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Abstract. The condensate state of excitons in semimetal/semiconductor materials has been con-
sidered by analyzing the excitonic susceptibility function in the 2D extended Falicov-Kimball
model including the electron-phonon interaction. The excitonic susceptibility in the system has
been calculated by using the Hartree-Fock approximation. From numerical results, we have set
up the phase diagrams of the excitonic condensate state. The phase diagrams confirm that the
electron-phonon coupling plays an important role as well as the Coulomb attraction does in es-
tablishing the excitonic condensed phase at low temperature. The condensate phase of excitons is
found within a limited range of the Coulomb attraction as the electron-phonon coupling is large
enough. Depending on the electron-phonon coupling and the Coulomb attraction, the BCS-BEC
crossover of the excitonic condensation phase has also been pointed out.

Keywords: excitonic condensation; extended Falicov-Kimball model; electron-phonon coupling;
excitonic susceptibility.

Classification numbers: 71.35.-y.

I. INTRODUCTION

Excitons in solids are formed by the Coulomb attraction between electrons in the conduc-
tion band and holes in the valence band. In semimetal materials with narrow band-overlap or in
semiconductor materials which have small band-gap, a new macroscopic quantum state of these
excitons can be established if the temperature is sufficiently low [1]. It is called the excitonic in-
sulator (EI) state which was theoretically proposed almost 60 years ago [2–4]. Ones believe that
the semimetal (SM)-EI transition is similar to the superconductivity theory of Bardeen-Cooper-
Schrieffer (BCS), while the semiconductor (SC)-EI transition is considered as a Bose-Einstein
condensation (BEC) of preformed tightly bound excitons. Therefore, when studying the EI phase,
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one often also discusses the BCS-BEC crossover of this state. The EI phase also has been ex-
pected to have many unusual properties, such as crystallized excitonium, superfluidity and exci-
tonic high-temperature superconductivity. This state, therefore, has attracted interest of condensed
matter physicists and material scientists.

Although being theoretically predicted very early, the EI state is rare because excitons have
a short lifetime, so it is difficult to be observed experimentally. However, in recent years, there have
been a lot of experimental observations on some materials that affirm the existence of the EI phase.
For instance, in the pressure-sensitive mixed valence material TmSe0.45Te0.55, experimental results
of electrical and thermal transport properties have indicated a stabilized excitonic condensation
state at low temperature in the limited range of the pressure from 5 kbar to 13 kbar [5–7]. When the
pressure is larger than 13kbar, the system transfers into the SM state (the energy gap Eg≤ 0), while
the pressure is less than 5kbar, the system is in the SC state (Eg > 0). By using the momentum-
resolved electron energy-loss spectroscopy, an evidence for the excitonic condensation has been
shown in the transition metal dichalcogenide semimetal 1T -TiSe2 [8]. Another EI candidate is
the small gap quasi-onedimensional chalcogenide Ta2NiSe5. Indeed, experimental results in this
material have confirmed the existence of the EI state, for example, the optical conductivity [9, 10]
or phonon properties of the material [11, 12].

Normally, when studying the EI state in the exciton systems, it is common to use the pure
electronic models [13–16]. Most notably, the extended Falicov-Kimball model (EFKM) with nar-
row f−band and wide c−band including the Coulomb attraction between electrons in the conduc-
tion band and holes in the valence band closely matches the situation in the intermediate-valence
compounds. This model has been considered as a simple model to investigate the EI state by lots
of numerical and theoretical methods. However, when using this model, the interaction between
electrons and phonons is completely ignored. Whereas this coupling must be studied meticulously
in driving the condensation of excitons in the SM and SC materials. Indeed, experimental ob-
servations reveal that the phonon plays an important role in the establishment of the excitonic
condensation state in transition metal dichalcoginides [8, 17]. Besides, in TmSe0.45Te0.55, ones
believe that phonons assist 4 f holes in pairing with 5d electrons to create excitons [5, 18]. There-
fore, in this paper, we investigate effects of both the electron-phonon interaction and the Coulomb
attraction on the formation of the EI phase in SM/SC materials at low temperature.

We have studied the excitonic condensation phase in the EFKM involving electron-phonon
interaction via investigating the properties of the condensate order parameter in some recent
works [19, 20]. We have constructed the EI phase diagrams including the BCS-BEC crossover
in the systems due to the influence of temperature, the Coulomb attraction as well as the electron-
phonon coupling. However, the order parameter investigation reveals only the properties of the
condensation at temperature below the critical temperature. On the other hand, recent studies of
Ta2NiSe5 give us different views than the initial assumptions about the condensation formation
of excitons [21, 22]. It is necessary, therefore, to consider the excitonic susceptibility function to
clearly describe the condensation mechanism of the exciton systems above the transition temper-
ature.

