong Phoenix do Shigehiro Ushiki ¢ dai hoc Tokyo tim ra.
Phuong trinh cua duong cong duoc xac dinh boi

Zns1 =22 + P+ (.21
Trong do:
ZieC i, N.
p=(p,0)eC.
q=(q,0) eC.

Phuong trinh duoc khai trién thanh cac phan thuc va ao cua z, ¢6 dang:
Xn+1 = Xn® = Yn© + P + 0. Xn1

Yn+1 = 2Xn.Yn + 0.Yn-1
VoI Xns1 = Re(Zn+1);
yn+1 = Im(Zn+1)

Khi d6 viéc thé hién duong cong nay 1én man hinh gan giéng vai viéc thé
hién tap Julia. Tuy nhién c6 hai diém thay ddi quan trong:

Thay doi 1:

- Truc x ctia man hinh biéu thi phan 4o caa sé phac zo.



- Truc y ctia man hinh biéu thi phan thuc cta sé phtc zo.
Thay doi 2:

Thay doi vé thuat toan t6 mau. O day vai cac diém thudc 16p 1 (theo dinh
nghia da néu ¢ phan vé tap Julia) chung ta sé sir dung 3 loai mau tuy theo ngudng
hoi tu:

Mau 1: duoc sir dung dé t6 cac diém zo cho ra gia tri | z« | < 2 voi toi da k =
32 lan lap.

Mau 2: duoc st dung dé t6 cac diém zo cho ra gia tri | z« | < 2 véi sd lan lap
tr 33 dén 64.

Mau 3: duogc str dung dé t6 cac diém zo cho ra gia tri | z« | < 2 véi sd lan lap
vuot qua 64 lan.,

Con dbi voi cac diém thuoc 16p 2, chling ta sé to ching bang mot mau khac
vGi mau nén hién tai.

bay la anh cta duong cong Phoenix

KET LUAN VA KIEN NGHI

Qua B&o céo vé dudng cong va mat cong ta nam virng khai niém, thuat
toan va cach thuc xay dung 1én cac d6i twong cau tao tir duong cong va mit
cong trong 3D, va ang dung cta no trén ki thuét do hoa.

Théng qua bao cdo nay gilp sinh vién nim bét nhimg ki thuat db hoa
dang duoc sir dung hang ngdy trong doi séng. Qua d6 thay duoc su hitu ich
cling nhu tuong lai clia nganh ki thuat d6 hoa.
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