In the present work, we set up and discuss the phase diagrams of the EI state including the
BCS-BEC crossover in SM/SC materials in the framework of the 2D EFKM with the presence of
the electron-phonon interaction through investigating the properties of the excitonic susceptibility
function. Applying the Hartree-Fock approximation (HFA), we obtained a set of self-consistent
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equations to determine the excitonic susceptibility function. The EI phase diagrams in the system
are constructed through analyzing the divergence signature of the static excitonic susceptibility
function from numerical results.

This paper is organized as follows. We introduce the 2D EFKM involving electron-phonon
interaction for SM/SC materials in section II. Then, applying the Hartree-Fock approximation to
the model to determine the excitonic susceptibility function is presented in section III. In section
IV, we establish and discuss phase diagrams of the EI state from the numerical results. In the final
section, the conclusion is given.

II. MODEL

In the momentum space, the EFKM involving the electron-phonon interaction is written by
the following Hamiltonian

H = He +Hph +He−e +He−ph, (1)

where He and Hph are the non-interacting parts of the electron and phonon systems, respectively.
He describes f electrons in the valence band and c electrons in the conduction band

He = ∑
k

ε
f

k f †
k fk +∑

k
ε

c
kc†

kck, (2)

with fk( f †
k ) and ck(c

†
k) are annihilation (creation) operators of f electrons and c electrons carrying

momentum k, respectively. The dispersion energy of c( f ) electron is written in a form

ε
c( f )
k = ε

c( f )− tc( f )
γk−µ, (3)

where εc( f ) is the on-site energy of the c( f ) electron; tc( f ) is the nearest-neighbor particle transfer
amplitude; γk = 2(coskx + cosky) indicates the nearest-neighbor hopping in the 2D systems, and µ

is the chemical potential. The free phonon part in the systems with phonon annihilation (creation)
operator bq(b

†
q) carrying momentum q is described by

Hph = ω0 ∑
q

b†
qbq, (4)

where ω0 is dispersionless single mode phonon energy. Here, we consider only the optical phonon
which is described by the Einstein model where the phonon frequency ω0 does not depend on
momentum. This is completely consistent with the situation of the phonon systems in some ma-
terials that are candidates to observe the excitonic condensation at low temperature [7, 23–25].
For instance, in TmSe0.45Te0.55, the density of optical phonons decreases linearly when the tem-
perature decreases. This might be due to the binding of optical phonons to electrons when the
temperature is lower than the transition temperature [7]. Or from the experimental data of X-ray
thermal diffraction measurement in transition-metal dichalcogenide TiSe2, the existence of optical
phonons has also been confirmed in the excitonic condensate state at a sufficiently low tempera-
ture [23, 24]. Most recently, the results of Raman spectroscopy in direct gap semimetal Ta2NiSe5
have confirmed a strong electron–optical phonon coupling that mediates to form the excitonic
condensation state a low temperature [25].
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The last two terms in Eq. (1), He−e and He−ph, which describe the Coulomb interaction
part between c− f electrons and the electron-phonon interaction part, respectively, read

He−e =
U
N ∑

k,k′,q
c†

k+qck′ f
†
k′−q fk, (5)

He−ph =
g√
N ∑

kq

[
c†

k+q fk

(
b†
−q +bq

)
+H.c.

]
, (6)

with U is the Coulomb attraction intensity; g is the electron-phonon coupling constant and N is
the number of unit cells. In the present investigation, we consider only the optical phonon where
the phonon frequency ω0 is a constant, so the electron-phonon coupling g also does not depend
on the wave vector. In principle, Coulomb interactions between c− c and f − f electrons might
have been taken into account, but we neglect them because they cause only simple shifts in the
one-particle electronic dispersions.

In the present work, we assume that a c− f electron bounding state is equivalent to an
exciton state and analyze the excitonic susceptibility creating an exciton excitation with
momentum q in the system. In the next section, the excitonic susceptibility function is
calculated by using the HFA.

III. THE HARTREE-FOCK APPROXIMATION

In general, it is difficult to exactly solve the Hamiltonian in Eq. (1) because of a many-body
problem. In our study, by applying the HFA, the problem reduces to a single-particle problem and
then the HFA Hamiltonian is written as

H HF = H HF
ph +H HF

e , (7)

where the phononic part is given by

H HF
ph = ω0 ∑

q
b†

qbq +
√

Nh(b†
−q +b−q), (8)

and the electronic part reads

H HF
e = ∑

k
ε

f
k f †

k fk +∑
k

ε
c
kc†

kck +Λ∑
k
(c†

k+q fk + f †
k ck+q).

Here because of the Hartree shifts, the electronic excitation energies are rewritten as

ε
c( f )
k = ε

c( f )
k +Un f (c), (9)

where

nc =
1
N ∑

k
〈c†

kck〉, n f =
1
N ∑

k
〈 f †

k fk〉, (10)

are the c electrons density and f electrons density, respectively, with

〈c†
kck〉 = 〈nc

k〉=
1

1+ eβε
c
k
= nF(ε

f
k), (11)

〈 f †
k fk〉 = 〈n f

k〉=
1

1+ eβε
f
k
= nF(ε

f
k), (12)

where nF(ε) is the Fermi-Dirac distribution function and β = 1/T .
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In Eqs. (8) and (9), h and Λ are the additional fields, given by

h =
g
N ∑

k
(Λk +Λ

∗
k), (13)

Λ =
g√
N
〈b†
−q +b−q〉−

U
N ∑

k
Λk, (14)

which contain the term representing the hybridization of the c-electron and the f -electron, Λk =

〈c†
k+q fk〉. It therefore is considered to be the excitonic condensed state order parameter. Diag-

onalizing the HFA Hamiltonian in Eq.(7) by using the Bogoliubov transformation, we find the
expectation value

Λk =−[nF(E1
k)−nF(E2

k)]sgn(ε f
k− ε

c
k+q)

Λ

Γk
, (15)

here

E1(2)
k =

ε
f
k + ε

c
k+q

2
∓

sgn(ε f
k− ε

c
k+q)

2
Γk, (16)

and

Γk =
√
(εc

k+q− ε
f
k)

2 +4|Λ|2. (17)

In the previous studies, we addressed the EI phase diagrams including the BCS-BEC crossover
in the exciton systems via investigating the properties of the order parameter [19, 20, 26]. In this
paper, we analyze the excitonic susceptibility creating a bound state of electron-hole pair carrying
momentum q in the system. The excitonic susceptibility function in momentum space is defined

χ(q,ω) =− 1
N ∑

kk′
〈〈 f †

k ck+q|c†
k′+q fk′〉〉ω . (18)

Using Hamiltonian (1) and writing the equation of motion for two-particle Green’s function, we
obtain

ω〈〈 f †
k ck+q|c†

k′+q fk′〉〉ω = 〈n f
k〉−〈n

c
k+q〉+(εc

k+q− ε
f

k )〈〈 f
†
k ck+q|c†

k′+q fk′〉〉ω

+
U
N ∑

k′′q1

(〈〈 f †
k ck′′ f

†
k′′−q1

fk+q−q1 |c
†
k′+q fk′〉〉ω −〈〈c†

k+q1
ck′′ f

†
k′′−q1

ck+q|c†
k′+q fk′〉〉ω)

+
g√
N ∑

q1

(〈〈 f †
k fk+q−q1(b

†
−q1

+bq1)|c
†
k′+q fk′〉〉ω −〈〈c†

k+q1
ck+q(b

†
−q1

+bq1)|c
†
k′+q fk′〉〉ω). (19)

According to the principles of random phase approximation, the additional operators in the
higher order Green’s functions are replaced by their averages

∑
k′′q1

〈〈 f †
k ck′′ f

†
k′′−q1

fk+q−q1 |c
†
k′+q fk′〉〉ω

≈∑
q1

〈n f
k+q−q1

〉〈〈 f †
k ck+q|c†

k′+q fk′〉〉ω −∑
k2

〈n f
k〉〈〈 f

†
k2

ck2+q|c†
k′+q fk′〉〉ω , (20)
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∑
k′′q1

〈〈c†
k+q1

ck′′ f
†
k′′−q1

ck+q|c†
k′+q fk′〉〉ω

≈∑
q1

〈nc
k+q1
〉〈〈 f †

k ck+q|c†
k′+q fk′〉〉ω −∑

k2

〈nc
k+q〉〈〈 f

†
k2

ck2+q|c†
k′+q fk′〉〉ω , (21)

and

〈〈∑
q1

f †
k fk+q−q1(b

†
−q1

+bq1)|c
†
k′+q fk′〉〉ω ≈ 〈n f

k〉〈〈(b
†
−q +bq)|c†

k′+q fk′〉〉ω , (22)

〈〈∑
q1

c†
k+q1

ck+q(b
†
−q1

+bq1)|c
†
k′+q fk′〉〉ω ≈ 〈nc

k+q〉〈〈(b
†
−q +bq)|c†

k′+q fk′〉〉ω . (23)

Writing the equation of motion for 〈〈(b†
−q +bq)|c†

k′+q fk′〉〉ω and setting

ω
c f
k (q) = ε

c
k+q− ε

f
k, (24)

and

χ
0b(q,ω) =

1
N ∑

k

〈nc
k−q〉−〈n

f
k〉

ω−ω0
k(q)

, (25)

with ω0
k(q) = ε

f
k− ε

c
k−q, we get

[ω−ω
c f
k (q)]〈〈 f †

k ck+q|c†
k′+q fk′〉〉ω = 〈n f

k〉−〈n
c
k+q〉− (〈n f

k〉−〈n
c
k+q〉)

U
N ∑

k2

〈〈 f †
k2

ck2+q|c†
k′+q fk′〉〉ω

+
2g2ω0

N

〈n f
k〉−〈nc

k+q〉

ω2−ω2
0 −

2g2ω0χ0b(q,ω)
1+Uχ0b(q,ω)

∑
k1

〈〈 f †
k1

ck1+q|c†
k′+q fk′〉〉ω ,

(26)

Finally, we sum over k Eq. (26) and rename summation indices, the excitonic susceptibility
can be written as

χ(q,ω) =
−χ0(q,ω)

1+Uχ0(q,ω)− 2g2ω0χ0(q,ω)

ω2−ω2
0−

2g2ω0χ0b(q,ω)

1+Uχ0b(q,ω)

, (27)

where

χ
0(q,ω) =

1
N ∑

k

〈n f
k〉−〈nc

k+q〉

ω−ω
c f
k (q)

, (28)

here 〈n f
k〉 and 〈nc

k+q〉 are determined from Eqs. (11) and (12).
In order to construct phase diagrams of the EI state, in our work, the static excitonic suscep-

tibility function χ(q,ω) for ω → 0 is computed. We also focus on excitons carrying momentum
q = 0 which is consistent with excitons in Ta2NiSe5 [27]. The excitonic susceptibility function
exhibits excitons fluctuation so the existence of the EI state in the system is indicated by its diver-
gence. We, therefore, focus on the condition for the divergence of the static excitonic susceptibility
function χ = χ(0,0) to establish phase diagrams of the excitonic condensate state including the
BCS-BEC crossover.
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IV. NUMERICAL RESULTS AND DISCUSSION

To understand in detail the excitonic condensed phase transition in SM and SC materials, we
display and discuss the phase diagrams which are constructed from numerical results of analytical
calculation results in the previous section. Without loss of generality, for a 2D system containing
N = 500× 500 lattice sites, the expected values are obtained by solving the above set of self-
consistent equations [Eqs. (9-17)] with using tc = 1 as the unit of energy. Then, the static excitonic
susceptibility function χ is determined from Eq. (27). We also choose t f = 0.3; εc− ε f = 2.0
and ω0 = 2.0. In this case, all quantities are evaluated in units of tc. For given parameters, the
self-consistent calculation obtains a solution if the relative error of all quantities is less than 10−12.

0.0 0.1 0.2 0.3 0.4 0.5
0

20

40

60
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T

 U=0.5

 U=1.5

 U=2.5

g=0.4

(a)

0.0 0.1 0.2 0.3 0.4 0.5
0

20

40

60

c

T

g=0.6

(b)

Fig. 1. The static excitonic susceptibility χ depends on temperature T for some values of
the Coulomb attraction U in the weak interaction regime at g = 0.4 (a) and g = 0.6 (b).

Firstly, we present the dependence of the static excitonic susceptibility function χ on tem-
perature T for various values of the Coulomb attraction U in the weak interaction regime and two
values of the electron-phonon coupling g = 0.4 and g = 0.6. Fig. 1 indicates that the condensate
phase of excitons stabilizes at sufficiently low temperature. Indeed, for a given Coulomb attraction,
the static excitonic susceptibility function χ increases as decreasing the temperature. In particular,
in low temperature regime, the static excitonic susceptibility function increases strongly and then
diverges as the temperature drops to a critical value Tc. This critical value of the temperature is
called an excitonic condensate state transition temperature. When the temperature is low enough,
T ≤ Tc, the system settles in the EI state. In the high temperature regime, the large thermal energy
destroys a part of the c− f electron bounding state leading to weakening the EI state, which is
illustrated by a decrease of χ . If the temperature is higher than the critical temperature, T > Tc,
all the excitonic binding states are broken and the system transfers to the electron-hole plasma
state. Fig. 1 also shows that in the weak Coulomb interaction region, the critical temperature Tc
increases as enlarging the Coulomb interaction U . Comparing Fig. 1a and Fig. 1b we also find
that Tc increases as growing the electron-phonon coupling g. This suggests an important role of
the electron-phonon coupling in the formation of the EI state. In our previous studies, the role of
both the phonons and the Coulomb attraction in formation and condensation of the electron-hole
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Fig. 2. The static excitonic susceptibility χ depends on the temperature T for some values
of the Coulomb attraction U in the strong interaction regime at g= 0.4 (a) and g= 0.6 (b).

pairs and excitons has been affirmed [19, 20]. In this case, we also see that when a given elec-
tron–phonon coupling constant is great enough, g = 0.6, in an assistance of phonons, excitons in
the system condense at the critical value Uc1 is relatively small, Uc1 < 0.5 (see Fig. 1b).

Fig. 2 displays the temperature T dependence of the static excitonic susceptibility function
χ for some values of the Coulomb attraction U in the strong interaction regime with the same
parameter sets as Fig. 1. Similar to Fig. 1, Fig. 2 still shows the divergence property of the static
excitonic susceptibility function χ as decreasing the temperature. However, contrary to Fig. 1,
Fig. 2 shows that Tc decreases as raising U in the strong interaction regime. This means that the
EI phase is found only in a finite range of the Coulomb attraction, from Uc1 to Uc2. Indeed, for
U <Uc1, the Coulomb attraction is not strong enough to pair c electrons and f electrons forming
excitons, the system therefore exists in the SM state with overlapping c- and f -bands. Increasing
U to a sufficiently large value to cause the electronic hybridization, excitons therefore can be
formed and condense. However, increasing U also grows a separation of the c band from f band.
It thereby reduces the possibility of c− f electrons pairing to form exciton if U is greater than Uc2,
for instance, in Fig. 2a, U ≥ 4.3. Then, the value of the static excitonic susceptibility function χ is
insignificant and the system settles in the SC phase. We therefore confirm that the system stabilizes
in the EI phase once the Coulomb attraction is above the lower critical value Uc1 and below the
upper critical value Uc2. These diagrams also indicate that, increasing electron-phonon coupling,
both two critical values Uc2 and Tc increase. The results obtained here are in a complete agreement
with the results in our previous studies based on considering the EI state order parameters [19,20]
as well as studies in purely electronic models [14, 15, 28, 29].

In order to describe in detail effects of the Coulomb attraction on the condensed state nature
of the excitons in the system, we display in Fig. 3 the dependence of the EI order parameter Λk on
the momentum and the Coulomb interaction at g = 0.6. The diagram confirms that the EI phase is
only established as the value of the Coulomb attraction is in a limited range Uc1 ≤U ≤Uc2. When
increasing U to a sufficiently large value, from Uc1 to Uc2, the energy gap due to the electron-hole
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Fig. 3. The momentum k and the Coulomb interaction U dependence of the EI order
parameter Λk in the first Brillouin zone for g = 0.6.

hybridization opens, then the system settles in the EI phase. In the weak interaction regime, the two
energy bands overlap strongly leading to a large Fermi surface, the hybridization of the electrons
and holes near the Fermi surface is built up and the EI phase is formed by the condensation of
electron-hole pairs in a BCS-type. In this case, the EI order parameter Λk peaks at momentum k
next to the Fermi momentum because only the electrons and holes near the Fermi surface form the
excitons. In contrast, in the strong interaction regime, although the c− f bands are separated, a
sufficiently large Coulomb attraction will amplify the binding between electrons and holes to form
tightly bound excitons. Accordingly, the Fermi surface shrinks into a point, then a large amount
of excitons are formed and condense in the BEC-type with the peak of the EI order parameter Λk
is at momentum k = 0. We therefore propose the phase boundary of the EI state between the weak
interaction regime and the strong interaction regime is obtained from these positions.

Finally, we display the phase diagrams in the (U,g) plane of the model for two values of
the temperature at g = 0.6. Our phase diagrams are obtained by investigating the divergence of
the static excitonic susceptibility function χ . For a given temperature T , we still see that there are
the lower limit value Uc1 and the upper one Uc2 of the Coulomb attraction for the EI state even
without electron-phonon coupling, g = 0. For example, at T = 0 and g = 0, the obtained values
are (Uc1,Uc2) = (0.88,3.53) (see Fig. 4a). When the electron-phonon coupling increases, Uc1 de-
creases and Uc2 increases leading to an expansion of the EI phase region. This means that the
stronger electron-phonon coupling is, the higher ability of c− f electrons pairing to form exciton
is. The role of phonons has also been confirmed to induce the orthorhombic-monoclinic structural
phase transition when the SM-EI transition takes place [30, 31]. At U < Uc1 and the electron-
phonon coupling constant is smaller than a critical value, excitonic bound states cannot be formed
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Fig. 4. Phase diagrams of the EI state of the EFKM involving the electron-phonon inter-
action in the (U,g) plane for two values of T . The EI phase in BCS/BEC-type is indicated
by orange/violet region and the SM/SC phase is pointed out by the green/blue region, re-
spectively.

because of the weak interaction, so the system is in the SM phase. If the Coulomb attraction
intensity increases from Uc1 to Uc2, the energy gap due to the electron-hole hybridization opens,
then the system settles in the EI phase. In the weak Coulomb attraction regime, the hybridization
of the electrons and holes near the Fermi surface is built up and the EI typifies the BCS-type.
In contrast, increasing the Coulomb attraction to the strong interaction regime, the Coulomb at-
traction is sufficiently great to bind electron-hole forming tightly bound exciton. The BEC-type
condensation of these excitons is formed. If the Coulomb attraction is so strong that it is greater
than Uc2, because of the contribution of the Coulomb attraction to the Hartree term, the c-bands
and the f -bands are split. That prevents the pairing of c electrons and f electrons, the excitonic
condensation state therefore is destroyed and the system transfers to the SC phase. Growing the
temperature T , the critical value of the electron-phonon coupling constant also increases which
leads to a decrease in the EI phase window. These phase diagrams once again confirm the role of
both the electron-phonon coupling and the Coulomb interaction in formation and condensation of
excitons. Our results fit quite well with the experimental observation of P. Wachter in rare-earth
chalcogenide TmSe0.45Te0.55 [7, 32]. At sufficiently large external pressure, 4 f - and 5d-bands
overlap, in an assistance of phonons, then excitons can be formed and drop into the EI state once
the temperature is low enough. These phase diagrams are similar to the ones given in Ref. [19,33].
But in this work, we present in detail effects of the temperature on the excitonic phase structure in
the system. Increasing T to T = 0.15 in Fig.4b, leads to both the condensed regions of excitons
in the BCS-type and the BEC-type are shrunk, and the SM/SC region is expanded. If the temper-
ature is raised to a value higher than the critical temperature Tc, all binding states are broken and
the system transfers to a plasma state of electrons and holes. These phase diagrams agree quali-
tatively with our phase diagrams obtained which are based on investigating the properties of the
condensate order parameters [19]. This confirms the reliability of our study method and results.
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V. CONCLUSION

In this paper, by calculating the excitonic susceptibility function, we have considered the
formation and condensation of excitons in SM/SC materials via the 2D EFKM involving the
electron-phonon interaction. We have confirmed the existence of the EI state through analyz-
ing the condition for the divergence of the static excitonic susceptibility function. The numerical
results have affirmed that both the electron-phonon coupling and the Coulomb attraction play an
important role in establishing the excitonic condensed phase at low temperature. Most noteworthy,
we have established phase diagrams of the excitonic condensate state in the system in the (U,g)
plane including the BCS-BEC crossover. Phase diagrams have shown that at low temperature, the
EI phase is only formed within a finite value range of the Coulomb attraction. The phase structure
of the excitonic condensation in the system changes from the BCS-type which is similar to the
condensation of Cooper pairs in superconductivity at small the Coulomb attraction to the BEC-
type of tightly bound excitons if the Coulomb attraction is sufficiently large. Depending on the
electron-phonon coupling constant and the Coulomb attraction, the BCS-BEC crossover bound-
ary of the excitonic condensation state has also been constructed. Growing the temperature, the
excitonic condensate window is shrunk and both SM and SC regions are expanded. Consider-
ing more meticulously kinetic nature of the excitonic condensate state via calculating the optical
conductivity in these materials would be our worthwhile investigations in the future.
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